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Reduction of indeterminacy of gray-scale image in bipolar 
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Abstract: Neutrosophy is a branch of philosophy introduced by Florentin Smarandache. 
Neutrosophic set (NS) is the derivative of neutrosophy; it is a powerful tool to handle uncertainty. 
Here we applied neutrosophic set to gray scale image domain for image analysis. Several authors 
contributed in neutrosophic image analysis and image processing. We propose a novel approach 
on representation of grayscale images in bipolar neutrosophic domain (BNS). The reduction of 
noise in images is one of the challenging task in every field. While we transform a grayscale image 
into bipolar neutrosophic domain, the indeterminacy degree of both positive and negative 
memberships are reduced significantly. Indeed, we extract some useful information from 
indeterminacy domain; it leads to perform image analysis and processing in noisy images in a 
better manner. We discuss the representation of medical images in bipolar neutrosophic domain 
with examples. 


Keywords: Bipolar neutrosophic set, Image analysis, Neutrosophy, Digital image processing. 


1. Introduction 


Neutrosophy is one of the useful tool to handle uncertainty in real world problems. It is the 
extension of fuzzy theory. Neutrosophy is a branch of philosophy which was introduced by 
Florentin Smarandache [1-3]. Neutrosophy deals with origin, nature and scope of neutralities, as 
well as their interactions with different ideational spectra. Neutrosophy is the basis of neutrosophic 
sets (derivative of neutrosophy). 

Neutrosophic set contains three parameters as  true-membership degree, 
indeterminacy-membership degree and falsity-membership degree. These three membership 
degrees are independent and has range, a non-standard interval [ 0,1°| . But for real life problems, 


non-standard interval is not applicable. Wang et al. [5] introduced single valued neutrosophic sets 
which is a neutrosophic set defined in the range [0, 1]. Later, Pinaki Majumdar et al. and Ali 
Aydogdu [6, 4] proposed some similarity and entropy measurements of single valued neutrosophic 
sets. In 2015, Deli et al. [7] introduced the concepts of bipolar neutrosophic sets (BNS) as an extension 
of neutrosophic sets. In 2016, Ulugay et al. [8] proposed some measures of similarities of bipolar 
neutrosophic sets. 

Nowadays reduction of noise in images is difficult task in every field. Cheng and Guo [10] 
introduced the representation of image in neutrosophic domain and proposed image thresholding 
technique using neutrosophic domain. Guo and Cheng [11] proposed some concepts about image 
denoising through neutrosophic domain. Yanhui Guo and H.D. Cheng [9] introduced a new 
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neutrosophic approach on image segmentation. A. A. Salama et al. [12, 14] proposed some image 
processing techniques using neutrosophic sets. G. Xu et al.[18] proposed image segmentation using 
TOPSIS method. Mohammed Abdel Basset et al. proposed some concepts of TOPSIS method for 
decision making problems in medical field [15, 19, 20, 22]. In 2017, Mumtaz Ali et al. introduced the 
concepts of bipolar neutrosophic soft sets which is a combined version of bipolar neutrosophic set 
and neutrosophic soft set. Arulpandy et al. [17] proposed some similarity and entropy 
measurements of bipolar neutrosophic soft sets. Several authors contributed to decision making and 
performance analysis using neutrosophic field [21, 23, 24]. 

In this paper, we proposed a novel approach on representation of any gray scale image in 
bipolar neutrosophic domain. In section 4, we applied our approach to MRI (Magnetic Resonance 
Image) medical images and discuss their nature with histogram representation. We analyze 
transformed images with some of the popular metrics Peak Signal-to-Noise Ratio (PSNR) and Mean 
Squared Error (MSE). In this transformation, the indeterminacy of both positive and negative 
membership degree is reduced significantly. This is the main advantage of this bipolar neutrosophic 
domain. Indeed, we extract useful information from original image through BNS domain; it is not 
available in neutrosophic domain. 


2. Preliminaries 


Definition 1. [1, 2, 3] Let X be the universe of discourse contains x . A Neutrosophic set 
NSCA) is defined by WSC4) = Cx, Ta (2). La C2). Fa (x): x © XF, Where Ta) La). Fa C4) 
represents truth-membership degree, indeterminacy-membership degree and falsity-membership 
degree respectively. Here Ta@): la@e).Fa():¥ ~]~9,1°T along with the following condition 
~O = 7, (x%)}4+ L,(x)4 F(x) = 3*. 
Example. Let * = t¥1-*2.*st be the universal set. Here, *1-*2:*s represents capacity, 
trustworthiness and price of a machine, respectively. Then 74 C+). 44(@«}.Fa (Ce) gives the degree of 
‘200d service’, degree of indeterminacy, degree of “poor service’ respectively. The neutrosophic set is 
defined 
by NS(A) = {x,,0.3,0.4,0.5), (x5, 0.5,0.2,0.3), (x,,0.7,0.2,0.2)} where 
“Of T2)4+409041+ 50) = 3°. 
Definition 2. [4,5,6] Single valued neutrosophic set(SVNS) is the immediate result of neutrosophic 
set if it is defined over standard unit interval [0,1] instead of the non-standard unit interval 
1~9.1*[ . A single valued neutrosophic set SVNS (A) is defined by 
SVNS(A) = (6, Ty 20), 1a(), Fa x © XF where TaC). dC). Fa): ¥ > [0,4] — such 
that? = TaCe) + £,0c) + Fate) = 3, 


Definition 3. [7, 8] Let * be the universal set which contains arbitrary points x. A bipolar 


neutrosophic set (BNS) BNS(A) is defined by 
BNS(A) = (x, Ti (x), Lf (x), Est (&), Ta (). Ig (2), Fax (&)): x € X} 
Where 
Tg fa +": — [9,1] (Positive membership-degrees) 
Ty -14.%, +E > [—1,0] (Negative membership-degrees) 
Such that 
Of< 77 O)4+H7O)1+HO) <3 -35 7, WD1+LO)+A&soa 
Example. Let * = t*1-*2-*35 be the universal set. A bipolar neutrosophic set (BNS) is defined by 
A = {{x,,0.3,0.4,0.5, —0.2, —0.4, —0.1),(x,,0-5,0.2,0.3, —0.2, —0.7, —0.5), 
(x,,0.7,0.2,0.2, —O.5, —0.4, —0.5)} 
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Where 0 = Ti (x) +1 (x) + Et (2) = 3 and-3 = TF MO +N O+E =O, Also 


Ty’ (x), Ly (x). Fa® Gc) > [0.1] and Ta ©). Lg CO). Fr Ce) > [—1..0], 
3. Grayscale image in bipolar neutrosophic domain 


Neutrosophy has wide range of applications in science and engineering. In particular, it is very 
useful in fields such as Data analytics, financial market, Social network analysis, Quantum theory, 
robotics in terms of decision making problems. In this section, we discuss about the applications of 
neutrosophic sets in image analysis. In 2008, H.D Cheng and Yanhui guo[10] introduced the 
representation of grayscale image in neutrosophic domain. After that, so many papers have been 
published about neutrosophic image such as image denoising, image thresholding, image 
segmentation etc. 


3. 1. Image in neutrosophic domain 


Let X be a universe of discourse, W be the set contained in X, which is composed by bright pixels. A 


neutrosophic image P’ys is characterized by three subset T, I and F. A pixel P in an image is 
described as P(T, I, F) and belongs to W in the following way: it is t% true , 1% indeterminate and f % 
false in the bright pixel set, where ¢ varies in T, 7 varies in I and f varies in F. Each component has a 


value in [0, 1]. 


Pixel PGj) in the image domain is’ transformed into neutrosophic domain 
Pus(&J) = TDA Ps) where 7 CtJ)-2047).FC.7) represents probabilities 


J 


belonging to white set, indeterminate set and non-white set, respectively, which are defined as: 


G(i,7) — Boni (i,j) —8,.; | 5 aS 
TG) = GI) ~ Grin (a7) a F(i,j) =1-TC, jp) = Smee TIED 


Snax — Smin max min , Sona Senin 


Where #(#-7) represents mean intensity of pixel in some neighborhoods in W. Here, 


itw/2 jtw/2 


aj) = —— -. » g (m,n) 


ma—i-w /2 n=j—w /2 
047) = latin — ssl 
5... =max6(i,j) 6... = mind (i,j). 


Example 1. We consider the original Lena image and represent it in neutrosophic domain as follows: 





Figure 1. Original Lena image. 
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(b) 


Figure 2. Neutrosophic domain images of Original Lena image. 
(a) T domain (b) I domain (c) F domain 


Above images represents truth-membership domain, indeterminacy domain and 
false-membership domain of original Lena image respectively. We mainly focus on 
truth-membership domain for image analysis along with indeterminacy domain. Truth-membership 
domain is correlated with indeterminacy domain. 


3. 2. Image in bipolar neutrosophic domain 


Now we introduce grayscale image representation in bipolar neutrosophic domain. Main 
advantage of this representation is, when we transform image into bipolar neutrosophic domain, the 
indeterminacy degree get reduced. Indeed, we extract some useful information from indeterminacy 
degree in bipolar neutrosophic domain which is not available in neutrosophic domain. We used 
MATLAB 2010 version for this transformation. The following steps are involved in this representation: 


Load the original image. Convert this into grayscale if it is RGB color image. 
Represent image in pixel domain. 
Find the median pixel value of entire image. 


Pe Pe iS 


Consider pixels above the median value as foreground image and below the median value as 
background image. 
5. Set the window size (size of neighborhood) to find local mean value. In our case, we take 
3x3-neighborhood. 
6. Transform image into bipolar neutrosophic domain by taking positive memberships for 
foreground pixels and negative memberships for background pixels. 
We use the following membership values to transform any grayscale image to bipolar 
neutrosophic domain. Since the elements are pixels of an image, we use only unsigned integer to 
represent the membership functions. A pixel in bipolar neutrosophic domain is represented by 


Here 
7" if) => it jp) = 
CG jd ) _ Gmin GA) a 3 Onin 
a — g(t7 
Ft f) =1—TtGj) = ee EP 
Gmax — min 
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— gS) _ Senin = o(i, 7) _ Onnin 
T ij) = I j= — 
Ce i  —— a Sin 5 Id) a - O vais 


ran 1-3 ens 


on, 
Qanax  Gmin 


Where # (#7) represents mean intensity of foreground pixel in some neighborhood W and 
(4.7) represents the mean intensity of background pixel in some neighborhood in ™””. 


Here 
itwe 2 jtw /f2 
tL. 7 )} = ———_ og (7T1, Tt 
g(ij) ara oe gC } 
mai-w f/2 n>j—w /2 


itu /2 ftw" /2 


g(i.7) = oar > 3 g (m, 1) 


m=i—w’" /2a>j—w' /2 
S07) = le — 9Gsl 
6/7) = late — F/I 
Omer = Mmaxd (i,j) 6 in = mind (i, j)- 
Example 2. Consider the original Lena image in the previous example. The following image shows the 
image in bipolar neutrosophic domain. 


| _ %) 











(e) 
Figure 3. Bipolar neutrosophic representation of lena image (fig 1.) 
(a) T+ domain, (b) I+ domain, (c) F+ domain, (d) T- domain, (e) I- domain, (f) F- domain 


Note that in the above images, I- domain and I+ domain images looks identical and black in color. 
It means both images contained only black pixels (pixels which has value zero). So from this we 
eliminate the indeterminacy of both positive and negative membership domains. The following 
histogram images shows that the gray level distribution of each images in BNS domain. 
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(d) (e) 
Figure 4. Histogram of transformed images (Fig 3.) 
(a) Histogram of T+, (b) Histogram of I+ , (c) Histogram of F+ , (d) Histogram of T-, (e) Histogram of I- , (f) 
Histogram of F- . 


3. 3. Entropy of image in bipolar neutrosophic domain 


Bipolar neutrosophic image entropy is defined as sum of entropies of all subsets 


T*,1*,F*,T”,I~,F whichis used to evaluate the distribution of pixels in bipolar neutrosophic 
domain. =_"™sns = Nyt + En,+ + Enp+ + En,- + En, + Enz. 


Here 


Eng = — > pr Onpz+() 

En = — > pr OlnpC 

Engs =— > per ()Inpz+ (i) 

En, = — >. Pr- (4) imp,- (4) 

En- =—) pr Ol O 

Enz- =— > pr- (i)inpe-()- 
4. Bipolar neutrosophic representation of medical image 


Nowadays image denoising is the challenging task in every field. Especially, in medical field, it is 
very useful for X-ray images, MRI images, CT images, Ultra sound images etc. In this section, we 
take MRI scan brain image and transform it to BNS domain and analyze various parameters. 
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Consider the following brain MRI image. 





Figure 5. MRI Brain image 


The following image shows the brain image in bipolar neutrosophic domain. 





(d) (e) (f) 


Figure 6. Bipolar neutrosophic representation of MRI brain images as 
(a) T+ domain, (b) I+ domain, (c) F+ domain, (d) T- domain, (e) I- domain, (f) F- domain 


From the above images, we can clearly see that the variations between each images. Every image has 
some useful information. We may neglect indeterminate images I+ and I-, since it has only black 
pixels. Peak Signal-to-noise Ratio (PSNR) values mostly used to find the noise level in the 
transformed image and we can check similarity level between original image and transformed 
image. PSNR value is calculated using the following formula: 
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[ae ye a) — A'S? 
PSNR = —10lo. ee i ee ee eee : 
sd MXN xX 2552 





Here, the local mean average determines the variations in the transformed image. Local mean 
average of an image is depend on the window size (neighborhood size) which is used in the local 
mean average. Here, we analyze the PSNR value of the original image and images in the 


transformed domain for different neighborhood sizes. 


Table 1. PSNR values of brain image in BNS domain associated with different neighborhood windows. 


I+ domain | F+ domain 


71.393 59.544 50.173 


68.115 59.545 91.979 


69.987 59.545 51.275 


66.502 


59.545 51.758 


59.545 51.632 


65.509 59.545 51.877 


66.151 59.545 51.744 


65.323 59.545 51.916 


65.752 59.545 51.819 


65.128 59.545 51955 





Following plots shows the variations in PSNR values when we increase the size of the window in 
local mean average. 











— 


PSNR valve 





(a) (b) (c) 
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Figure 7. Comparison of PSNR values and neighborhood window size in (a) T+ domain, (b) I+ domain, (c) F+ 
domain, (d) T- domain, (e) I- domain, (f) F- domain 


Mean Square Error (MSE) is another parameter to check the quality of transformed image. MSE is 
calculated using the following formula: 


SS 2 Men —4E pr 
Mx N : 


MAF = 


Following table shows that the mean square error between original image and transformed images 
with different window size. 


Window 
Size 


1x1 0.00472 0.51189 


T+ domain | I+ domain | F+ domain | T- domain | I- domain | F- domain 


8x8 0.01909 0.47981 
9x9 0.01729 0.47688 


Arulpandy and Trinita Pricilla, Reduction of indeterminacy of gray-scale image in bipolar neutrosophic domain 


5x5 0.01373 0.07220 0.44652 0.20609 0.07220 0.49000 
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Table 2. MSE values of brain image in BNS domain associated with different neighborhood windows. 


Following plots shows the variations in MSE when we increase the window size. 





0.65 











§ 6 
window size 





at 2 3 4 5 6 7 - g 
Window size 


Figure 8. Comparison of PSNR values and neighborhood window size in (a) T+ domain, (b) I+ domain, (c) F+ 
domain, (d) T- domain, (e) I- domain, (f) F- domain. 


The following table shows the entropies of each images in bipolar neutrosophic domain. It 
represents the uncertainty level of a gray-scale image. Particularly, higher entropy value means, it 
gives more detailed information about the image; likewise, lower entropy value means, it gives less 
information. Roughly speaking, higher entropy represents distribution level high intensity pixels 
and lower entropy represents distribution level of low intensity pixels. 


|| redomain] tedomain | + domain | T= domain | T-domain | ¥- domain 
Ent 
secs 3.9005 0.0361 3.9005 
Value 


Table 3. Entropy values of brain image in BNS domain 








Entropy Value 6.0492 3.9579 6.0492 


Table 4. Entropy values of brain image in NS domain 


From the above Table 3 and Table 4. we can clearly see that the variations of entropy values between 
neutrosophic domain and bipolar neutrosophic domain. Entropy values of indeterminacy domain in 
bipolar neutrosophic domain is significantly reduced when compared to neutrosophic domain. So 
we conclude that our bipolar neutrosophic domain of gray scale image performed well. 
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5. Conclusions 


A new technique to represent gray scale image in bipolar neutrosophic domain is proposed. While 
the image is transformed into bipolar neutrosophic domain, the indeterminacy degree of both 
positive and negative membership domain is reduced significantly. So this transformation gives 
more useful information compared to neutrosophic domain. Further, we discussed about the gray 
level distribution of images in bipolar neutrosophic domain through histogram. Selection of 
neighborhood window is important in this transformation. Large window gives best transformation, 
but we lose essential information of original image. We compared most popular metrics PSNR and 
MSE for our transformed images associated with different neighborhood sizes. PSNR and MSE both 
are useful parameters to determine the quality of gray-scale images by analyzing distribution of gray 
levels. Our future work will include image analysis and image processing through bipolar 
neutrosophic domain. 
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Abstract: Neutrosophic set was introduced by Smarandache in 1998. Due to some real time situation, 
decision makers deal with uncertainty and inconsistency to identify the best result. Neutrosophic 
concept helps to investigate the vague or indeterminacy values. Graph structures used to reduce the 
complications in solving the system of equations for finding the decision of some real-life problems. 
In this research study, we introduced the single-valued neutrosophic coloring concept. We introduce 
various notions, single valued neutrosophic vertex coloring, single valued neutrosophic edge 
coloring, and single valued neutrosophic total coloring and support those definitions with some 
examples. 


Keywords: single-valued neutrosophic graphs; single-valued neutrosophic vertex coloring; 


single-valued neutrosophic edge coloring; single-valued neutrosophic total coloring. 


1. Introduction 


Graph theory plays a vital role in real time problems Graph represents the connection among the 
points by lines and is the useful tool to solve the network problems. It is applicable in many fields such 
as computer science, physical science, electrical communication engineering, economics and 
Operation Research etc. In 1852, Francis Guthrie’s four-color conjecture gave the sparkle for the new 
branch, graph coloring in graph theory. Graph coloring is assigning the color to the vertices or edges 
or both vertices and edges of the graph based on some conditions. After three decades got the solution 
to Guthrie’s conjecture. Graph coloring technique used in many areas like telecommunication, 
scheduling, computer networks etc. Sometime in real-life have to deal with imprecise data and 
uncertain relation between points, in that case fuzzy technique where came. In 1965, Fuzzy set theory 
was introduced by Zadeh [39] and further work on fuzzy graph theory developed by A. Rosenfeld 
[33] in 1975. The fuzzy chromatic number was introduced by Munoz et al. [36] in 2004 and extended 
by C.Eslahchi and B.N.Onagh [23] in 2006. In 2009, S.Lavanya and R.Sattanathan [30] introduced the 
concept fuzzy total coloring. In 2014, Anjaly Kishore, M.S.Sunitha [7] discussed the strong chromatic 


number of fuzzy graphs in their research paper. 
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Intuitionistic fuzzy sets are dealing membership and non-membership data. Kassimir 
T.Atanassov [13] introduced the concept of intuitionistic fuzzy sets in 1986 and intuitionistic fuzzy 
eraph in 1999. Ismail and Rifayathali [28] discussed the coloring of intuitionaistic fuzzy graphs using 
(a, B) cuts in 2015, Rifayathali et al. [32] discussed intuitionistic fuzzy coloring and strong 
intuitionistic fuzzy coloring in 2017 and 2018. 

Vague set concept introduced by Gau and Buehrer [26] in 1993 and in 2014, Akram et al. [11] 
discussed vague graphs and further work extended by Borzooei et al. [14, 15], Vertex and Edge 
coloring of Vague graphs were introduced by Arindam Dey et al [12] in 2018. 

In all real-time cases, the membership and non-membership values are not enough to find the 
result. Sometimes the vague or indeterminacy qualities need to be considered for the decision 
making, in that case intuitionistic fuzzy logic insufficient to give the solution. This situation reasoned 
for to move the new concept, F.Smarandache came with a solution’ Neutrosophic logic”. 
Neutrosophic logic play a vital role in several of the real valued problems like law, medicine, 
industry, finance, engineering, IT, etc. 

Neutrosophic set was introduced by F.Smarandache [35] in 1998, Neutrosophic set a 
generalisation of the intuitionistic fuzzy set. It consists truth value, indeterminacy value and false 
values.Wang et al. [38] worked on Single valued neutrosophic sets in 2010. Strong Neutrosophic 
eraph and its properties were introduced and discussed by Dhavaseelan et al. [25] in 2015 and Single 
valued neutrosophic concept introduced in 2016 by Akram and Shahzadi [8, 9, 10]. Broumi et al. [16, 
17, 18, 19, 20, 21, 22] extended their works in Single valued neutrosophic graphs, Isolated single 
valued graphs, Uniform single valued graphs, Interval valued neutrosophic graphs (IVNG) and 
Bipolar neutrosophic graphs. Dhavaseelan et al. [24] in 2018, discussed Single valued co-neutrosophic 
eraphs in their paper. Sinha et al. [34] extended the single valued work for signed digraphs in 2018 
and Vasile [37] proposed five penta-valued refined neutrosophic indexes representation in his work. 
In 2019, jan et al. in their paper [29] have reviewed the following definitions: Interval-Valued Fuzzy 
Graphs (IVFG), Interval-Valued Intuitionistic Fuzzy Graphs (IVIFG), Complement of IVFG, SVNG, 
IVNG and the complement of SVNG and IVNG. They have modified those definitions, supported 
with some examples. Neutrosophic graphs happen to play a vital role in the building of neutrosophic 
models. Also, these graphs can be used in networking, Computer technology, Communication, 
Genetics, Economics, Sociology, Linguistics, etc., when the concept of indeterminacy is present. 

Abdel-Basset et al. used Neutrosophic concept in their papers [1, 2, 3, 4, 5, 6, 31] to find the 
decisions for some real-life operation research and IoT-based enterprises in 2019. The above papers 
given the idea to interlink the graph coloring concept in SVNG when deal with vague or 
indeterminacy qualities. 

In this research paper, we introduced the concept of single valued neutrosophic vertex coloring, 
single valued neutrosophic edge coloring and single valued neutrosophic total coloring of single 
valued neutrosophic graph and also Strong and Complete Single valued neutrosophic graph coloring 


are discussed with examples. 


Definition 1.1. [35] 
Let X be a space of points(objects). A neutrosophic set A in X is characterized by truth- 
membership function t,(x), an indeterminacy-membership function i,(x) and a _ falsity- 


membership function f,(x). The functions t,(x), i,(«),and f,(x), are real standard or non-standard 
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subsets of ]0-,1*[. Thatis, t,(x):X > ]07,1°[, in@v):X > J07,17*[ and f,(x):X > J0-,1*[ and 07 < 
tO) Fil) fi): = 3". 
Definition 1.2. [9] 

A single-valued neutrosophic graphs (SVNG) G = (X, Y) is a pair where X: N — [0,1] is a single- 
valued neutrosophic set on N and Y: N x N — [0,1] is a single-valued neutrosophic relation on N 


such that 


ty(xy) < min{ty(x), tyO)}, 
iy (xy) < min{ix (x), ixO)}, 


fr(xy) S maxtfy (x), KOs, 


for all x,y € N. X and Y are called the single-valued neutrosophic vertex set of G and the single-valued 
neutrosophic edge set of G, respectively. A single-valued neutrosophic relation Y is said to be 
symmetric if ty(xy) = ty(yx), iy(xy) = iy(yx) and fy(xy) = fy(yx), for all x,y € N. Single-valued 
neutrosophic be abbreviated here as SVN. 

Definition 1.3. [10] 


The complement of a SVNG G = (X, Y) isa SVNG G = (X,Y), where 
ee 
2. ty(x) = ty(x), iy (x) = iy (x), fy(~) = f(x) for all x € X 


min{ty(x),ty(y)} if ty(xy) = 0 


3. ty (xy) = rar tx(y)} — ty(xy) if ty(xy) > 0 


min{iy(x),ixQy)} if iy(xy) = 0 


ix (xy) = ‘ine iy(y)} —iy(xy) if iy(xy) > 0 


max{fy(x), fro} if fy(xy) = 0 


fey) = tees eon — f(xy) if frlxy) > 0 


forall x,y EX. 


2. Single-Valued Neutrosophic Vertex Coloring (SVNVC) 


In this section, we have developed SVNVC and this coloring has verified through some examples of 
SVNG, CSVNG and SSVNG. Also discussed some theorems. 
Definition 2.1. 


A family T = {71, V2, +, Ve} Of SVN fuzzy set is called a k-SVNVC of aSVNG G= (X, Y) if 
1. Vy,;(x) =X, Vx EX 


3. For every incident vertices of edge xy of G min{y; (m, (x)), Yi (m, (y))} = 0, 
min{y;(i,(x)), v:(i(y))} = 0 and max{y;(n,(x)), vi(71(y))} =1,1si<k). 


This k-SVNVC of G is denoted by 7,(G), is called the SVN chromatic number of the SVNG G. 


Example 2.2. 


A. Rohini, M. Venkatachalam, Said Broumi, Florentin Smarandache, Single Valued Neutrosophic Coloring 


Neutrosophic Sets and Systems, Vol. 28, 2019 16 


Consider the SVNG G = (X,E) with SVN vertex set X = {x1,%2,%3,X4,X;} and SVN edge set E = 
{X;X;|ij = 12,14,15,23,24,25,34,35,45} the membership functions defined as, 


(0.3,0.2,0.6) for i = 1,2 


| _ } (0.7,0.1,0.2) for i = 3 
(rm i), Gm) = (0.2,0.1,0.7) fori = 4 


(0.5,0.1,0.7) fori =5 


(0.3,0.2,0.6) for ij = 12 
. — | (0.2,0.1,0.7) for ij = 14,24,34,45 
(m2 (xix), in(xixy),ma(xx))) ~ ) (0.3,0.1,0.6) for ij = 15,23,25 
(0.5,0.1,0.7) for ij = 35 
Let T = {71,72,¥3, Ya} be a family of SVN fuzzy sets defined on X as follows: 


= penne fori =1,3 
MMi (0,01) for others 


a ((07.04,02) fori=2 
Fa“ = t (0,0,1) for others 


oe eres fori=4 
Ya4 =~ (00,1) for others 


ae (020407) fori=5 
Ya" = 1 (0,0,1) for others 


Hence the family l = {71,72,73,Y¥4} fulfilled the conditions of SVNVC of the graph G. Any families 
below four points could not satisfy our definition. Hence the SVN chromatic number 7,(G) of the 


above example is 4. 


Definition 2.3. 


A SVNG G = (x, Y) is called complete single-valued neutrosophic graph (CSVNG) if the following 


conditions are satisfied: 
ty(xy) = min{t, (x), ty(y)}, 
iy (xy) = mintix(x),ixQ)} 
fy (xy) = maxtfy (x), feos 
for all x,y € X. 


Definition 2.4. 


A SVNG G = (Xx, Y) is called strong single-valued neutrosophic graph (SSVNG) if the following 


conditions are satisfied: 
ty (xy) = min{ty (x), ty (y)}, 
iy(xy) = min{iy(x), ix(y)}, 
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fr(xy) = maxtfx(x), KO} 
for all (x,y) EY. 


Example 2.5. 


Consider the SSVNG G = (X,Y) with SVN vertex set X = {x1,X2,%3,%X4,x5} and SVN edge set Y = 
{x;x;|ij = 12,15,23,34,45} the membership functions defined as, 


(0.1,0.2,0.9) fori =1 
(0.6,0.7,0.4) fori = 2 
(m,(x;), iy (x;), 24 (x;)) = < (0.3,0.3,0.7) for i = 3 
(0.7,0.8,0.2) for i = 4 
(0.5,0.5,0.6) fori =5 


(0.1,0.2,0.9) for ij = 12,15 
(m,(x;%), i, (x:x;), n2(x:x;)) = { (0.3,0.3,0.7) for ij = 23,34 
(0.5,0.5,0.6) for ij = 45 


Let T = {71,72,¥3} be a family of SVN fuzzy sets defined on X as follows: 


(0.1,0.2,0.9) fori =1 
¥1(%) = 4 (0.3,0.3,0.7) for i = 3 
(0,0,1) for others 


(0.6,0.7,0.4) for i = 2 
¥2(x;) = { (0.7,0.8,0.2) for i = 4 
(0,0,1) for others 


(0.5,0.5,0.6) fori =5 


Ya(%i) = (0,0,1) for others 


Hence the family T = {71, 72,73} fulfilled the conditions of Strong SVNVC of the graph G. Any 
families below three points could not satisfy our definition. Hence the SSVN chromatic number 


Xy(G) of the above example is 3. 
Example 2.6. 


Consider the CSVNG G = (X,Y) with SVN vertex set X = {x1,X2,%X3,X4,X5} and SVN edge set Y = 
{x;x;|ij = 12,13,14,23,24,34} the membership functions defined as, 


(0.7,0.7,0.1) fori =1 
(0.6,0.7,0.3) fori = 2 
(0.3,0.3,0.7) fori = 3 
(0.1,0.1,0.8) for i = 4 


(m, (x), ty (4), 24 (%;)) = 


(0.6,0.7,0.3) for ij = 12 
(m2 (x:x)), i, (x;x), m2(x:%))) = (0.3,0.3,0.7) for ij = 13,23 
(0.1,0.1,0.8) for ij = 14,24,34 


Let T = {71,72,¥3, Ya} be a family of SVN fuzzy sets defined on X as follows: 
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(0.7,0.7,0.1) fori =1 


Gy (0,0,1) for others 
oe onan fori=2 
Yo\%is = (0,0,1) for others 
ie (030307) fori=3 
Yair = (0,0,1) for others 
ae (01.04,08) fori=A4 
Yai) = (0,0,1) for others 


Hence the family [ = {71,72,¥3,Y4} fulfilled the conditions of complete SVNVC of the graph G. Any 
families below four points could not satisfy our definition. Hence the SVN chromatic number 7,(G) 


of the above example is 4. 


Theorem 2.7. 


For any graph CSVNG with n vertices, 7,(G) = n. 
Proof: 


By the definition of CSVNG, all the vertices are adjacent to each other. Each color class contains 
exactly one vertex with the value (tx(x), ty(x),tx(x))> 0, thus remaining vertices are with the value 


(ty (x), ty(x),ty(x)) =0. Hence y,(G) =n. 


Theorem 2.8. 


For any SSVNGG, then 7,(G) = 7,(G). 
Proof. It is obvious. 


3. Single- Valued Neutrosophic Edge Coloring (SVNEC) 
In this section, we introduced and discussed SVNEC with an example and theorems. 


Definition 3.1. 


A family T = {71, V2, +,VK} Of SVN fuzzy set is called a k-SVNEC of aSVNG G = (X,Y) if 

1. Vy;(xy) =Y, Vxy €Y 

2. yj Ay; = 90 

3. For every strong edge xy of G, min{y;(m2(xy))} = 0, min{y;(i,(xy))} = 

0 and max{y;(n2 (xy))} =1,1<i<k). 
This k-SVNEC of G is denoted byy,(G), is called the SVN chromatic number of the SVNG G. 
Example 3.2. 
Consider the SVNG G = (X,Y) with SVN vertex set X = {x1,X2,%3,x,} and SVN edge set Y = 
{x;x;|ij = 12,13,14,23,24,34} the membership functions defined as, 
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(0.3,0.1,0.6) fori=1 
(0.2,0.1,0.4) fori = 2 
(0.5,0.2,0.4) fori = 3 
(0.4,0.1,0.4) fori = 4 


(m, (x), iy ¢;), 74 (X))) = 


(0.2,0.1,0.4) for ij = 12,23,24 
(m2(x;x)), i, (x:x;), n2(x:x;)) = (0.3,0.1,0.6) for ij = 13,14 
(0.4,0.1,0.4) for ij = 24 


Let T = {71,72,¥3} be a family of SVN fuzzy sets defined on Y as follows: 


Ce (0020.04) fori = 12,34 
ree (0,0,1) for others 


Coe ((0.3,0.1,0.6)) for i = 14,23 
reNae) (0,0,1) for others 


( | ) _ aeores for i = 13,24 

Pa (0,0,1) for others 

Hence the family l = {71, 72,73} fulfills the conditions of SVNEC of SVNG. Any families below three 
members could not satisfy our definition. Hence, the SVN chromatic number x,(G) of the above 


example is 3. 


4. Single-Valued Neutrosophic Total Coloring (SVNTC) 
In this section, we defined SVNTC supported by an example. 


Definition 4.1. 


A family T = {71,72,.+,YxR} of SVN fuzzy sets on the SVN vertex set X is called a k-SVNTC of 

SVNG G= (X, Y) if 

1. Vy;(x) = X, Vx EX and Vy;(xy) = Y, Vxy EY 

2. yj; Ay; = 90 

3. For every incident vertices of edge xy of G, min{y; (m, (x)), Vi (m, (y))} = 0, 

min{y;(i, (x)), vi(i (y))} = 0and max{y; (n, (x)), Vi (n, (y))} =1, <is<k). Forevery strong 

edge xy of G, min{y;(m, (xy))} =:(, min{y;(i, (xy))} = 0and max{y;(n2 (xy))} =1,1<i<k). 
This k-SVNTC of G is denoted byy;(G), is called the SVN chromatic number of the SVNG G. 
Example 4.2. 
Consider the SVNG G = (X,Y) with SVN vertex set X = {x1,X2,%3,%X4,x5} and SVN edge set Y = 
{x;x;|ij = 12,13,14,15,23,24,25,34,35,45} the membership functions defined as, 


(0.3,0.1,0.7) fori =1 
(0.5,0.3,0.5) fori = 2 
(m, (x), i (%;), 21 (%;)) = 4 (0.4,0.2,0.6) for i = 3 
(0.8,0.6,0.2) fori = 4 
(0.7,0.5,0.3) fori=5 


(0.3,0.1,0.7) for ij = 12,13,14,15 
| (0.8,0.6,0.2) for ij = 45 
(ma (xix), ia (xx), M2(xix4)) ~ ) (0.4,0.2,0.6) for ij = 23,24,25 
(0.5,0.3,0.5) for ij = 34,35 


Let T = {71,72,V3, Va, Ys} be a family of SVN fuzzy sets defined on Y as follows: 
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Ce renee fori=1 
a (0,0,1) for others 
Oe Pree ier 
Yai? = 0,0,1) for others 
(x,) = 0200 fr = 3 
Pe ~ ( (0,0,1) for others 
o a treaty = 
Yai? = (0,0,1) for others 
3 = germ nihil 
Vs (0,0,1) for others 
(0.3,0.1,0.7) fori = 12 
Vi(xix;) = (0.5,0.3,0.5) fori = 35 
(0,0,1) for others 
(0.3,0.1,0.7) for i = 13 
V2(xix;) = { (0.4,0.2,0.6) for i = 24 
(0,0,1) for others 
(0.3,0.1,0.7) for i = 14 
¥3(xix;) = 4 (0.4,0.2,0.6) for i = 25 
(0,0,1) for others 
(0.8,0.6,0.2) fori = 45 
Va(xix;) = 4 (0.4,0.2,0.6) for i = 23 
(0,0,1) for others 


(0.3,0.1,0.7) fori =15 
V5 (xix;) = < (0.5,0.3,0.5) for i = 34 
(0,0,1) for others 


Hence the family [ = {71, 72,73, Ya, Ys} fulfills the conditions of SVNTC of SVNG. Any families below 


five members could not satisfy our definition. Hence the SVN chromatic number 7;(G) of the above 


example is 5. 


5. Conclusions 

Single Valued Neutrosophic Coloring concept introduced in this paper. Single valued neutrosophic 
vertex coloring, single valued neutrosophic edge coloring and single valued neutrosophic total 
coloring are defined. All thus definitions are developed and supported by some of the examples. In 


future, it will be extended to examine the theory of SVNC with the irregular colorings of graphs. 
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Abstract: The selection of suitable machine tools for a manufacturing company is one of the 
significant points to achieving high competitiveness in the market. Besides, an appropriate choice 
of machine tools is very significant as it helps to realize full production quickly. Today's market 
offers many more choices for machine tool alternatives. There are also many factors one should 
consider as part of the appropriate machine tool selection process, including productivity, 
flexibility, compatibility, safety, cost, etc. Consequently, evaluation procedures involve several 
objectives, and it is often necessary to compromise among possibly conflicting tangible and 
intangible factors. For these reasons, multiple criteria decision making (MCDM) is a useful approach 
to solve this kind of problem. Most of the MCDM models are mathematical and ignore qualitative 
and often subjective considerations. The use of neutrosophic set theory allows incorporating 
qualitative and partially known information into the decision model. This paper describes a 
neutrosophic Multi-Objective Optimization on the basis of Ratio Analysis (MOORA) based 
methodology for evaluation and selection of vertical CNC machining centers for a manufacturing 
company in Tenth of Ramadan, Egypt. 


Keywords: Machine Tool; Neutrosophic MOORA; MCDM 


1. Introduction 


Selecting an appropriate machine tool is one of the most complicated and time-consuming 
problems for manufacturing companies due to many feasible alternatives and conflicting objectives. 
The determination and evaluation of positive and negative characteristics of one alternative relative 
to others is a difficult task. The selection process of suitable machine tools has to begin with a critical 
evaluation of the procedures on the shop floor by considering an array of quantitative, qualitative, 
and economic concerns. Hence the decision-maker (engineer or manager) needs a lot of criteria to be 
found and a large amount of data to be analyzed for a proper and sufficient evaluation. Consequently 
using proper machine tools in a manufacturing facility can improve the production process, provide 
effective utilization of resources, increase productivity, and enhance system flexibility, repeatability, 
and reliability. Many potential criteria, such as flexibility, compatibility, safety, maintainability, cost, 
etc. must be considered in the selection procedure of a machine tool. Therefore machine tool selection 
can be viewed as a multiple criteria decision making (MCDM) problem in the presence of many 
quantitative and qualitative criteria. The MCDM methods deal with the process of making decisions 
in the presence of multiple criteria or objectives. A decision-maker (DM) is required to choose among 
quantifiable or non-quantifiable and various criteria. The DM’s evaluations on qualitative criteria are 
always subjective and thus imprecise. The objectives are usually conflicting, and therefore, the 
solution is highly dependent on the preferences of the DM. Besides, it is complicated to develop a 
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selection criterion that can precisely describe the choice of one alternative over another. The 
evaluation data of machine tool alternatives suitability for various subjective criteria and the weights 
of the criteria are usually expressed in linguistic terms. This makes neutrosophic logic a more natural 
approach to this kind of problems. 

Many researchers have attempted to use fuzzy MCDM methods for selection problems. The 
purpose of this paper is to present a hybrid method between MOORA and Neutrosophic in the framework of 
neutrosophic for the selection of machine tool with a focus on multi-criteria and multi-group environment. 
These days, Companies, organizations, factories seek to provide a fast and a good service to meet the 
requirements of peoples or customers. The selecting of the best supplier increasing the efficiency of any 
organization whether company, factory according to [1]. Hence, for selecting the best supplier selection there 
are much of methodologies we presented some of them such as fuzzy sets (FS), Analytic network process 
(ANP), Analytic hierarchy process(AHP), (TOPSIS) technique for order of preference by similarity to ideal 
solution, (DSS) Decision support system, (MOORA)multi-objective optimization by ratio analysis. 


1.1 Supplier selection 


A Supplier choice is viewed as one of the most significant parts of creation and indecency the 
board for some, association’s administration. The primary objective of provider choice is to recognize 
providers with the most outstanding ability for gathering an association needs reliably and with the 
base expense. They are utilizing a lot of standard criteria and measures for abroad examination of 
providers. Be that as it may, the degree of detail used for inspecting potential providers may differ 
contingent upon an association's needs. 

The fundamental reason and target objective of determination are to recognize high-potential 
providers. To pick providers, the present association judge of every provider as per the capacity of 
gathering the association reliably and financially savvy its needs utilizing choice criteria and proper 
measure. Criteria and standards are created to be material to every one of the providers being 
considered and to mirror the company's needs and its supply and innovation technique. We show 
supplier evaluation and selection process in Fig.1 and in Fig.2. 





2. Determine 
criteria for 
supplier 
Yel UT gol fays4 


7. Contract/ 
Agreement 
signing with 
the selected 
supplier 


3. Identify 
sources of 
potential 
suppliers 


1. Acknowledge 
the need for 


supplier sourcing 


6. Evaluate and 4. Shortlist the 
select the supplier from 
supplier Y=] (=Yoi de} a efete) 


5. Determine 

methodology 

to assess and 
evaluate 
suppliers 


Figure 1. Supplier evaluation and selection process. 
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for supplier 


we selection 





select supplier 
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Identify key souring 
requirements 


Supplier 
lcareclickehaleyalrchatel 
Determine method Sele feluteyal Determing source 


of supplier selection strate 
and evaluation 2 


Limit supplier in Kel=Yaldiava xeyaedaqur-)| 
selection Pool supply sources 


Figure 2. Supplier evaluation and selection process. 
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Figure 3. MOORA method belongs to MADM 
1.2 MOORA 


Multi-Objective Optimization based on Ratio Analysis (MOORA), otherwise called multi-criteria 
or multi-property advancement. MOORA the technique looks to rank or chooses the best elective 
from accessible choice was presented by Brauers and Zavadskas in 2006. The MOORA technique has 
a considerable scope of utilizations to settle on choices in the clashing and troublesome region of 
production network condition. 

MOORA can be connected in the task determination, process structure choice, area choice, item 
choice and so on the way toward characterizing the choice objectives, gathering essential data and 
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choosing the best ideal option is known as necessary leadership process. The fundamental thought 
of the MOORA technique is to ascertain the general execution of every opportunity as the contrast 
between the wholes of its standardized exhibitions, which has a place with expense and advantage 
criteria. This strategy connected in different fields effectively, for example, venture the executives. 
Fig.3 shows to which category belongs the method of MOORA. 


1.3 Neutrosophic 


There are numerous vulnerabilities in everyday life. The rationale of old-style science regularly lacks 
to clarify these vulnerabilities. Since it isn't always conceivable to call a circumstance or occasion right 
or wrong, for instance, we can't generally call the climate cold or hot. It very well may be heated for 
a few, frozen for a few and cool for other people. 

Comparable circumstances in which we stay ambivalent may show up in the expert capability 
appraisal. It is frequently hard to decide if work is done or an item delivered is consistently definite 
ereat or unmistakable awful. Such a circumstance lessens the unwavering quality of assessing 
proficient proficiencies. To adapt to these vulnerabilities, Smarandache characterized the idea of the 
neutrosophic rationale and neutrosophic set [2] in 1998. In the concept of the neutrosophic 
explanation and neutrosophic bunches, there is a T level of participation, and I level of indeterminacy 
and F level of non-enrollment. These degrees are characterized autonomously of one another. It has 
a neutrosophic esteem (T, I, F) structure. A condition is dealt with as indicated by the two its precision 
and its error and its vulnerability. In this way, neutrosophic rationale and neutrosophic set assistance 
us to clarify numerous vulnerabilities in our lives. Furthermore, various scientists have made 
examinations on this hypothesis [3 - 7]. 

We present some of the methodologies that are used in the multi-criteria decision making and 
presenting the illustration between supplier selection, MOORA, and Neutrosophic. Hence the goal 
of this paper to present the hybrid of the MOORA method with neutrosophic as a methodology for 
MCDM. 

This is ordered as follows: Section 2 gives an insight into some basic definitions on neutrosophic 
sets and MOORA. Section 3 explains the proposed methodology of neutrosophic MOORA model. In 
Section 4 a numerical example is presented in order to explain the proposed methodology. Finally, 
the conclusions 


2. Preliminaries 


In this Section, the fundamental definitions including neutrosophic set, single-esteemed 
neutrosophic sets, trapezoidal neutrosophic numbers and tasks on trapezoidal neutrosophic numbers 
are characterized. 

Definition 2.1 Let X be a space of points and xEX. A neutrosophic set A in X is definite by a truth- 
membership function T, (x), an indeterminacy-membership function I, (x) and a falsity-membership 
function F, (x), T, (x), I, (x) and F, (x) are real standard or real nonstandard subsets of |-0, 1+/. That 
is T, (x):X—]-0, 1+ [,I, (x):X—]-0, 1+[ and F, (x):X—]-0, 1+/. There is no restriction on the sum of T, (x), 
I, (x) and F, (x), so 0O- < sup (x) + sup x + sup x $3+. 

Definition 2.2: Let X be a universe of discourse. A single valued neutrosophic set A over X is an object 
taking the form A= {(x, Ty, (x), I, (x), Fa (x), ):xEX}, where T, (x):X— [0,1], I, (x):X— [0,1] and 
F, (x):X—[0,1] with O< T, (x) + I, (x) + Fy (x) <3 for all x€X. The intervals T, (x), I, (x) and F, (x) 
represent the truth-membership degree, the indeterminacy-membership degree and the falsity 
membership degree of x to A, respectively. For convenience, a SVN number is represented by A= (a, 
b, c), where a, b, ce [0, 1] and at+b+c<3. 

Definition 2.3: Suppose that ag, 0g, Be € [0,1] and a, , az , a3 , ay € Rwhere a, < az < a3 < 


a, .Thena single valued trapezoidal neutrosophic number, d=((a, , Az , a3 , A4); Aq , Og , Ba) is 
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a special neutrosophic set on the real line set R whose truth-membership, indeterminacy-membership 


and falsity-membership functions are defined as: 





x—-a 
Aa (=*) (a, <x < a,) 
A= Aaxxzsa 
Tx (x) = panes ( 2 3) (1) 
CG (=) (a3 <x< Q,) 
0 otherwise 
(a2—-x+0q(x-a1)) 
teu (a, <x < a) 
aCe ha (a, <x < az) (2) 
eo (x-a3+0q(a4—x)) 
aaa. (ag <x < ay) 
1 otherwise ; 
(az—x+Pq(x-a1)) 
a eee (a, <x < a) 
Has a (ag <X< az) (3) 
a (x-a3+Bq(a4—x)) (a 2 ne a,) 
(a4—a3) Se 
1 otherwise : 


Where ag, 94 and fg and represent the maximum truth-membership degree, minimum 
indeterminacy-membership degree and minimum falsity-membership degree respectively. A single 
valued trapezoidal neutrosophic number a=((a,; , a2 , @3 , A4); ag , 9g , Pa) may express an ill- 
defined quantity of the range, which is approximately equal to the interval [a, , a3]. 
Definition 2.4: Let d=((a, , a, , a3 , Q4); Ag , 0g , Bz) and b=((b, , by , bg , ba); a; , O5 , Bs) be 
two single valued trapezoidal neutrosophic numbers and Y#0_ be any real number. Then, 
1. Addition of two trapezoidal neutrosophic numbers 
d+b =((a, + by, az + by, az +b3, A, +b4); aq A Ap, Og V 9%, Bav Bo) 
2. Subtraction of two trapezoidal neutrosophic numbers 
d- b =((a, - by, dz - bz, Az - bz, a4 - by); ag A ap, Oa V 9%, Ba V Bs) 
3. Inverse of trapezoidal neutrosophic number 


Pe 1 1 1 1 . 
ai (Gy ae ah a Cee a 7-Pa) where (a # 0) 


4. Multiplication of trapezoidal neutrosophic number by constant value 


Y a on , Yaz ,Ya3 ,YQ4); CG , 04 » Pa) if (¥ > 0) 
((Ya,,Ya3,Ya,,Ya,); @j,04,Ba) if (Y < 0) 


5. Division of two trapezoidal neutrosophic numbers 


a a a a : 
Ce ae ml Ag AA, 0¢VO5,BaV Bp) if (ag >0, bd, > 0) 
”q a a a a ; 
= (( ma 53 ae, Ag AAp,0¢VO5,BaV Bp) if (ag <0, db, > 0) 
a a a a ; 
Gr me Te Ag AA, 0¢V05,BaV Bp) if (ag <0, by <0) 


6. Multiplication of trapezoidal neutrosophic numbers 


- ((a,b, ,azb2 ,A3b3,A4b,); A AA%,90¢V95,BbaVP5) if (ag > 0, by > 0) 
db = 4 ((a,b, ,Azb3 ,a3b2 ,a4b,); Ag AA%,90¢V95,Ba VB) if (a, <0, bg > 0) 
((a4bq4 ,A3b3 ,Azb2 ,a,b,); ag Aaj, Og V95,BavB5) if (a, <0, by < 0) 


3. Methodology 
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The functionality of linguistic variables, words have more extent to describe the semantic and 
sentimental expressions compared with numbers. This research chooses trapezoidal neutrosophic 
numbers, which includes nine parameters to model linguistic variables. The trapezoidal neutrosophic 
scales used in this proposed research exhibited in Table 1. 


Table 1. Semantic expressions for the significance weights of criteria 


Trapezoidal neutrosophic numbers (T, I, L, 
F; Og, O53, Bs) 
(0.1, 0.2, 0.3, 0.4; 0.5, 0.1, 0.3) 


Linguistic expressions 


Just Equal (JE) 
(0.2, 0.3, 0.3, 0.4; 0.8, 0.2, 0.3) 
Equal importance (EI) (0.3, 0.4, 0.4, 0.5; 1.0, 0.1, 0.1) 
Weak importance of one over another (WIO) (0.4, 0.5, 0.5, 0.6; 0.7, 0.3, 0.2) 
Essential or strong importance (VRS) (0.5, 0.6, 0.6, 0.7; 0.9, 0.2, 0.1) 


(0.6, 0.7, 0.7, 0.8; 0.8, 0.3, 0.5) 
Very Strong Importance (AS) (0.7, 0.8, 0.8, 0.9; 0.8, 0.3, 0.5) 
(0.9, 1.0, 1.0,1.0; 0.1, 0.2, 0.2) 


In this section, the steps of the suggested neutrosophic MOORA framework are presented with 
detail. The suggested framework consists of such steps as follows: 


Step 1. Constructing model and problem structuring. 
a. Constitute a group of decision-makers. 


b. Formulate the problem based on the opinions of decision-makers 


Step 2. Making the pairwise comparisons matrix and determining the weight based on opinions of 
(DMs). 
a. Identify the criteria and sub criteria C = {C,, Cz, C3...Cyy}. 


b. Making matrix among criteria n x m based on opinions of decision-makers. 


C, C, _ on 
C, (lia,™My41) M1 U1) (lig, My41> M1 U11) ane Cans Mint» Mnw Uin) 
We & (lo4,M211, M21, U21) (lo2, M221, M224, U22) ™ (lon, Mont, Monw U2n) 
C3 = - or = 
Cn 
Cnt, Mnyil» Mniw Unt1) (ln2, My21»Mn2w Un2) = (Lan Mant» Mnnw Unn) 
(4) 


c. Decision-makers make pairwise comparisons matrix between criteria compared to each 
criterion. 

d. According to, the opinion of decision-makers should be among from 0 to 1 not negative. 
Then, we transform neutrosophic matrix to pairwise comparisons deterministic matrix by 


adding (a, 9, 8) and using the following equation to calculate the accuracy and score. 


1. S (aij) = = [a, +b, + cy + dy] x (2+ Ag - Og -Bg ) (5) 


a3 - 1 
11. A (aij) = ne [a, +b, + Cy + dy] x (2+ ag - 05 +Bg ) (6) 


e. We obtain the deterministic matrix by using S (a;;). 
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f. From the deterministic matrix we obtain the weighting matrix by dividing each entry on the 
sum of the column. 
Step 3. Determine the decision-making matrix (DMM). The method begin with define the available 


alternatives and criteria. 


C, C, eee Ce 
ra (hy. ™Mq11,My1w U1) (yiy,™My 11, M1 1y U1) Cains Mint» Minw Uin) 
R= 4 (lo4,M211, M1, U21) (lo2,M221,M22y, U22) a (lon, Mont, Monw U2n) 
A3 i on ue im 
ae WG i e i 
( ny nit» Mn1w Un1) ( n21Mn21»™n2w Un2) ( nv Mnni» Mnnw Unn) 


(7) 
Where A; represents the available alternatives where i=1...n and the C; represents criteria 
a. Decision makers (DMs) make pairwise comparisons matrix between criteria compared to 
each criterion. Using the Eqs. (5, 6) to calculate the accuracy and score. 
b. We obtain the deterministic matrix by using S (a;;). 
Step 4. Calculate the normalized decision-making matrix from previous matrix (DMM). 
a. Thereby, normalization is carried out, where the Euclidean norm is obtained according to 
Eq. (8) to the criterionE;. 
i JEyj| = JXTE? (8) 
The normalization of each entry is undertaken according to Eq. (9) 


Eij 





Step 5. Compute the aggregated weighted neutrosophic decision matrix (AWNDM) as the 


following: 
i. X = xX x W (10) 
Step 6. Compute the contribution of each alternative Ny; the contribution of each alternative 
1. Ny; = DN - igs NX (11) 


Step 7. Rank the alternatives. 


4, Practical example 
4.1 Case study 


A real-world case issue is chosen to represent the utilization of the proposed methodology. The 
picked organization is a medium-sized assembling endeavor, which utilizes around 75 individuals 
and situated in the Tenth of Ramadan, Egypt. It makes a wide assortment of extra parts for the car 
business. In particular, the organization concentrated on sizeable measured gathering and 
assembling organizations working for the car business. Its creation fan is full including motor 
mountings, encasings, front suspension arms, fan sharp edges, indoor regulator lodgings, numerous 
sorts of riggings, entryway rollers, entryway handles, and so forth. The organization likewise delivers 
molds which are utilized to fabricate the elastic, metal, and aluminum parts. While different kinds of 
CNC and manual machine devices are utilized for normal generation, once in a while manual 
machine apparatuses are for the most part utilized as reinforcements. The organization is a metal 
machining activity venture demonstrating qualities of both occupation shop and clump creation. 
Thus client request sizes go in a wide edge. Truly, the organization has gotten an abnormal state of 
benefits, which began to decay as a result of a decrease in the interest level because of an innovative 
change and economic situations. 
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weights 
Cy 
C, 
C3 
Cy 


For instance, once in a while an essential client's requests require the expansion of the new CNC 
machining focuses. In addition, in some cases existing client requests require improved machining 
abilities including the buy of the specific CNC machining focuses. Therefore, the organization the 
board chose to pull in new clients by offering new aptitudes which incorporate growing machining 
limit and ability, lessening creation costs, expanding item quality, and shortening conveyance time. 
This is a basic inspiration for the first venture. First, a project team, including three engineers and 
two managers working for the company, was constructed. Then a detailed interview was conducted 
to determine the most suitable type of equipment for the company’s competitiveness. At this point, 
new vertical CNC machining centers for the company’ immediate needs were decided to purchase. 
The company considered four different alternative models of the three different manufacturers, 
which are denoted as Al, A2, A3, and A4, respectively. Furthermore, a detailed questionnaire related 
to the data regarding the qualitative and quantitative criteria for the machine tool selection model 
was prepared. Then a lot of face-to-face interviews were held to develop reliable information on the 
selected criteria and alternatives. After a set of interviews, four criteria were determined to perform 
the analysis. The four criteria are cost, operative flexibility, installation easiness, maintainability, and 
serviceability, which are denoted as C1, C2, C3, and C4, respectively. Cost is the purchasing cost of 
the machine tool. Operative flexibility means the possibility of using the machine tool as desired. It 
must be utilized when needed. Installation easiness means having the positive effects of the 
convenience of installation. Simple installation is practical and fast, along with installation time 
savings without requiring any particular technical ability. 

Maintainability imparts to a machine tool an inherent ability to be maintained with reduced 
person-hours and skill levels, and fewer tools and support equipment. It is also the probability that 
a machine can be kept in an operational condition. Serviceability is defined as the ease with which all 
maintenance activities can be performed on a system. It is also defined as the ease with which all 
services, including implementation services, post-implementation professional services, and 
managed services can be performed. 


4,2 Results 


The aim of using Neutrosophic MOORA is to determine the importance weight of the criteria, 
then used to the ranking of the alternatives. 


Step 1. Constitute a group of decision-makers. 


Step 2. We determine the importance of each criteria based on opinion of all decision-makers as in Table 2, 


using the Eq.4. 
Table 2. The comparison matrix between criteria for calculating weights 
Cy C, C3 C, 
(0.5, 0.5,0.5,0.5) (0.2, 0.3, 0.3, 0.4; 0.8, 0.2,0.3) (0.5, 0.6, 0.6, 0.7; 0.9, 0.2,0.1) (0.9, 1.0, 1.0,1.0; 0.1, 0.2, 0.2) 
(0.2, 0.3, 0.3, 0.4; 0.8, 0.2, 0.3) (0.5, 0.5,0.5,0.5) (0.7, 0.8, 0.8, 0.9; 0.8, 0.3,0.5) (0.2, 0.3, 0.3, 0.4; 0.8, 0.2, 0.3) 
(0.7, 0.8, 0.8, 0.9; 0.8,0.3,0.5) (0.4, 0.5, 0.5, 0.6; 0.7, 0.3, 0.2) (0.5, 0.5,0.5,0.5) (0.9, 1.0, 1.0,1.0; 0.1, 0.2, 0.2) 
(0.9, 1.0, 1.0,1.0; 0.1, 0.2,0.2) (0.5, 0.6, 0.6, 0.7; 0.9, 0.2,0.1) (0.2, 0.3, 0.3, 0.4; 0.8, 0.2, 0.3) (0.5, 0.5,0.5,0.5) 


We show the weights of criteria in Fig.4. 
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Figure 4. Weights of criteria. 
Step 3. Construct the matrix that representing the ratings given by every DM between the criteria and 
alternatives, by using the Eq.7. 


Every decision maker makes the evaluation matrix via comparing the four alternatives relative 
to each criteria by using the trapezoidal neutrosophic numbers scale in Table 1 as shown in Table 3. 


Table 3. The comparison matrix between criteria for calculating weights 


Cy C, C3 Cy 
Ay (0.4, 0.5, 0.5, 0.6; 0.7, 0.3,0.2) (0.2, 0.3, 0.3, 0.4; 0.8, 0.2,0.3) (0.5, 0.6, 0.6, 0.7; 0.9, 0.2,0.1) (0.5, 0.6, 0.6, 0.7; 0.9, 0.2, 0.1) 


A> (0.2, 0.3, 0.3, 0.4; 0.8, 0.2,0.3) (0.5, 0.6, 0.6, 0.7; 0.9, 0.2,0.1) (0.9, 1.0, 1.0,1.0; 0.1, 0.2,0.2) (0.9, 1.0, 1.0,1.0; 0.1, 0.2, 0.2) 


A3 (0.7, 0.8, 0.8, 0.9; 0.8, 0.3,0.5) (0.9, 1.0, 1.0,1.0; 0.1, 0.2,0.2) (0.9, 1.0, 1.0,1.0; 0.1, 0.2,0.2) (0.9, 1.0, 1.0,1.0; 0.1, 0.2, 0.2) 


Ay (0.2, 0.3, 0.3, 0.4; 0.8, 0.2,0.3) (0.5, 0.6, 0.6, 0.7; 0.9, 0.2,0.1) (0.2, 0.3, 0.3, 0.4; 0.8, 0.2,0.3) (0.2, 0.3, 0.3, 0.4; 0.8, 0.2, 0.3) 


From previous Table 3 we can determine the weight of each criteria by using Eq.5 or Eq.6 in the 
similarity case. 


Step 4. Calculate the normalized decision-making matrix from Table 3, by using Eq. (8, 9).then 
calculating the weights using Eq.9. 


a. Sum of squares and their square roots in Table 4. 


Table 4. Sum of squares and their square roots 


C C, C; C, 
A, 0.11 0.20 0.32 0.27 
Az 0.11 0.23 0.26 0.20 
A; 0.10 0.16 0.08 0.18 
A, 0.25 0.19 0.11 0.07 
SS 0.17 0.14 0.20 0.14 
SR 0.35 0.39 0.44 0.38 


b. Objectives divided by their square roots in Table 5. 
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Table 5. Objectives divided by their square roots 


C; C, C3 Cy 
A, 0.28 0.55 0.65 0.47 
A> 0.32 0.38 0.50 0.55 
Az 0.25 0.44 0.12 0.16 
A, 0.64 0.21 0.25 0.17 


Step 5. Compute the contribution of each alternative by using Eq.11 as presented in Table 6 
Table 6. Ranking of the alternatives. 


Cy C, C3 C4 Yj Rank 
A, 0.43 0.19 0.47 0.46 0.65 2 
Az 0.45 0.56 0.24 0.33 0.85 1 
A3 0.23 0.43 0.35 0.32 0.60 3 
Ay 0.65 0.32 0.33 0.28 0.45 4 


Step 6. Rank the alternatives. 

The higher the closeness means the better the rank, so the relative closeness to the ideal solution of 
the alternatives can be substituted as follows: A2 > Al > A3 > A4 as shown in Fig.5. A2 is defined as 
the best alternative for this company. The obtained result is discussed in the company just as to 
investigate the meaningfulness of the selected alternative. 


Alternative 1 Alternative 2 Alternative 3 Alternative 4 





Figure 5. Ranking of the alternatives. 


5. Conclusions 


In this paper, a methodology based on neutrosophic and MOORA for selecting the most suitable 
machine tools is suggested. Also, the ranking scores are the outcomes of the methodology, and by 
using ranking scores, DM can obtain not only a ranking of the alternatives but also the degree of 
superiority among the alternatives. For dealing uncertainty and improving lack of precision in 
evaluating criteria and machine tool alternatives, neutrosophic methods are used. Our approach 
applies trapezoidal numbers into traditional MOORA method. By applying for neutrosophic 
numbers, DM enables to get better results in the overall importance of criteria and real alternatives. 
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As a result of the study, we find that the proposed method is practical for ranking machine tool 


alternatives concerning multiple conflicting criteria. 
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Abstract: In this paper, initially a matrix representation of Plithogenic Hypersoft Set (PHSS) is 
introduced and then with the help of this matrix some local operators for Plithogenic Fuzzy 
Hypersoft set (PFHSS) are developed. These local operators are used to generalize PFHSS to 
Plithogenic Fuzzy Whole Hypersoft set (PFWHSS). The generalized PFWHSS set is hybridization of 
Fuzzy Hypersoft set (which represent multiattributes and their subattributes as a combined whole 
membership i.e. case of having an exterior view of the event) and the Plithogenic Fuzzy Hypersoft 
set (in which multi attributes and their subattributes are represented with individual memberships 
case of having interior view). Thus, the speciality of PFWHSS is its presentation of an exterior and 
interior view of a situation simultaneously. Later, the PFWHSS is employed in development of 
multi attributes decision making scheme named as Frequency Matrix Multi Attributes Decision 
making scheme (FMMADMS). This innovative technique is not only simpler than any of the former 
MADM techniques, but also has a unique capability of dealing mathematically a variety of human 
mind psychologies at every level that are working in different environments (fuzzy, intuitionistic, 
neutrosophic, plithogenic). Besides, FMMADMS also provides the percentage authenticity of the 
final ranking which in itself is a new idea providing a transparent and unbiased ranking. Moreover, 
the new introduced idea of frequency matrix handles the ranking ties in the best possible way and 
has an ability to provide the authenticity comparative analysis of previously developed schemes. 
Lastly, application of this FMMADMS is described as a numerical example for a case of ranking and 


selecting the best alternative. 


Keywords: Plithogenic Hypersoft set, Exterior view, Plithogenic Whole Hypersoft set, Interior view, 
Frequency Matrix, Multi Attribute Decision making Scheme, Percentage authenticity. 
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1. Introduction 


The theory of uncertainty in mathematics was initially introduced by Zadeh [26] in 1965 
named as fuzzy set theory (FST). A fuzzy set is a set where each element of the universe of 
discourse * has some degree of belongingness in unit closed interval [9.1] in given set 4, where 4 
is subset of universal set * with respect to some attribute say “* with imposing condition that the 
sum of membership and non membership is one unlike crisp set where element from the universe 
either belong to given set 4 or does not belong to 4. In Fuzzy set theory, elements of set are 
expressed with one quantity i.e. degree of membership. To represent this degree of membership a 
notation #4) © [0.1]~x = * was used and to represent the degree of nonmembership a notation 
u, (x) © [0,1]~x © * was used. The members of fuzzy set are represented by using one quantity i.e. 
the degree of membership +: 4G}. 

Due to the condition “al*) + u,(*) =1vx eX imposed by Zadeh the degree of non 


membership 4 ©) to 4 will be 1 — #a, where ta Ge) © [0.1] vx © X | 


Further generalization of fuzzy set was made by Atanassov [1] in 1986 which are known as 
Intuitionistic fuzzy set (IFS). In IFS the natural concept of hesitation in human mind was used in 
assigning a degree of membership in unit closed interval such that sum of degree of membership, 
degree of non membership and degree of hesitation should be one. The degree of hesitation or 
indeterminacy was represented by the notation-,-now the improved condition is 
u,lc) + vale) +4,() =1vx ex. The members of IFS are represented by using two quantities 
u,@and y, Gdlix: (u,Ge).u,(.))}. Later, IFS were further generalized by Smarandache [15]. He 
considered membership ,.,¢<3, nonmembership ., (<3) and indeterminacy .,¢.) aS independent 
quantities or functions in the unit cube, representing three axis of the unit cube in non standard unit 
interval Jo-.1+[. Smarandache represented the elements of Neutrosophic set (NS) by using three 
independent quantities and introduced "Neutrosophy"[16-17] as a new branch of philosophy which 
studies the origin nature,by considering neutrality and opposite and their interactions with 
different ideational spectra. Mathematically, a NS is represented by fcc: (Cu 4 (29. uy Gd. gy} With 
condition 9 = w(x) + vu, Ce) +1,(<) = 3. The new defined approach of dealing with human mind 
consciousness in form of Neutrosophic Set is utilized in MCDM and MADM techniques ([2-7],[9], 
[12], [18] ,[25]). 


Furthermore, Smarandache[13] has generalized the Soft set to Hypersoft set by 
transforming the function - of one attribute into a multi attribute function where a,.a......a,, for 
n =1 be » distinct attributes, whose corresponding attributes values are respectively the set 
A,.Az.....4, With ain Aj=@ for :;=,; and ;,;¢f1.2......} and assigning a combine 
membership wy 4 xa, <). Non membership », ., 4, (<) and Indeterminacy 1, 4 4 Ge) 
wx ex with condition and introduced a hybrids of Crisp/ Fuzzy/ Intuitonistic Fuzzy and 
Neutrosophic Hypersoft set and then generalized Hypersoft set to Plithogenic Hypersoft set (PHSS) 


by assigning a separate degree of membership, nonmembership and indeterminacy 
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Ha (x), uy. (x), Ly. (x) respectively to each attribute value A;. Thus a Plithogenic Set, as the 


generalization of Crisp, Fuzzy, Intuitionistic Fuzzy, Picture Fuzzy and Neutrosophic Set was 
introduced by F.Smarandache in 2017 [14]. 


In this paper, we have firstly presented to our reader an entirely new concept of looking at 
a Plithogenic Hypersoft set in a form of a matrix. This matrix representation is further utilized in the 
emergence of some new local operators such as disjunction, conjunction and averaging operators 
for Plithogenic Fuzzy Hyper soft sets (PFHSS). In the second stage, we have utilized these local 
operators to the define a new idea of a Plithogenic Fuzzy Whole Hypersoft Set (PFWHSS). This new 
PWHSS not only present a deep insight into a Plithogenic decision making environment but also a 
broader outlook of a situation which clearly is more generalized and precise approach of modelling 
human mind capabilities. Moreover, the new PWHSS are employed in development of a multi 
attribute decision making scheme named as Frequency Matrix Multi Attributes Decision Making 
Scheme (FMMADMS). 


In most MADM techniques, ranking is achieved by generating a comparison of alternatives 
with ideal and non ideal solution ([8], [19], [20]) etc. Mostly, comparison are made on the basis of 
distance, inclusion, and similarity measurements etc. These scheme when studied analytically are 
actually representing fuzzy behavior of human mind. The ideal solution represents membership 
and the non ideal solution represents nonmembership behavior of fuzzy environment. Besides, the 
selection of any input information taken from any background (fuzzy, intuitionistic fuzzy, 
neutrosophic or any other) the use of ideal and non ideal solution in modelling of different MADM 
schemes actually drives the entire scheme to a fuzzy environment. So the ranking is based on 
optimist and pessimist human behavior. In this new FMMADMS, the ranking includes the three 
behavior of human mind, optimist behavior (represented mathematically by using Max operator 
employed in construction of local operators which are involved in ranking procedure), pessimist 
behavior (represented mathematically by using Min operator used in designing local disjunction 
also used in ranking process) and the neutral behavior (represented mathematically by using 
averaging operator). The final decision is made by combining the three human mind behaviors in a 
matrix called Frequency Matrix which gives the ultimate ranking of alternatives. The major 
advantage of the new scheme is its capacity of indulging many human mind behaviors by 
introducing variety of operators between Min, Max and averaging operators. Thus, generalizing the 
scheme from neutrosophic to plithogenic modelling environment [14]. Also, in our scheme at its 
final stage a ratios authenticity of the ranking operators is provided to guarantee the rightfulness of 


the final decision. 


With a brief introduction of our work in Section 1, we have organized the rest of the paper 
in following sections: Section 2, is a collection of all the necessary preliminaries required for 


understanding of this work while in Section 3, we have presented the new concept of representing a 
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Plithogenic Fuzzy Hyper Soft Set in form of a matrix. Moreover, have introduced some new local 
operators on this set and constructed a whole membership using these local operators. This whole 
membership over a PFHSS set gives a birds eye view of the entire situation thus driving to new idea 
of Plithogenic Fuzzy Whole Hyper Soft Set. Furthermore, the newly defined PFWHSS is used in 
constructing a new MADM technique called Frequency Matrix Multi Attributes Decision making 
scheme (FMMADMS). In Section 4, a numerical example is presented to elaborate the new scheme 
while in Section 5 we give the final Conclusion of this work along with some open problems related 
to this field. 


2. Preliminaries 


In this section, we will present some basic definitions of soft set, fuzzy soft set, hypersoft 
set, crisp hypersoft set, fuzzy hypersoft set, plithogenic hypersoft set, plithogenic crisp hypersoft set 


and plithogenic fuzzy hypersoft set which are useful in development of our literature. 


Definition 2.1 [21] ( Soft Set) 


Let UY be the initial universe of discourse, and F is a set of parameters or attributes with respect to J. 


Let pyzry denote the power set of z, and .4 < = is a set of attributes. Then pair ¢, 4), where -:.4 —- 


P(U) is called Soft Set over UY. In other words, a soft set (F,.A) over U is parameterized family of 


subset of u, For e © A, F¢e) may be considered as set of « elements or « approximate elements 
(F,A) = {(F(e) € P(U):e € E, F(e) = pife € A}. 
Definition 2.2 [24] (Soft subset) 


For two soft set (F,A) and (G,2) over a universe U, we say that (F,.A) is a soft subset of (G,B) if 


(i) «ace,and 
(i) wee A,F(e) © G(s) 


The set of all soft set over 7 will be denoted by scary. 
Definition 2.3 [26] (Fuzzy set) 


Let u be the universe . A fuzzy set x over y is a set defined by a membership function 
w,, representing a mapping »., :2 — [0.1] 
The vale of 


a: « ur. Lhe membership value represent the degree of belonging to fuzzy set 3. Then a fuzzy set »; on 


for the fuzzy set , is called the membership value of the grade of membership of 


LT can be represented as follows. 


KX ={(py(x)/x):x € U,py(x) © [10,1)}. 


Definition 2.4 [9] (Fuzzy soft set) 
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Let U be the initial universe of discourse, F(U) be all fuzzy set over U. E be the set of all parameters 


or attributes with respect to 7 and .4 < =< isa set of attributes. A fuzzy soft set r, on the universe ;; is 
defined by the set of ordered pairs as follows, [, = {x.¥4,(e):x € E.va(x) e F(Uy} 
where },:5 —>+ Fcury such that yc) = pifxea 


¥a Go) = fey, gay fur © U, py, aq Ce) © [0,1] }. 


Definition 2.5 [13] (Hypersoft set) 

Let z be the initial universe of discourse pz, the power set of w and a,.a......a, fOl n = 1 be n 
distinct attributes, whose corresponding attributes values are respectively the set .4,,.4.....,.4, With 
A,;nA,;=@for ¢#, andi; © {1.2.....n}. 

Then the pair (F,.4, x A, x...x A,) Where, r:4, x A. x...x A, — PCW). 


is called a Hypersoft set over I 


Definition 2.6 [13] (Crisp Universe of Discourse) 
A Universe of Discourse yy. is called Crisp if wx eu., x = 100% tO yw. or membership of + rex) 


with respect to .4 in ag is 1 denoted as +19. 


Definition 2.7 [13] (Fuzzy Universe of Discourse) 

A Universe of Discourse z;, is called Fuzzy ifwx eu, x partially belongs to , or membership of x 
T(x) < [0,1] where r¢x} may be subset , an interval, a hesitant set, a single value set, etc. denoted as 
x (Tx)- 

Definition 2.8 [13] (Plithogenic Universe of Discourse ) 

A Universe of Discourse u, over a set v of attributes values, where v = {1,.v2.....1%,}) n =1. 1S 
called Plithogenic if vx <¢u, «belongs to 7, in the degree @2,,;) with respect to the attribute value 
v, for all ¢ = {1,2....,}. Since the degree of membership may be Crisp, Fuzzy, Intuitionistic Fuzzy, 
or Neutrosophic, the Plithogenic Universe of discourse may can be Crisp, fuzzy, Intuitionistic 


fuzzy, or Neutrosophic. 


Definition 2.9 [13] (Crisp Hypersoft set) 


Let U- be the initial universe of discourse P(U-') the power set of UV. 


Let «,.a,.....a, for »=1 be » distinct attributes, whose corresponding attributes values are 


respectively the set 4,,4.,....4, With 4:nA-=@ for ; +; and :,; e€ {14.2,...,n}. Then the pair 
P y as fiz T i T P J J P 


CF. A, x Ap x... A,) Where F: A, x A> x...*% A, —@ P(U,}, is called Crisp Hypersoft set over w.. 


Definition 2.10 [13] (Fuzzy Hypersoft set) 


Let U, be the initial universe of discourse P(U,)) the power set of U-. 


a@,.az,....a, {Of n = 1 be nm distinct attributes whose corresponding attributes values are respectively 


the set 4, 4..... 


_a, With 4.7 — for ,;2,; and ,;e¢1.2......3%. Then the pair 
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(Fe. A, =< Ay x...x 4,) Where F,: A, x A, x... A, — P(U,). is called Fuzzy Hypersoft set over U;. 
Definition 2.11 [13] (Plithogenic Hypersoft set) 


Now instead of assigning combined membership ,,, 4. u4,G@o) vx © Us Ue/ty. su, for Hyper 
Soft set if each attribute 4. is assigned an individual membership ,, | ¢.3, non membership ,,, «5 
and Indeterminacy ,. ) j =1.2.....n in Crisp/Fuzzy/Intuitionistic Fuzzy and Neutrosophic 


Hypersoft set then these generalized Crisp/Fuzzy/Intuitionistic Fuzzy and neutrosophic Hypersoft 
set are called Plithogenic Crisp/ Fuzzy/Intuitionistic Fuzzy and Neutrosophic Hypersoft set. 


3. Plithogenic Fuzzy Hyper Soft set, their representation in a Matrix form and generalization to 
Plithogenic Fuzzy Whole Hypersoft set 

In this section, we define initially Crisp Whole Hypersoft set, Fuzzy Whole Hypersoft set, 
Intuitionistic Fuzzy Whole Hypersoft set, Neutrosophic Whole Hypersoft set. 


Definition 3.1 (Plithogenic Crisp/ Fuzzy/ Intuitionistic Fuzzy and neutrosophic Whole Hypersoft 


set) 


Let UpiCX) be the plithogenic universe of discourse and fF. 4¥ x 4 x...« AE = P(Up:) where 
k = 1,2.3,....a¢ represent Numeric values of attributes A for each ;, ~: and represent sub 


attributes of the given attributes, can attain different numeric values. Now if in Plithogenic 


Crisp/Fuzzy/Intuitionistic Fuzzy/Neutrosophic Hypersoft set all attributes 4» have both an 
individual membership ,,, ¢.), mon membership ,,, ¢,,and indeterminacy ,, «.j) where 


7 =1,.2,...,~ and a whole combined membership Haz magn—napy (X) denoted by oy), non membership 
Ua, masxva,€x) denoted by @cx) and Indeterminacy «, 4... .s,,(«) denoted by wi.) then these 
generalized Plithogenic Crisp/Fuzzy/Intuitionistic Fuzzy /Neutrosophic Hypersoft set are called 
Plithogenic Crisp/ Fuzzy/Intuttionistic Fuzzy / Neutrosophic Whole Hypersoft set. 

The Plithogenic Whole Hypersoft set is hybridization of Plithogenic Hypersoft set and Hypersoft 


set. If we are representing our set only with fuzzy memberships say #4; (x) for individual attributes 


and Fuzzy whole memberships SAY o,.-) for combined attributes then the set under 


Bay ds od py Ca) 


consideration are Plithogenic Fuzzy Whole Hypersoft set. Initially the literature is developed only for 
Plithogenic Fuzzy Hypersoft set and Plithogenic Fuzzy Whole Hypersoft set. 


3.1 Plithogenic Fuzzy Whole Hypersoft set and Frequency Matrix Multi Attributes Decision Making Scheme 
(FMMADMS) 
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For convenience in dealing with plithogenic hypersoft set the data or informations i.e. memberships 
will be represented in the form of matrix denoted by ¢s for some combination of numeric values of 
attributes where ,, represent the given combination of attributes, ; represent rows of matrix with 
respect to objects .,, ; represents columns of matrix with respect to numeric values of attributes .... 
These matrices will be helpful in construction of local Disjunction, Conjunction and Averaging 
operators. Furthermore, local constructed operators are used for the development of whole 
memberships denoted by m and then these memberships are used to generalize the Plithogenic 
Hypersoft Set to Plithogenic Whole Hypersoft Set and in development of a multi attributes decision 
making scheme named as Frequency Matrix Multi Attributes Decision Making Scheme 
(FMMADMS). The speciality of these local operators is that they deal within the matrix constructed 
by using informations or one can say within one combination of attributes which gives interior view 
of the event. In this section, we shall be dealing with PFHSS only. Later the idea can be generalized 
to other environments (intuitionistic, neutrosophic, plithogenic) etc. Let us now formally introduce 
the steps of FMMADMS. In this scheme, the first four steps are related to the matrix construction of 
PFHSS and their local operators while in the next three steps PFWHSS are developed using these 
operators and are utilized in defining the local ranking. Moreover, a final ranking is obtained using 
a frequency matrix. Also, a percentage authenticity is calculated to guarantee the transparency of 


the process. 
Step 1. Decision of universe: Consider universe of discourse U,; = {x;} i = 1.2.3,.... M and then 


T = {xj} ¢ Up, where ; could be chosen between ; to as, Here x», represent the objects under 


consideration. 
Step 2. Defining attributes and mapping: Let At. A®.A%....,4% be the attributes. Choose some 


attributes represented by Mi. TP cite and then assign ; some numeric values can be 
presented by Ak where , and ; can take values 4,2,3,..., ~. The data of the numerical values is based 


on the decision maker’s opinion by using the linguistic scales [[10],[11],[23]]. Define 


Fiak x AE x AE x...x A& — P(U,,). where F 1S a Mappings from combination of attributes to some 
subset of power set of U5). 
Step 3. Matrix representation: Write the data or information (Memberships) in the form of a matrix. 


Let cS) 7 = 1.2.3,....N and ; = 1,2,3,..., af: be the matrix and let , represent the given combination 


of attributes AE for some ; and x. 
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AE ae 


[aR 
fi 


xy Ha, Oy) Ha, %) : =: May) 
*2 Ha, 2) Ha, Ory) - + 4 Hay (¥2) 


cf= + + /* « (3.1) 


Step 4. Construction of Local operators and Global whole memberships: Now by using individual 
memberships j;(x;), for x;€T and varying j from 1 to N one can develop a combined whole 


membership, say or¢.x,) tO ., in - with respect to given combination of attributes by using different 
operators on rows of matrices of representation —s for Construction of local operators. These 
operators can be represented by taking different integer values of , i.e. . — , represent local 
disjunction operator , ; — 2 represent local conjunction operator and ; — 3 represent local averaging 
operator. The following local operators are constructed. Here, we define some local operators for 
Plithogenic Fuzzy Hypersoft Set. It is observed that the same operators are applicable for 
Plithogenic Crisp Hypersoft set but as the results are trivial so we will consider here only the case of 


Plithogenic Fuzzy Hypersoft set 


Local Disjunction Operator for Plithogenic Fuzzy Hypersoft Set: 


(3.2) 


Viee OF =U (cz) = Max ;(cg ) = Max; (2; Ge;)) 


(Choose maximum membership from,;,., row ) 
Here .,....u. are representations for local disjunctions operators for F, ,, ,¢;) 1s the membership for 
j-, attribute with respect to ;,, object. 


Local Conjunction Operators for Plithogenic Fuzzy Hypersoft Set : 


(Choose minimum membership fromi;, row amongst j columns) and the result will be a column 


matrix representation three entities. Here ,,,__are representations for local conjunctions operators for 


Fu ,(,) 18 the membership for ,_, attribute with respect to ;_,, object. 


tik 


Local Averaging Operator for Plithogenic Fuzzy Hypersoft Set : 


re) = r(cg)==%_, (3.4) 
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Here I represent averaging operator for mapping F for # combination of attributes applied on the 


given matrix of representation C;; by taking average of memberships for i,; row. 


Local Compliment for Plithogenic Fuzzy Hypersoft Set: 


Max, (1 — Bj (x;)) 


C.,-(F) = c(cz. — 4 Min, (1 = u(x) (3.5) 
ry (1—p j(x;) 





Here €;,- represent the local compliment for F mapping fore combination of attributes applied over 


matrix of representation ¢s by taking compliment of memberships for ;,,, row and then choosing 
either maximum or minimum or taking average of them. By applying Local disjunction, Local 
conjunction and Local averaging operators (3.2, 3.3, 3.4) to (3.1) one can develop a combined whole 
membership, denoted by ne ¢x-,). 

Note: Here we have not used the compliment operator to develop the whole membership. But the 


choice is open for reader to work with this operator or any other operator of their choice. 
Here n£(x,) is representation for whole combined membership for i;, object withe respect to « 
combination of attributes in subset of pry, 

OL (x;) = U; (C8) = Max, (uj;(,)) (3.6) 


m2 (x,) represent the combined (whole) membership for ;_,, object obtained by using disjunction 


Pri 


operator (, _ ,) developed in (3.2). 


2 (x)= N; (CZ) = Min; (uj) (3.7) 
f= (x; represent the combined (whole) membership for i,, object obtained by using conjunction 
operator (¢ = 2) developed in (3.3). 

(ee 2009) (3.8) 





nsx) = rcs) = =. > 


3 (x;) represent the combined (whole) membership for i;, object obtained by using averaging 


operator T (+ — 3) developed in (3.4). 
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We shall use 93 (x;), M2(x;) and 2(x;) for three different whole memberships of Plithogenic Fuzzy 


Whole hypersoft set. 

Step 5. Matrix representation of Plithogenic Fuzzy Whole Hypersoft set and initial ranking: 
Write the data or information (local individual membership and global whole memberships) in the 
form of an other matrix denoted by cm: 7=124.....N and i = 1,2,3...., ¢ and « represents the 
given combination of attributes and . — , 2.3 represent the local operators used to get the whole 


combined memberships where < s+ is the matrix representation for Plithogenic Fuzzy whole 


Hypersoft set. 
At A F. | cb 
1 Ha, Gy) pa,@) . ~~ Bay Gy) = 0¢G,) 
: Bay (x2) Pa, GG) .. . Hay (x2) OG 0x2) 
Ay Carpy Ba. Creag) eo 2 0 Bag (x au ne Cargy) 





Where in AF, k takes values with respect to given some # combination and in M% and in €;ftwhile i 


represent rows of matrix and , represent its columns and _.«, Plithogenic Fuzzy Whole Hypersoft 
Matrix (PFWHSM). For + = 1,2,3 we shall get three PFEWHSM’s. 
In particular, for a fixed , and for some ,, combination of attributes A;.f = 1.2.3.....N WE will get an 


initial ranking for alternatives 7 — ¢,,3 under consideration in «s+ from the last column of ¢ 


which is the column of whole membership value M5 . The first position is assigned to an alternative 


having highest whole membership =< ¢.,3 [which is the highest numeric value in last column] and 
the second position to one having second largest membership and so on. If a tie occurs for the 


position of alternatives in this initial ranking, it will be removed in final ranking. In this step, by 
varying t = 1,2,3 we shall obtain the three types of initial ranking of our alternatives based on three 


operators see (3.6,3.7 and 3.8). All of these ranking will be utilized in next stage to get the final 
ranking of alternatives. 

It is worth mentioning here the fact that these initial rankings presents three human mind behaviors 
for three different choices of operators. To be more specific for , — , the use of Max operator will 
provide the choice of optimist behavior of human mind. Similarly for , — » which represent the use 


of Min operator one can represent the pessimist behavior of human mind. Furthermore, the choice 
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of t= 3 ie., the use of averaging operator will represent the neutral behavior of human mind. 


Finally in the next step by using the frequency matrix we will combine the three human mind 


behaviors to provide the final results of the ranking procedure. 
Step 6. Construction of frequency matrix F,,, for final ranking: 


Finally, we have constructed the frequency matrix of positions , from initial ranking where 
q = 1.2,...a¢ iS used to represent rows (alternatives) of frequency matrix Foy and » = 1,2,...,af 1S 


used to represent columns (positions attained by these alternatives) of frequency matrix ,_. 


ProP2 + + 6 Bh 


Si [fin fiz» «© «© «fin 

a lfey feo «© « 0 «fang 
ap =o , , Oo 

Xuelfn fez + + + oda 


The final frequency matrix F,, of alternatives and positions is a square matrix of order M x M Le. 


number of ordering positions will be equal to the number of alternatives, The selection of first 


position to any alternative will be made by looking into the first column corresponding to the 
position 1 i.e. #,. The alternative having the largest frequency value in this column will be assigned 


first position. Once first position is decided, the entire row corresponding to this alternative and the 
first column will be excluded from the process of selection. Next, we shall look into the second 
column to select the candidate having the largest frequency value to be assigned the second 
position of ordering. Once done he shall be excluded from the process by excluding his row and the 
second column from the process. This procedure of selection will continue until all the positions are 


assigned to the rightful alternative. 


In final frequency matrix if two alternatives have the same frequency of position 1 which is a very 
rare case, then we check their frequency of position 2, the one having higher frequency value in 
position 2 will be assigned the first position. After this selection the particular alternative and the 
position 1 will be excluded from selection procedure. Then other competitor will be assigned the 


second position. In this way all the ties can be fairly handled in this process. 


Step 7. Percentage measure of authenticity of ranking: Finally the percentage measure of 


authenticity can be obtained by using the ratios formula: 
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max ( {zp} | 
Percentage authenticity of p,, position for q,, alternative = ———— x 100, where , | is the obtained 


2a fap 


frequency of the ,,.,, position for ,_,, alternative and y_ ,_ is the total frequency of ,,. position. 


4. Numerical Example 


Step 1. Decision of universe: let 7 = gx, «.0,,x,.x-} Set of five members of Engineering 
department and Tf = {x..,«,,.x;} < u set of three members who have applied for the post of Assistant 


professor. 
Step 2. Defining Attributes and mapping: 
Let the attributes be AE; 7 =12.34 and , may have any value from 1 to 3 
Az = Subject skill area with numeric values, 5 = 1,2.3 
At = Mathematics, Aj = Physics, A? = Computer science 


Az = Qualification with numeric values, & = 1,2 


as — Higher qualification like Ph.D. or equivalent, .,z — lower qualification like MS or 


equivalent Af = Teaching experience with numeric values, k = 1,2 


Ai = Three years or less, .4z = More than three years 


A® = Age, with numeric values k = 1,2,3 


Ai = Age is less than thirty years, 43 = Age is between thirty to forty years 4? =Age 
is greater than forty years 


We need to select faculty members. 
Let the Function F be given by, 
F:A™E =x AK = AE x AE = PCO) fOr % = 1,1,1,2 respectively. 


We are interested in ranking of these three candidates for the Engineering department with the 
following criteria. 

1. Subject skill area: Mathematics: , — 4 

2. Qualification: Higher qualification like Ph.D or Equivalent , = 4 

3. Teaching experience: Three years or less , = 1 

4. Age: Age required is between thirty to forty years ;, = 2 


F(At, 42, At, AZ) = {x.,x,,x,} let we name 42, 42, 42,.42 Combination as ~ 
With respect to T =| ,%3,%;} have memberships in PFHSS. Consider the memberships of #3.%3, ¥5 


AS ws (x;) for; = 2,3,5 and ; = 1 to4in 7 with respect to « combination of attributes. 
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F(a) = FCA, Al, AL, AZ) = {x.(0.3,0.6,0.4,0.5), x (0.4,0.5,0.3,0.1) x, (0.6,0.3,0.3,0.7)3 
Step 3. Matrix representation: Let Cj; represented in 3.1 is the matrix of representation for the 
combination of attributes ,,in PFHSS. Here rows are representing x.,+,,x, and columns are 


representing At, At.Az, Ab. 


Al AL Ab AB 


*2f0.3 0.6 G4 0.5 
Ch=*2/04 0.5 0.3 O12 
20.6 0.3 0.35 OF 


Step 4. Construction of Local operators and Global whole memberships for PFHSS: By using 


individual memberships uw? (x;), for x; T CU now with respect to « combination of attributes by 
fixing i = 2,3 and 5 and varying j from 1 to 4 in 3.6, 3.7 and 3.8 one can assign a combined (whole) 
membership, 92(x;) to x; €U in T with respect to # combination of attributes by using operators 
developed in 3.6, 3.7 and 3.8 on rows of matrix of representation C;;. Using (3.1) 

22) =U (uF @D) = Max; (pFCx;)) 


Oe 2)=n ( F (x) = Alin; (ud GJ) 


(a Fe) 


ry 





02 Cx) =F (eFCx,)) = EP, 
This membership is used in Generalization of PFHSS to Plithogenic Fuzzy Whole Hyper Soft set. 


05 (x.) =U (us (x,)) = Max; (u3 (x,)) = 0.6 fori = 2 and varying j from 1 to 4 


02 (x3) =U (us (x3)) = Max;\u (x5) =0.5 fori = 3and varying j from 1 to 4 


( 
Ne Grg) =U (us rE; 3)) = Max; (u8 (x5)) = 0.7 fori = 5 and varying j from 1 to 4 
( 


02 (x. =n ue (x,)) = Min, (yu? (x,)) = 0.3 fori = 2 and varying j from 1 to 4 


07 (eg) =N (uF (x3)) = Min; | pS (x3)) = 0.1 fori = 3and varying j from 1 to 4 


02 (x5) =N (uF (x5)) = Min; (uf (x5)) = 0.3 fori = 5 and varying j from 1 to 4 
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iiiz,J=T (w F; (x,)) =P j=. > 0.45 fori = 2,N = 4and varying j from 1 to 4 


. a, | (ut (x3) 


— (u(x5) 
fits.) =) (us (x5)) = R47 ri = 0.45 fori = 2,N = 4 and varying j from 1 to4 





Step 5 Matrix representation of Plithogenic Fuzzy Whole Hypersoft set and initial ranking: 


A} A! A! A= nm 


h | = a ip a 


 -¥2f0.3 0.6 04 05 0.6 
cf =*3104 0.5 0.3 O81 05 
*5l0.6 0.3 0.3 07 0.7 


For choosing the best one will select the largest value from last column i.e. x; = 0.7 The initial 
ranking for t = 1, is Position 1: for x;,Position 2: for x, and Position 3: for x3. 


4a a A} 


+ 


A 
*2f0.3 0.6 04 0.5 0.3 
Ce =*3!/04 0.5 0.3 01 O1 
xsl0.6 0.3 0.3 0.7 0.3 


For choosing the best one will select the largest value from last column ie. x, = x; = 0.3. The initial 


ranking for t = 2, is Position 1: could be assigned to both the candidates x; and x;. This tie will be 


removed in final step of ranking. 


a a Pa 


B| = x | + 


2; 
*2/0.3 0.6 0.4 0.5 0.45 

CP=*3/04 0.5 0.3 O12 0.325 
x5l0.6 0.3 0.3 0.7 0.475 


For choosing the best one will select the largest value from last column i.e. x; = 0.7 The initial 


ranking for t = 3, is Position 1: for x;,Position 2: for x, and Position 3: for x3. 


Step 6. Construction of frequency matrix F,, for final ranking: Next we construct a frequency 


matrix to get the final ranking using the data of step 5. 
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P, Bs Pa 
Xof1 2 0 
Fy =*3l0 0 3 
x5l3 0 0 


This frequency matrix shows the frequency of getting first position for xis 1, for xzis 0 and for x; is 


3, the frequency of getting second position for x is 2, for x;is 0 and for x, is 3,and the frequency of 


eetting third position for x-is 3, for xis 0 and for x, is 0. We can see here the initial ranking for 


t=lisx,;@x,x,, fort=2 is x; =x, x, and ranking for t= 3 is x, & x, x, and the final 


ranking from the frequency matrix F, 


jp 1S Same i.e., x; x, x, which shows use of frequency 


matrix increases the authenticity of the ranking and selection of right candidate for the post. 


Step 7. Percentage measure of authenticity of ranking: 


max (fp) } | 
Percentage authenticity of first position for x; = ay = aa x 100 = 75% 
Lg fap aig 





Percentage authenticity of second position for x. = fz 100 = 100% 


Ay 





Percentage authenticity of third position for x; = oF x 100 = 100% 
q Jq3 


5. Conclusion 


A novice idea of matrix representation of Plithogenic Fuzzy Hypersoft Set (PFHSS) is introduced 
along with construction of their local operators such as conjunction, disjunction and averaging 
operators. These local operators are utilized in defining a new concept of Plithogenic Fuzzy Whole 
Hyper Fuzzy Soft Set (PFWHSS). The PFWHSS deals fuzziness of the data or information as a 
combined vision (external view) in case of combined membership of a combination of attributes and 
individually (internal view) as a in case of considering individual memberships. Furthermore, an 
innovative yet simple MADM technique called Frequency Matrix Multi Attributes Decision Making 
Scheme (FMMADMS) is developed. In this technique, at first stage, we have employed three 
different PFWHSS to get three initial rankings of alternatives representing decisions made by three 
different human mind behaviors of being optimist (the case in which whole membership is 
obtained by using conjunction (Max) operator), pessimist (the case in which whole membership is 
obtained using disjunction (Min) operator) and the neutral behavior (the case in which whole 
membership is obtained using averaging operator). In the next stage, we have introduced a new 


concept of frequency matrix that combines all the three possibilities of human mind behavior to 
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provide with a final ranking decision of alternatives. In many decision making schemes, there are 
possibilities of ties between ranking alternatives. The use frequency matrix in FAMADMS provides 
a unique way of handling these ties. It results into a final ranking free of ties. Lastly, the scheme 
works with a percentage measure to guarantee the authenticity and accuracy of the final ranking. 
This itself, is entirely a new idea to get to get an authenticity of different ranking schemes which 


shows that the final decision is transparent and unbiased. 


Moreover, this technique is more generalized since it use PFWHSS which deals with not only 
attributes but also sub attributes at the same time. One of the beauty of this scheme is its simplicity 
as the user need not to handle with complicated long calculations based operators. Also this new 
technique have a flexible approach of using wide range of operators that can absorb changes 
according to the requirement of the provided environment. To be more specific, the selection of 
three operators represent a neutrosophic behavior which clearly is a special case of plithogenic 
attitude as mentioned in [14]. Now introducing more operators among these three neutrosophic 
elemental behaviors (membership, nonmembership, neutrality) we can generalize the model of this 


scheme in plithogenic environment which may handle more of human mind complexities. 


Some of the open problems that could be addressed: This work have vast extensions by 
developments of some new literature on operators, their properties and applications in different 
environments like Crisp, Fuzzy, Intuitionistic Fuzzy and Neutrosophic etc. and development of 
multi attributes decision making techniques in different environments. Moreover, the matrix 
representation of plithogenic whole hypersoft set opens new dimensions towards development of 


many operators and MADM techniques. 
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Abstract. The objective of the study is to find out the relationship between the disease and the symp- 
toms seen with the patient and diagnose the disease that impacted the patient using rough neutrosoph- 
ic set. Neoteric method [PI-distance] is devised in rough neutrosophic set. Utilization of medical diag- 
nosis is commenced with using prescribed procedures to identify a person suffering from the disease 
for a considerable period. The result showed that the proposed method is free from shortcomings that 
affect the existing methods and found to be more accurate in diagnosing the diseases. 


Keywords: Neutrosophic set, rough neutrosophic set, Pi-distance, medical diagnosis. 


1. Introduction 


Mathematical principles play a vital role in solving the real life problems in engineering, medical 
sciences, social sciences, economics and so on. These problems are having no definite data and they 
are mostly imprecise in character. We are therefore employing probability theory, fuzzy set theory, 
rough set theory etc., in Mathematics to find solutions to these problems. In the same way, fuzzy logic 
techniques have been integrated with conventional clinical decision in healthcare industry. As clini- 
cians find it hard to have a fool proof diagnosis, they are initiating certain steps without any guidance 
from the experts. Neutrosophic set which is a generalized set possesses all attributes necessary to en- 
code medical knowledge base and capture medical inputs. 

The law of average has been applied in Medical diagnosis combining the information of which 
most of them are quantifiable derived through various sources and the inconsistent data derived 
through intuitive thought and the whole process offers low intra and inter personal consistency. So 
contradictions, inconsistency, indeterminacy and fuzziness should be accepted as unavoidable as they 
are integrated in the behavior of biological systems as well as in their characterization. To model an 
expert doctor it is imperative that it should not disallow uncertainty as it would be then inapt to 
capture fuzzy or incomplete knowledge that might lead to the danger of fallacies due to misplaced 
precision. 

As medical diagnosis contains lots of uncertainties and increased volume of information available 
to physicians from new medical technologies, the process of classifying different sets of symptoms 
under a single name of disease becomes difficult. The main advantage of rough set theory is that it 
does not need any preliminary or additional information about data(like the probability in statistics, 
the value of possibility in fuzzy set theory etc.,).So, rough neutrosophic sets play a vital role in 
medical diagnosis. 

In 1965, Fuzzy set theory was firstly given by Zadeh[1] which is applied in many real applications 
to handle uncertainty. Sometimes membership function itself is uncertain and hard to be defined by a 
crisp value. So the concept of interval valued fuzzy sets was proposed to capture the uncertainty of 
gerade of membership. In 1986, Atanassov[3] introduced the intuitionistic fuzzy sets which consider 
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both truth-membership and falsity-membership. Edward Samuel and Narmadhagnanam[4] proposed 
the tangent inverse distance and sine similarity measure of intuitionistic fuzzy sets and apply them in 
medical diagnosis. 

Later on, intuitionistic fuzzy sets were extended to the interval valued intuitionistic fuzzy sets. 
Intuitionistic fuzzy sets and interval valued intuitionistic fuzzy sets can only handle incomplete 
information not the indeterminate information and inconsistent information which exists commonly 
in belief systems. So, Neutrosophic set (generalization of fuzzy sets, intuitionistic fuzzy sets and so on) 
defined by FlorentinSmarandache[5] has capability to deal with uncertainty, imprecise, incomplete 
and inconsistent information which exists in real world from philosophical point of view. 

In 1982, Pawlak[2] introduced the concept of rough set (RS), as a formal tool for modeling and 
processing incomplete information in information systems. There are two basic elements in rough set 
theory, crisp set and equivalence relation, which constitute the mathematical basis of rough sets. The 
basic idea of rough set is based upon the approximation of sets by a pair of sets known as the lower 
approximation and the upper approximation of a set. Here, the lower and upper approximation 
operators are based on equivalence relation. Nanda and Majumdar [6] examined fuzzy rough sets. 
Broumi et al [7] introduced rough neutrosophic sets. 

SurapatiPramanik and KalyanMondal [8,9] introduced cosine and cotangent similarity measures 
of rough neutrosophic sets. Pramanik et al [10] introduced correlation coefficient of rough 
neutrosophic sets. Edward Samuel and Narmadhagnanam [11] proposed order function among 
roughneutrosophic sets. Pramanik et al [12] introduced several trigonometric Hamming similarity 
measures under interval rough neutrosophic environment. Pramanik et al [13] introduced Multi 
attribute decision making strategy on projection and bidirectional projection measures of interval 
rough neutrosophic sets. Mondal et al [14] examined TOPSIS in rough neutrosophic environment. 

Mondal et al [15] proposed variational coefficient similarity measure under rough neutrosophic 
environment. Mondal et al [16] proposed several trigonometric Hamming similarity measures of 
rough neutrosophic sets. Mondal and Pramanik [17] proposed grey relational analysis among rough 
neutrosophic sets. Pramanik and Mondal [18] proposed some similarity measures among rough 
neutrosophic sets. Mondal et al [19] proposed aggregation operators among rough neutrosophic sets. 
Pramanik et al [20] introduced Multi criteria decision making based on projection and bidirectional 
projection measures of rough neutrosophic sets. Neutrosophic set is applied to different areas 
including decision making by many researchers[21-27]. Mohana and Mohanasundari [28] proposed 
similarity measures of single valued neutrosophic rough sets. Tuhin Bera and Nirmal 
KumarMahapatra[29] applied generalised single valued neutrosophic number in neutrosophic linear 
programming. Ulucay et al [30] proposed a new approach for multi-attribute decision-making 
problems in bipolar neutrosophic sets.Broumi et al [31] proposed single valued (2N+1) sided 
polygonal neutrosophic numbers and single valued (2N) sided polygonal neutrosophic numbers. Li 
et al [32] proposed slope stability assessment method using the arctangent and tangent similarity 
measure of neutrosophic numbers. 

Rest of the article is structured as follows. In Section 2, we briefly present the basic 
definitions.Section 3 deals with proposed definition (PI distance) and some of its properties. Sections 4, 
5 and 6 deal with methodology,algorithm and case study related to medical diagnosis 
respectively.Conclusion is given in Section 7. 


2. Preliminaries 
2.1 Definition [33] 


Let ¥ be a Universe of discourse, with a generic element in ¥ denoted by x. the neutrosophic 
set(NS) Ais an object having the form 4= (x: T(x), La(x), Fa(x)),x eX | where the functions define 


T,I,F 3X >] o1'| respectively the degree of membership (or Truth), the degree of indeterminacy 
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and the degree of non-membership(or Falsehood) of the element x<X to the set 4 with the condi- 
tio OF 7,(x)+7,(x)+ F(x) <3" 
2.2 Definition [7] 


Let U be a non-null set and R be an equivalence relation onu. Let P be neutrosophic set in 
U with the membership function7p, indeterminacy function /? and non-membership function Fp. 


The lower and the upper approximations of P in the approximation (U,R) denoted by n(P)& N(P)are 


respectively defined as follows: 
N(P)=((x Tub In(wy@) Fn(ey(@))/v €[x],>* €U) 
N(P) = ((x, TH(P)%) IHX) FR(W\(*)/¥ €[ 2] 2 €U) 


where 
T ncp)(x) = a T p(y) 


I n(p)(*) = 00) 
F ncpy)(x) = ta * eal) 


T spy (x = V "rely 


ye[ x], 
Tmey)= fy Fe) 
Fite)(x) = re Fp (y) 


So, 0< T yip(X)+ Ine) *) + Frr)(x) <3 and 0< T n(p)(x)+ In(py(x)+ Fn(p)(x)S 3, where V and A mean 
“max” and “min” operators respectively, T p( y) JI a( y) and F p( y) are the membership, indeterminacy 


and non-membership of with respect to P. It is easy to see that N(P)& N(P) are two neutrosophic 
sets in U, thus the NS mappings N \N:N (U Jo N (U ) are respectively, referred to as the lower and upper 
rough neutrosophic set approximation operators, and the pair (wv (P), N(P)) is called the rough 
neutrosophic set in(U,R). 


3 Proposed definitions 
3.1. Pi-distance 


Let 4=((L,(x,),L,(4,).E.(%)), (Fa(x,),24(x,),F a,)) and B= ((Cp().Lo(%).£o(%)) Fa),70(a),F 2) ) 
be two rough neutrosophic sets, then the Pi-distance is defined as 


n anes )- T g(x; + J+ LZ (x: )- I a(x; )|+ + LE g(x; )- F g(x; +7 4 )- T al; +r ai )- Tp \+lF Qi )- F pi N° 
Pins (4, B)= ae Fj Se Ey aL), FE le) + EG VTi) * Pal) 1) Te) Pe) Pe) 





3.1.1. Boundedness 
Let 4 - (00). L (x;).F ,(4)) (r A(%),FA0%).F 40) (i = 1,2....,n)be a collection of rough neutrosophic sets and 


A= min[F (bmi (x,)]} max{[J ,(x,),max[/.(x,)|}}max[F ,(x,)max|F .(x,)|}) & 
i i | i i i i 





ve {ole ook fmax[Z,(,)}max{7.(x]h [max (0,9) wonfF 
A= [otro max 7ax)| min[z,(x)] min| ax) | Imin[F Real vilF co] 


then 4 < PT ang (4,. Aste A,)< A 
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3.1.2. Proposition 1 

(i) Pevs(4.B)2 0 

(ii) PIpns(A,B) = 0if and only if A= B 

(iii) Prevs(4.B) = Plews(B. 4) 

(iv) If Ac BCC then Plpys(4,C)= Plpns(4,B) & Plpvs(4,C)= Plews(B.C) 

Proof 

(i) We know that, the truth-membership function, indeterminacy —membership function and falsity— 
membership function in rough neutrosophic sets are within [0,1] Hence p;,,, (4, B)>0 


(ii) If A= B then (x,)=7,(x,)1,(x,)=1,(x,).£,(x,) =F, (x) F(x) = F(x) 7,0) =7, (x) & F,(x,) = F, (x,) for 
j=1,2,---,n &x,¢X. Therefore, py,,,(4,B)=0.1f 77D ms(4,B)=0, this implies 
T (x)-T,(#)|=0 |Z,()-1,()|=9 


F x)—F (2 1) =0: 0; | (x x)-T ,(%)|=0 
L,)-7,()|=% [F0)-F,()|= 


Since its denominator is not equal to zero. Then, 
TQ) =T;6):1 () =1gG).E Ae) =F GO), 4G) HT a), 4G, ) = 18) & FuG) = FG) tor 
i=1,2,---,n &x, eX. Hence 4=B. 














(iii) We know that, 
IZ (%,)- Lol) =[Lo%)-Z.05), IZ (x, )-L, (x, J =|L, (x, F(x (x= F(x )- F ,(x,) 
Ta(,)-Tels)=lro)-T.05)., aia . a “). Fx 7 ~ J\=lFol,)-Fal) 


Hence p7pys(4,B)= Plpws(B, A) 


7 | 


(iv) We know that, 
Te NST *)STola). Tali) Tal)S Te z) 
I I 


ACBcC| 

Hence, 

IZ 4(3;) Pale; \s|Lubi)-Zcl), F(x; )- Tele) slr s0)-Telx,) 
IZ 4(x;) Lali) $[LiGi)-Le), IF 4(%;)-Te(%) <[74(%,)-Telx,] 
FE s(;)-Fal%:) $|E,G%)- Ec), F (x:)—Fel;) <(Fy(,)- Fels) 
Pali)-Lelai}s|Lai)-Lels)., IT g(x;) oa -Tlx,)<lFalx)-Telx] 
seine anne, 72(x;)—- Toca) <7 40)-Te() 
Fa laj)— Eola) $|Fuli)—Fclx s). Fels:)—Foli\s|Fali)-Fel) 


Here, the PI- distance is an increasing function 
 Plavs(4,C)> Plvs(4,8)& Prevs(4.C) Plavs(B,C) 


4. Methodology 
In this section, we present an application of rough neutrosophic set in medical diagnosis. In a 
given pathology, Suppose S is a set of symptoms, D is a set of diseases and P is a set of patients and 


A.Edward Samuel and R.Narmadhagnanam. Pi-distance of rough neutrosophic sets for medical diagnosis 


Neutrosophic Sets and Systems, Vol. 28, 2019 95 


let Obe a rough neutrosophic relation from the set of patients to the symptoms.i.e., O(P > S) and R 
be a rough neutrosophic relation from the set of symptoms to the diseases i.e., R(S > D)and then the 


methodology involves three main jobs: 

1. Determination of symptoms. 

2. Formulation of medical knowledge based on rough neutrosophic sets. 

3. Determination of diagnosis on the basis of new computation technique of rough neutrosophic sets. 


5. Algorithm 


Step 1: The symptoms of the patients are given to obtain the patient symptom relation Q and are 
noted in Table 1. 

Step 2: The medical knowledge relating the symptoms with the set of diseases under consideration 
are given to obtain the symptom-disease relation RK and are noted in Table 2. 

Step 3: The Computation T (relation between patients and diseases) is found using (3.1) between 
Table 1 & Table 2 and are noted in Table 3 

Step 4: Finally, we select the minimum value from Table 3 of each row for possibility of the patient 
affected with the respective disease and then we conclude that the patient Px is suffering from 
the disease Dr. 


6. Case study [8] 

In this section, an example adapted from Surapati Pramanik and Kalyan Mondal (Cosine Similar- 
ity Measure of Rough Neutrosophic Sets and its application in medical diagnosis) is used. Let there be 
three patients P ={P,P,,P,} and the set of symptoms S={Temperature, Headache, Stomach pain,Cough, 
Chest pain}.The Rough Neutrosophic Relation O(P > S')is given as in Table 1. Let the set of diseas- 
es D = {Viral fever, Malaria, Stomach problem, Chest problem}.The Rough Neutrosophic Relation 
R(S — D) is given as in Table 2. 


Table 1: Patient-symptom relation (using step 1) 


(0.4,0.4,0.4), (0.5,0.3,0.2), (0.6,0.2,0.4), (0.4,0.4,0.4), 
(0.6,0.2,0.2) (0.7,0.1,0.2 (0.8,0.0,0.2) (0.6,0.2,0.2 
) 


0.6,0.4,0.3 
0.8,0.2,0.1 


(0.5,0.3,0.4), (0.5,0.5,0.3), (0.5,0.3,0.4), (0.5,0.3,0.3), (0.5,0.3,0.3), 
- berg oe eee 
; (0.8,0.2,0.2) (0.7,0.0,0.1) (0.8,0.1,0.2) (0.8,0.1,0.2) (0.7,0.1,0.1 
Table 2: Symptom-Disease relation (Using step 2) 


eee (0.1,0.4,0.4), (0.3,0.4,0.4), (0.2,0.4,0.6), 
( ) 


0.8,0.3,0.2 (0.5,0.2,0.2) (0.5,0.2,0.2) (0.4,0.4,0.4) 


Hopes) een 
) 
) 


) 
) 





Temperature 


| (0.2,0.3,0.4), (0.1,0.4,0.4), (0.4,0.3,0.4), (0.1,0.4,0.6), 

basen ones (0.3,0.2,0.4) 

(0.4,0.3,0.3), (0.3,0.3,0.3), (0.1,0.6,0.6), (0.5,0.3,0.4), 

Seuss paieeed Pore (0.7,0.1,0.2) 

| (0.2,0.4,0.4), (0.1,0.3,0.3), (0.1,0.4,0.4), (0.4,0.4,0.4), 
Rissa ooe penn? 
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Table 3: Pi-distance 


Stomach problem Chest problem 
0.4115 0.9147 1.2435 1.0821 


0.4963 0.7953 1.3853 0.7419 
0.5233 0.8466 1.3912 1.3189 





7. Conclusion 

This study discovers the relationship between the symptoms found with the patients and the set 
of diseases. This study will help the researcher to find out the diseases accurately that impacted the 
patients. This method is apt for handling the medical diagnosis problems and its efficiency and 
rationality have been proved without any doubt. The method employed is free from the limitations 
that are commonly found in other studies. Without such limitations, a new theory on image 
processing, cluster analysis etc., has been developed. In the same way it will grow and extend itself to 
other types of neutrosophic sets. 
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Abstract: Veracity in big data analytics is recognized as a complex issue in data preparation process, 
involving imperfection, imprecision and inconsistency. Single-valued Neutrosophic numbers 
(SVNs), have prodded a strong capacity to model such complex information. Many Data mining 
and big data techniques have been proposed to deal with these kind of dirty data in preprocessing 
stage. However, only few studies treat the imprecise and inconsistent information inherent in the 
modeling stage. However, this paper summarizes all works done about mapping machine learning 
algorithms from crisp number space to Neutrosophic environment. We discuss also contributions 
and hybridization of machine learning algorithms with Single-valued Neutrosophic numbers 
(SVNs) in modeling imperfect information, and then their impacts on resolving reel world prob- 
lems. In addition, we identify new trends for future research, then we introduce, for the first time, 
a taxonomy of Neutrosophic learning algorithms, clarifying what algorithms are already processed 
or not, which makes it easier for domain researchers. 


Keywords: Neutrosophic; Machine Learning; Single-valued Neutrosophic numbers; Neutrosophic 
simple linear regression; Neutrosophic-k-NN; Neutrosophic-SVM; Neutrosophic C-means; Neutro- 
sophic Hierarchical Clustering. 


1. Introduction 


Although Machine learning algorithms have caught extensive attention in last decade, seen their 
abilities to solve a wide problems remained obscure for years. Most of these techniques work under 
the some hypotheses that data should be pure, perfect and complete information. As a result, for- 
mally if the learning problems are formulated under a set of indeterminate or inconsistent infor- 
mation, the machine learning system becomes unable to work and the data must treated in prepara- 
tion phase, which is make data science process very long, and impracticable. 

However, real learning problems are often involves imperfect information such as uncertainty, 
inconsistency, inaccuracy and incompleteness. If we can modeling the learning problem as it in real 
form, exploiting the information’s imperfections, we can reduce the data science process which is in 
many times come back from modeling that is the last step to preparation step that is the first step in 
the process of data science. 

Single-valued neutrosophic set (SVNs) aims to provide a framework to model imperfect infor- 
mation. In contrast to classical machine learning methods, single-valued neutrosophic learning algo- 
rithm manipulate information with imperfections to deal with learning problems modeling complex 
information. To improve the performance of existing learning algorithms and handle the imperfect 
information in real-world, many machine learning techniques has recently been mapped into Neu- 
trosophic Sets (NSs) environment. 
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Hence, the main notions and concepts of Neutrosophic are defined, also some achievements and 
its extensions on the NSs are undertaken. Thus, to manipulate indeterminacy, uncertainty, or incon- 
sistency in information, that often characterizes real situations, Smarandache [1 - 3], introduced Neu- 
trosophic set (NS), which consists of three elements, truth-membership, an indeterminacy member- 
ship, and a falsity-membership degrees independently. 


Every element of the NS's features has not only a certain degree of truth(T), but also a falsity 
degree (F) and indeterminacy degree(/). This concept is generated from many others such as crisp 
set, intuitionistic fuzzy set, fuzzy set, interval-valued fuzzy set, interval-valued intuitionistic fuzzy 
set, etc. 

Nonetheless, the NS as a philosophical concept is hard to apply in real applications. In order to 
overcome this situation, Smarandache and al. [4] concretize this concept introducing single-valued 
neutrosophic set (SVNS). SVNS can be applied quite well in real scientific and engineering fields to 
handle the uncertainty, imprecise, incomplete, and inconsistent information. Broumi and 
Smarandache [5, 6] studied basic properties of similarity and distances applied in Neutrosophic en- 
vironment using single valued neutrosophic set (SVN). 

Hybridization between Neutrosophic and machine learning algorithms, have also been studied, 
several papers [7- 11] on Neutrosophic Machine Learning (NML) have been published in the last few 
years. 

However, there is no survey papers summarize those new learning techniques and approaches, 
removing the barrier for researchers currently working in the area of Neutrosophic Machine Learn- 
ing. This has the twofold advantage of making such techniques more readily reachable by researchers 
and, conversely, avoid wasting time for to have idea which Machine learning approaches to be 
mapped to Neutrosophic. 

The rest of this paper is organized as follows. We discuss the origins of the connection between 
Neutrosophic and machine learning in Section 2. Next, in Section 3, we summarize a wide variety of 
hybrid Neutrosophic Machine Learning techniques. Research trends and outstanding issues are dis- 
cussed in Section 4.1. Then, in section 4.2, we introduce, for the first time, a taxonomy of Neutrosophic 
learning algorithms, clarifying what algorithms are already processed or not, which makes it easier 
for domain researchers. 


2. Origins of connection between Neutrosophic and Machine learning 


We cannot understand this connection without understanding how the Neutrosophic commu- 
nity works. In recent years there has been an augmenting passion from this community of neutro- 
sophic in working, in different directions, the use of Neutrosophic to treat imperfections information 
in many methods and domaines. This has led to the development of a new mathematic domaine 
called Neutrosophic, then the connections with many others areas, such as machine learning and 
artificial intelligence. In the early 1999s, the pioneer of the field Florentin Smarandache generalized 
the intuitionistic fuzzy set (IFS), paraconsistent set, and intuitionistic set to the neutrosophic set (NS), 
and he underlined the distinctions between NS and IFS by reel examples. With his biggest passion 
and faith, Florentin Smarandache, in a quiet small town in south U.S. called Gallup, start defend his 
theory of Neutrality and why the three elements truth-membership (T), indeterminacy (/), and false- 
hood-nonmembership (F) are over 1, reproducing the history of science by story as many concepts 
and theory that considered primitives, and then changed by new ones. 

In addition to several papers of the Neutrosophic science international association (NSIA) mem- 
bers, gathered in Encyclopedia Neutrosophic Researchers [12], much advances has been done. Today 
there are several fields of Neutrosophic to tackle a variety of problems, including Neutrosophic Com- 
puting and Machine Learning. These efforts are valued by launching a science international journal 
of Neutrosophic Computing and Machine Learning [13], which issued its 7th volume in 2019. In 
which, all published papers have wrote by NSIA’s researchers. 
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The international journal of Neutrosophic Computing and Machine Learning with its all vol- 
umes can be seen as broad overview of the field of machine learning in Neutrosophic provided by 
NSIA’s researchers. 

The main contributions of this paper: (1) summarizes research achievements on Neutrosophic 
Computing and Machine Learning from the point of view of non NSIA’s researchers. In a different 
way, try to collect the different articles on Neutrosophic machine learning papers published on sev- 
eral journals around the world other than those published in Neutrosophic Computing and Machine 
Learning journal, among it, each volume is can be considered a state of art. In order to present to 
researchers, the global state of art of advances research on Neutrosophic Machine Learning ap- 
proaches. (2) Try to taxonomy, cluster and identify differences Neutrosophic Machines learning ap- 
proaches. 


3. Literature review 


There are several Machine learning in Neutrosophic algorithms and approaches surveyed in this 
article. Then, a natural questions arise: how we can categorize all hybrid methods? 

Our view of the general relationship between the fields of machine learning and Neutrosophic 
is the re-searchers try to map the basic operations from crisp number to Neutrosophic environment, 
however they rewrite machine learning algorithm instead of using simple mathematical formulas, 
and they use Neutrosophic formulas. But the main question should the researchers in this hybrid 
field (Machine learning and Neutrosophic) respond is, does this hybridization make sense to tackle 
the real world issues or just a theoretical formulation? 

Before trying to respond this question, we synthesis all hybrid methods according to commonly 
used categories, summary all surveyed papers ina table 1. There are four categories of machine learn- 
ing algorithms, supervised learning with two subcategories classification and prediction, semi-su- 
pervised learning, unsupervised learning and reinforcement learning. 


3.1. Neutrosophic supervised learning 
3.1.1. Neutrosophic Classification 


Neutrosophic-k-NN Classifier [14]: K-Nearest Neighbor (K-NN) method isn’t a learning method, 
but based on saving the training examples (all training examples), at prediction time, it find the k 
training examples (xj, ¥1),°'', (%x, Y,) that are closest to the test example x, and then affect to the 
most frequent class among those y;,’s. This initial version of K-NN suffers from slowness because to 
classify x, one need to loop over all training examples. Actually, some tricks to speed are intro- 
duced such as classes represented by medoid (Representative point), or centroid (central value), etc. 
The Neutrosophic K-NN method we present here is the mapping of method based on Centroid, in 
which we consider c; the center of cluster or class j, a constant m, regularization parameter 6, and 
Cie ee 
for class j. 


F;;), where T;; denote truth, J;; indeterminacy and Nj; falsity membership values of point i 


2 
(xj-¢;) m—P 
Ti; = 


(1) 


Ce Gr. tetas oo 4, -. _<swee  eew 
YO (ajc 7) MD + (j-Cimax) MV +5 MD 


2 
5 m=? 
Lf ——— 2 ee (2) 
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er 
lj = i Cima) (3) 


-1e 2 2 = \/ 
Dfari-c7) MP +(xj-Cimax) =P +8 =A 


At the time of prediction, the membership value of unknown point x,, to class j is defined by as 
follow: 


ty = @ 
With d, = ——- 
(Xy-xj)T* 
Then unknown point x,, get the label of class maximizing max{x,;;j = 1,2---,C}. 
The authors didn’t show the usefulness of the proposed method but they proposed an interesting 
idea to apply it on imbalanced data-set problems. 


Neutrosophic SVM (N-SVM) [15] : Let’s assume that (x;, y;) a set of training data, in which eve 
with # = Lae 


-C 
ee eee aa?) (5) 


maxx,ep||(xj-C+)||’ 


ry x; belonging to class y; with a triple t;, f;, and i; as its Neutrosophic components. 


Il(~j-Cau)|| 

i; = 1 ——_————"_, 

i max, <plcey—-Cail (6) 
= Il(<j-C-)|| 

fi = 1 Tareyerlej-CV m 


Where P and N represent the positive and negative samples subsets respectively, y; = +1 for all 
x; € Pand y; = —1 for x; € N. 


t I(x;-C_)|| 
oa y 
maxx, en||(x;-C-)]| (8) 
Il<j-Caw)l 
SS) 
maxx, en||(xj-Cau)]| (9) 
= Il(xj-C+)] 
i maxx en||(xj-C+)||’ aa 
, 1 1 un 1 
with C, = - ya C= a ike and Cay = =(€, +) 
We define g; as weighting function: 
gp =titi—fi (11) 
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The optimal hyper-plane problem in the reformulated SVM is the solution to: 


Bae 1 
minimize gj = >W-W yar I Sj (12) 


Subject to 


yj(@aj +b) >1-¢g, t=1,2--,n (13) 


N-SVM (Neutrosophic-Support Vector Machine) improves performance over standard SVM 
and reduces the effects of outliers in learning samples. 


3.1.2. Neutrosophic Regression 


Neutrosophic simple linear Regression: Salama and al. [16] studied and introduced Neutrosophic 
simple linear regression model with its possible utility to predict value of a dependent variable y 
according to predictor variable x. Below a pseudo code of Neutrosophic Linear Regression algo- 


rithm. 


Algorithm 1 Neutrosophic Simple Linear Regression 
Require: Training data (%;,y;),Uj = 1,2,°+-,N 


A model define the relationship between input x and y, y = ax + b, where (a and b) represent esti- 
mated Neutrosophic (intercept and slope) coefficients, y estimated Neutrosophic output 


Define degree of membership, non-membership, and indeterminacy : 


(Ha (%1), 4 (%1), Va (%1)), Ha (41), AB (%1), Va (%1)), EJ = 1,2°°,N 
Define cost function J(a, b) = ¥\(ax; + b — y;)? 
Repeat 

Calculate the gradients of J 


Update the weights a 


Repeat until the cost J(a, D) stops reducing, or some other predefined termination criteria is 
met 


3.2. Neutrosophic unsupervised learning 
3.2.1. Neutrosophic Clustering 


Neutrosophic C-means: In this method, authors [10] have given a meaning to the three basic Neu- 


trosophic components 7;; as membership values belonging to the determinate clusters /; as bound- 


ary regions, and N; noisy data set. 


es CnhitCa; 
Cimax — — v (14) 


We define p; and q; are the cluster numbers with the biggest and second biggest value of T re- 
spectively, and m is a constant. 


Di =A: argmaxj=12...cMTij), (15) 
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qi = APGMAX 4y501,2-+,C (i); 


Membership Neutrosophic values are defined by follow formulas: 


withi=1,2-::,N 


2 
@2@3(xj-cj) m=V 


Ti; = . as 7 : — : : 
Yjai%i-ep) M-1'+(X;-Cimax) ‘M-V+6 ‘m-1 
2 
= w,036 m-D 
a == rR rer = 
Yja1 ime) M-1’+(Xi-Cimax) “M-V+d *m-1 
eae 
i @1W2(Xi-Cimax) “M71 


LJ fy eee _~_2 ee, 
Dja1%i-¢;) Gn=2) + (xj-Cimax) Ga-D +67 ma? 


N 
ee vin1@1Tij) Xi 
J Da @ihip™ © 


N N 
Incem(T, FI, c) = ZT Geo ZO = Cinder 
l= l= 


N 
O° X (waki)”, 
{= 
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(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


The separation between classes is performed by iteration optimizing objective function, that is 


based on updating the Neutrosophic membership values (T; 


j¥, 1;), the centers c; , and Cima, accord- 


ing to the equations defined above. The loop stop when || (ee = i |< € with € is condition check 


and k is step. 


For nonlinear clustering problem an extended Method have been proposed called Kernel NCMA 
in which we use a function kernel K, K (x;, Z;) instead of(x; — z;), such as K (Xj, Cimax) in place of x; — 


Cimax: Lhe NCMA can be summarized as follow : 


Algorithm 2 KNCM algorithm 


Assign each data into the class with the largest TM 


Choose kernel function and its parameters 


Initialize TO ,F© [© Cm 6, W1, W2, W3 parameters 


While | TS? — TS? I< € do 


Calculate the centers vectors c(*) at k ste 


Compute the Cjmqx using the clusters centers with the largest and second largest value of 


Update T;; (Kk) to T;;(k + 1), Fi;(K) to T;;(k + 1) , and Iij(kK) to Ij(k “Tr 1) 


End while 
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NCM and KNCM as mentioned by authors may handle veracity in data such as outliers and 
noise using their new objective function. And then possibility to deal with raw data in modeling 
phase instead while data cleaning phase. 


3.2.2. Neutrosophic Hierarchical Clustering 


Agglomerative Hierarchical Clustering Algorithm [17]: First, every SVNSs A, with (k = 1,::-,1) con- 
sidered as single cluster. In a loop, until we get a single cluster of size n, the SVNSs A; the SVNS 
are then compared to each other and are merged into a single group based on the closest pair of 
eroups (with the smallest distance), based on a weighted distance (Hamming distance or Euclidean 
distance). At each stage, only two clusters can be merged and they cannot be separated once 
merged. The center of each cluster is recalculated using the arithmetic mean of the SVNS offered to 
the cluster. The distance between the centers of each group is considered as the distance between 


two groups. 


Algorithm 3 Agglomerative Hierarchical Clustering algorithm 





Let us consider a collection of nN SVNSs A; (K = 1,-::,7) 
Assign each of the n SVNSs A; (k = 1,:::, 7) toa single cluster 
While All A; clustered into a single cluster of size n do 

SVNSs A; (k = 1,:::,7) are then compared among themselves and are merged them into a 
single 

Cluster according to the closest (with smaller distance) pair of clusters, based on a weighted 
distance 


(Hamming distance or Euclidean distance) 
End while 


Table 1. List of major contributions on machine learning algorithms in Neutrosophic environment. 


Authors Title Reference Publisher 


Review of recommender systems algorithms utilized in : 
Salama, A. A., Eisa, M., ELhafeez, social networks based e-Learning systems neutro- [18] cl AU and Sys 


S. A., Lotfy, M. M. (2015) sophic system tems 8 : 32-4 


Ansari, A. Q., Biswas, R., Applied Soft Computing, 


Aggarwal, S. (2013) Neutrosophic classifier: An extension of fuzzy classifer [19] 13(1), 563-573 
Zhang, M., Zhang, L., Cheng, H. D. A neutrosophic approach to image segmentation based [20] Signal Processing, 90(5), 
1510-1517 


(2010) on watershed method 


International Journal of Ma- 


Zhang, X., Bo, C., Smarandache, 


Maybell, P. S(2012) 


New inclusion relation of neutrosophic sets with appli- 


F., Dai, J. (2018) cations and related lattice structure eu aie feed peer 763 
Mondal, K. A. L. Y. A. N., Pramanik Role of neutrosophic logic in data mining. New Trends Pons Editions, Brussels, 15- 
S. U. R.A. P. A. T. I, Giri, B. C. iN hic Th Apdlicat [22] 5 
(2016) in Neutrosophic Theory and Application oh 
Sengur, A., Guo, Y. (2011) Color texture image segmentation based on neutro- [23] eee eee 
GH te an sophic set and wavelet transformation 1144 9: : 
Akbulut, Y., engr, A., Guo, Y., A novel neutrosophic weighted extreme learning ma- 
Smarandache, F. (2017) chine for imbalanced data set [24] Sy mineiy, SE) We 
In Third International Confer- 
Kraipeerapun, P., Fung, C. C., Ensemble neural networks using interval neutrosophic [25] ence on Natural 
Wong, K. W. (2007 August) sets and bagging Computation (ICNC 2007) 
(Vol. 1, pp. 386-390). IEEE 
ani Be. KanhikevancS An ensemble design of intrusion detection system for anwledde: Based Susiems 
me Pes handling uncertainty using Neutrosophic Logic Classi- [26] g y : 


28, 88-96 


fier 
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Single-valued neutrosophic minimum spanning tree 


65 


Journal of intelligent Sys- 


Mepeeseo le): and its clustering method [27] tems, 23(3), 311-324 
Neutrosophic recommender system for medical diagno- ere 
Thanh, N. D., Ali, M. (2017, July) based on algebraic similarity measure and cluster- [28] Systems (FUZZ-IEEE) (pp. 
g 1-6). IEEE 
Akbulut, Y., engr, A., Guo, Y., _— Applied Soft Computing, 52, 
Polat, K. (2017) KNCM: Kernel neutrosophic c-means clustering [10] 744-724 
Kraipeerapun, P., Fung, C. C., Multiclass classification using neural networks and in- wong Scientific and 
Wong, K. W. (2006) terval neutrosophic sets [29] erigmecnng Academy ane 
ee ee Society (WSEAS) 
Ali, M., Knan, M., Tung, N. T. Segmentation of dental X-ray images in medical imag- [30] Expert Systems with Appli- 
(2018) ing using neutrosophic orthogonal matrices cations, 91, 434-441 
Long, H. V., Ali, M., Khan, M., Tu, A novel approach for fuzzy clustering based on neutro- [31] Computers and Industrial 
D. N. (2019) sophic association matrix Engineering, 127, 687-697 
; In 2008 2nd IEEE Interna- 
Kraipeerapun, P., Fung, C. C. ee saa raat inter! Stele an tional Conference on Digital 
(2008, February) and neural networks with support vector machines for [32] Ecosystems and Technolo- 
, binary classification problems ; 
gies (pp. 34-37). IEEE 
, A novel clustering algorithm in a neutrosophic recom- Cognitive Computation, 9(4), 
ESN ee eee mender system for medical diagnosis es 526-544 
In 2015 37th Annual Interna- 
tional Conference of the 
Gaber, q., Ismail, G., Anter, A, Thermogram breast cancer prediction approach based IEEE Engineering in Medi- 
Soliman, M., Ali, M., Semary, N., [34] : 
on Neutrosophic sets and fuzzy c-means algorithm cine and Biology Society 
Snasel, V. (2015, August) (EMBC) (pp. 4254-4257). 
IEEE 
Single-valued neutrosophic clustering algorithms based Journal of Classification, 
Mee) on similarity measures [35] 34(1), 148-162 
Tuan, T. M., Chuan, P. M., Ali, M., Fuzzy and neutrosophic modeling for link prediction in ; : 
Ngan, T. T., Mittal, M. (2018) social networks [36] EveWwing Syste, 16 
: Discrimination of outer membrane proteins using refor- In 11th Joint International 
ig Cen Oe. mulated support vector machine based on neutrosophic [37] Conference on Information 
cember) 
set Sciences. Atlantis Press 
Shan, J., Cheng, H. D., Wang, Y. A novel segmentation method for breast ultrasound im- [38] Medical physics, 39(9), 
(2012) ages based on neutrosophic Imeans clustering 5669-5682 
In 2016 12th International 
Basha, S. H., Abdalla, A. S., Has- GNRCS: hybrid classification system based on neutro- [39] Computer Engineering 
sanien, A. E. (2016, December) sophic logic and genetic algorithm Conference (ICENCO) (pp. 
53-58). IEEE 
; Uncertainty assessment using neural networks and in- : 
raipestapun. ©, Pung/O.Gs terval neutrosophic sets for multiclass classification [40] Wop tala nS en 
Wong, K. W. (2007) Computers, 6(3) 
problems 
Dhingra, G., Kumar, V., Joshi, H. D. A novel computer vision based neutrosophic approach [41] Measurement, 135, 782-794 
(2019) for leaf disease identification and classification 
Rashno, E., Akbari, A., Nasersharif, A Convolutional Neural Network model based on Neu- [42] arXiv preprint 


B. (2019) 


trosophy for Noisy Speech Recognition 


arXiv:1901.10629 


4. Discussions 


4.1. Research trends and open issues 


Hybridization between Neutrosophic and machine learning algorithms, have also been studied. 
In supervision learning, Akbulut and al. [14] introduced intuitive supervised learning method called 
Neutrosophic-k-NN Classifier K-Nearest Neighbor (K-NN). Due to its results as a powerful machine 
learning methods, several tries to map SVM in Neutrosophic, Ju and al. [15] proposed Neutrosophic- 
support vector machines (N-SVM). In [32], authors Compared performance of interval neutrosophic 
sets and neural networks with support vector machines for binary classification problems. Ju and al 
[37] reformulated SVM, based on neutrosophic set, to discriminate outer membrane proteins using 
reformulated support vector machine based on neutrosophic set. In recent years, Artificial neural 
networks (ANN) has recognized huge advances, which explain many attempts of hybridization be- 
tween ANN and Neutrosophic, Kraipeerapun and al. [40] demonstrated how to assess uncertainty 
using neural networks and interval neutrosophic sets for multi-class classification problems, then its 
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application on multi-class classification problems [29], afterward, for more robustness ensemble neu- 
ral networks using interval neutrosophic sets and bagging [25]. 

Likewise, in unsupervised learning, Alsmadi and al. [7] introduced a hybrid Fuzzy C-Means 
and Neutrosophic for jaw lesions segmentation. Inspired from fuzzy c-means and the neutrosophic 
set framework, Guo and al. [9] proposed a new clustering algorithm, neutrosophic c-means (NCM), 
for uncertain data cluster-ing. Akbulu and al. [10] developed KNCM: Kernel Neutrosophic c-Means 
Clustering, neutrosophic c-means (NCM), in order to alleviate the limitations of the popular fuzzy c- 
means (FCM) clustering algorithm by introducing a new objective function which contains two types 
of rejection. To deal with indeterminacy, Qureshi and al. [11] improved the Method for Image Seg- 
mentation Using K-Means Clustering with Neutrosophic Logic. Ye and al. [35] proposed Single-val- 
ued neutrosophic clustering algorithms based on similarity measures. Akhtar and al. [8] applied K- 
mean algorithm in Neutrosophics environment for Image Segmentation, Gaber and al. [34] to predict 
thermogram breast cancer, and Shan and al. [38] use neutrosophic |-means clustering to breast ultra- 
sound images based. 

Conversely, in reinforcement learning, we haven't find any resources about mixture between 
the both approaches, because this type of algorithms of reinforcement is under development, to be 
subject of hybridization. 


4.2. Taxonomy of Neutrosophic Machine learning 


The trends also involve the question of where machine learning areas to apply Neutrosophic, 
whether to it is more appropriate to employ instead of crisp number the SVN numbers. Hence, we 
have classified different Neutrosophic machine learning algorithms. Below a summarizing of all 
Neutrosophic Learning Methods and algorithms, according to standard taxonomy of machine learn- 
ing. 

e Supervised (inductive) learning (training data includes desired outputs) 
Oo © Prediction : (Regression) to predict continuous values 
* _ Neutrosophic simple linear regression 
o Classification (discrete labels) : predict categorical values 
"  Neutrosophic-k-NN [14] 
"  Neutrosophic-Support Vector Machines (N-SVM)[15], [32],[37] 
*  Neutrosophy-Artificial neural networks (N-ANN)[40], [29] 


*  Neutrosophy-Ensemble neural networks, Bagging [25] 
e Unsupervised learning (training data does not include desired outputs) 


o Clustering 
" — Neutrosophic C-Means (NCM) [7], [9], [11], [35], [8], [38], [34] 
* Kernel Neutrosophic c-Means(KNCM) [10] 
Oo Neutrosophic Hierarchical Clustering 
" — Neutrosophic Agglomerative Hierarchical Clustering [17] 
*  Neutrosophic Divisive Hierarchical Clustering 
Oo Finding association (in features) 


o Dimension reduction 
e Neutrosophic semi-supervised learning : Neutrosophic Semi-supervised learning (training data 
includes a few desired outputs 
e Neutrosophic Reinforcement learning : Learning from sequential data 


Oo Q-Learning 

Oo State-Action-Reward-State-Action (SARSA) 
Oo Deep Q Network (DQN) 

Oo Deep Deterministic Policy Gradient (DDPG) 
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5. Conclusions 


In this paper, we have explored how Neutrosophic contributes to enhance machine learning 


algorithms generally and how to modeling and exploit information’s imperfection such as uncer- 


tainty as a source of information, not a kind of noises. We tried to cover hybrid approaches. However, 


it is still several machine learning algorithms to map to Neutrosophic environment, demonstrate the 


utility of Neutrosophic with machine learning to tackle real world challenges. 
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Abstract: A bipolar model is a significant model wherein positive data revels the liked object, while 
negative data speaks the disliked object. The principle reason for analysing the vague graphs is to 
demonstrate the stability of few properties in a graph, characterized or to be characterized in using 
vagueness. In this present research article, the new concept of neutrosophic bipolar vague sets are 
initiated. Further, its application to neutrosophic bipolar vague graphs are introduced. Moreover, 
some remarkable properties of strong neutrosophic bipolar vague graphs, complete neutrosophic 
bipolar vague graphs and complement neutrosophic bipolar vague graphs are explored and the 
proposed ideas are outlined with an appropriate example 


Keywords: Neutrosophic bipolar vague set, Neutrosophic bipolar vague graphs, Complete 
neutrosophic bipolar vague graph, Strong neutrosophic bipolar vague graph. 


1. Introduction 


Fuzzy set theory richly contains progressive frameworks comprising of data with various degrees of 
accuracy. Vague sets are first investigated by Gau and Buehrer [30] which is an extension of fuzzy 
set theory. Various issues in real-life problems have fluctuations, one has to handle these 
vulnerabilities, vague set is introduced. Vague sets are regarded as a special case of context 
dependent fuzzy sets and it is applicable in real-time systems consisting of information with 
multiple levels of precision. So as to deal with the uncertain and conflicting data, the neutrosophic 
set is presented by the creator Smarandache and studied widely about it [13, 21, 28, 31, 41, 42, 4, 5, 43, 
44, 22, 23, 45]. Neutrosophic sets are the more generalized sets, one can manage with uncertain 
informations in a more successful way with a progressive manner when appeared differently in 
relation to fuzzy sets. It have the greater adaptability, accuracy and similarity to the framework 
when contrasted with past existing fuzzy models. The neutrosophic set has three completely 
independent parts, which are truth-membership degree, indeterminacy-membership degree and 
falsity-membership degree with the sum of these values lies between 0 and 3; therefore, it is 
applied to many different areas, such as algebra [32, 33] and decision-making problems (see [46] and 


references therein). 
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Bipolar fuzzy sets are extension of fuzzy sets whose membership degree ranges from [—1, 1]. 
Themembership degree (0,1] represents that an object satisfies a certain property whereas the 
membership degree [—1,0) represents that the element satisfies the implicit counter-property. The 
positive information indicates that the consideration to be possible and negative information 
indicates that the consideration is granted to be impossible. Notable that bipolar fuzzy sets and 
vague sets appear to be comparative, but they are completely different sets. Even though both sets 
handle with incomplete data, they will not adapt the indeterminate or inconsistent information 
which appears in many domains like decision support systems. Many researchers pay attention to 
the development of neutrosophic and bipolar neutrosophic graphs [39, 40]. For example, in [17], the 
authors studied neutrosophic soft topological K-algebras. In [48], complex neutrosophic graphs are 
developed. Bipolar single valued neutrosophic graphs are established in [25]. Bipolar neutrosophic 
sets and its application to incidence graphs are discussed in [15]. In [16], bipolar neutrosophic graphs 
are established. 

Recently, a variety of decision making problems are based on two-sided bipolar judgements 
on a positive side and a negative side. Nowadays bipolar fuzzy sets are playing a substantial role in 
chemistry, economics, computer science, engineering, medicine and decision making problems (for 
more details see [27, 28, 31, 34, 38, 46] and references therein). Akram [ 8] introduced bipolar fuzzy 
eraphs and discuss its various properties and several new concepts on bipolar neutrosophic graphs 
and bipolar neutrosophic hypergraphs have been studied in [7] and references therein. In [4], he 
established the certain notions including strong neutrosophic soft graphs and complete 
neutrosophic soft graphs. The author Shawkat Alkhazaleh introduces the concept of neutrosophic 
vague set theory [6]. The authors [3] introduces the concept of neutrosophic vague soft expert set 
which is a combination of neutrosophic vague set and soft expert set to improve the reasonability of 
decision making in reality. It is remarkable that the Definition 2.6 in [37] has a flaw and it not defined 
in a proper manner. We focussed on to redefine that definition in a proper way and explained with 
an example and also we applied to neutrosophic bipolar vague graphs. Motivation of the mentioned 
works as earlier [10], we mainly contribute the definition of neutrosophic bipolar vague set is 
redefined. In addition, it is applied to neutrosophic bipolar vague graphs and strong neutrosophic 
bipolar vague graphs. The developed results will find an application in NBVGs and also in decision 
making. The objectives in this work as follows: 

¢ Newly defined the neutrosophic bipolar vague set 

e Introduce the operations like union and intersection with example in section 2. 

e In section 3, neutrosophic bipolar vague graphs are developed with an example. 
Further, the concepts of neutrosophic bipolar vague subgraph, adjacency, path, connectedness and 
degree of neutrosophic bipolar vague graph are evolved. 

e Further we presented some remarkable properties of strong neutrosophic bipolar 
vague graphs in section 5, followed by a remark by comparing other types of bipolar graphs. The 


obtained results will improve the existing result [37]. 
2. Preliminaries 


Definition 2.1 [18] A vague set A onanonempty set X isapair (Ty, F,), where T,:X — [0,1] and Fy:X > 


[0,1 ]are true membership and false membership functions, respectively, such that 
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0<T%)(*) + Fa(y) $1 forany x EX. 
Let X and Y be two non-empty sets. A vague relation R of X to Y isa vague set R on X XY that 
is R = (Tp, Fz), where Tp:X X Y > [0,1], Fp: X x Y > [0,1] which satisfies the condition: 
0O<Tp(x%,y) + Fr(x%y) S$ 1 forany x EX. 
Let G = (V,E) beagraph. A pair G = V/,K) is called a vague graph on G* or a vague graph where 
J = (J), F)) is a vague set on V and K = (Tx, Fx) is a vague set on E © V XV such that for each 
XV E; 
Te (xy) S (T(x) AT)(y)) and Fx (xy) = (Ty) V FV). 
Definition 2.2 [4] A Neutrosophic set A is contained in another neutrosophic set B, (1.e) AS B if Vx € 
X,T,(Xx) S Tp(x), L(x) = Ip (x)and F,(x) = Fp(x). 
Definition 2.3 [27, 30] Let X be a space of points (objects), with a generic elements in X denoted by x. A 
single valued neutrosophic set (SVNS) A in X is characterized by truth-membership function T,(x), 
indeterminacy-membership function I,(x) and falsity-membership-function F,(x). 
For each point x in X, T,(%),F4(x),[4(x) € [0,1], A = {(x, Ty (x), Fy(*), 4(x))} and 0 < T(x) + 
[,(x) + F,(x) S 3. 
Definition 2.4 [9] A neutrosophic graph is defined as a pair G* = (V,E) where 
(i) V = {v1,V2,..,¥,} such that T, =V > [0,1], 1, =V—- [0,1] and F, =V — [0,1] denote 
the degree of truth-membership function, indeterminacy function and falsity-membership function, 
respectively and 
0<T7,(*)+1,(*) + Fi(x) <3 
(ii) E&V XV where T, = E > [0,1], I, = E > [0,1] and F, = EF > [0,1] are such that 

T,(uv) SiNhWAN()j, 

hluv) SthWM ALM) 

F,(uv) S$ thw VA), 

and 0 <7,(uv) + 1,(uv) + F,(uv) < 3,Vuve E. 
Definition 2.5 [46] A bipolar neutrosophic set A in X is defined as an object of the form 
A = {< x,T?(x),1° (x), FP (x), T™ (x), IN (x), FN (x) >: x € X}, where T*,1’,F?:X > [0,1] and 
T’,I",F%:X > [-1,0] The Positive membership degree T’(x),/?(x),F°(x) denotes the truth 
membership, indeterminate membership and false membership of an element x € X corresponding 
to a bipolar neutrosophic set A and the negative membership degree T(x), 1" (x), F“ (x) denotes 
the truth membership, indeterminate membership and false membership of an element x € X to 
some implicit counter-property corresponding to a bipolar neutrosophic set A. 
Definition 2.6 [46] Let X be a _ non-empty’ set. Then we call A= 
{(x, T? (x), 1? (x), FP (x), T% (x), IY (x), FN (x)), x € X}a bipolar single valued neutrosophic relation on 
X such that Tf(x,y) € [0,1], 14 (xy) € [0,1], Fi (x,y) € [0,1] and T(x,y) € [-1,0], 1% (x, y) € 
[—1,0], Fy’ (x, y) € [-1,0]. 
Definition 2.7 [46] Let A= (Tf, If, Fé,Ts, 14, Fx) and B= (Te, 1p, Fe,T#,1N, Fs) be bipolar single 
valued neutrosophic set on X. If B = (Tp, 1p, Fe, Tx IX, Fx) is a bipolar single valued neutrosophic relation 
Ot A= CES aos Eada a) nen 
Te (xy) S Ta) AT4 (y)), Te (xy) 2 Ta (2) V Ta) 
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Ip (xy) = Ua) V la), TB (xy) S Ca) AT) 
Fg (xy) 2 (Fa (x) V Fa (y)), Fa (xy) S (Fa (2) A Fa'(y)) 

A bipolar single valued neutrosophic relation B on X is called symmetric if Tj (xy) = 
Tp (yx), Ip (xy) = Ip (yx), Fe (xy) = Fe (yx) = and —s Tp (xy) = Tp’ (yx), Ip (xy) = Ip (yx), Fe (xy) = 
FA’ (yx) for all xy € X. 

Definition 2.8 [6] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X written as 
Anv = {(x, ive (x), ‘Anyl©) ee (x)),x € X} whose truth-membership, indeterminacy membership 
and falsity-membership function is defined as Tayy (x) = 
[T- (x), Tt), [PF @), F&F), F*(@)|,where T+ (x) = 1-— F(x), Ft (x) =1-T (x), and 0< 
T (x) +1°(*) + F°(%) S 2. 
Definition 2.9 [20] The complement of NVS Any is denoted by Any and it is defined by 
Tay) = [1L-T*@),1-—T-G@)], 
Lwge)= (Lal @)LaF @)), 
Fey) = [1 -— F*(x),1 - FO), 
Definition 2.10 [6] Let Ayy and Byy be two NVSs of the universe U. If for all u; € U, Ties) = 
Teyy Ui), Layy Ui) = Tay, (Ui), ayy (Ui) = Fey, (ui) then the NVS Ayy are included by Byy, denoted 
by Ayy S Byy where 1Si<n. 
Definition 2.11 [6] The union of two NVSs Ayy and Byy is a NVSs, Cyy, written as Cyy = Any U Byy, 
whose truth membership function, indeterminacy-membership function and false-membership function are 
related to those of Ayy and Byy by 
TCV IOV Ts CC CVT) 
mca ea lerenca eres i OmnCanereic2)! 
Powy O) = [Faiyy OD A Piyy 2D), Fay CD A Fey CO] 
Definition 2.12 [6] The intersection of two NVSs Ayy and Byy is a NVSs Cyy, written as Cyy = Ayy N 
Byy, whose truth membership function, indeterminacy-membership function and false-membership function 
are related to those of Ayy and Byy by 
OIC Nt Oana CO)! 
eg O= Ca OVE Oy CONVO) 
Pow) = [Fayy CO V Piyy CD), Fay CO V Fey COD] 
Definition 2.13 [39] Let G* = (V,E) be a graph. A pair G = (f,K) ts called a neutrosophic vague graph 
(NVG) on G* or a neutrosophic graph where J = (T;,1,,F,) is a neutrosophic vague set on V and K = 
(Tx, Ty, Fx) is a neutrosophic vague set E © V XV where 
(1)V = {1%, V2,..., Um} such that T7:V — [0,1], J,:V — [0,1], F,; :V — [0,1] which satisfies the 
condition F, = [1 —7;/"] 
T,;*:V — [0,1], 7,°:V — [0,1], F":V — [0,1] which satisfies the condition F," = [1 —T,] 
denotes the degree of truth membership function, indeterminacy membership and falsity 
membership of the element v; € V, and 
0<7T)/ W)+ Wi) +F Ww) S 2. 
0<T,(v,) +1 (i) + Fy (Y%) € 2. 
(2) ESV XV where 


S.Satham Hussain, R. Jahir Hussain, Young Bae Jun and Florentin Smarandache. Neutrosophic Vague set and its 
Application to Neutrosophic Bipolar Vague Graphs. 


Neutrosophic Sets and Systems, Vol. 28, 2019 73 


To:V XV [01], 17:V xV > [0,1], Fe:V x V > [0,1] 
Ti:VxV [01], 1¢:V xV > [0,1], Ft:V x V > [0,1] 
denotes the degree of truth membership function, indeterminacy membership and _ falsity 
membership of the element v;,v; € E respectively and such that 
0<Tx (v;) + le (Yi) + Fe (Vi) S 2. 
0<Tg (vy) + Tg (Vi) + Fe (i) S 2. 


such that 
Tk (xy) S {Ty (X) AT; (Y)} 
ky) sty MAT} 
Fx (xy) StF) ) VF; )}, 
similarly 


Te (xy) < {Ti (x) ATF} 
it(xy) < FOO ATFO)} 
Fig (xy) < {Fj (x) V FO}. 
Example 2.14 Consider a neutrosophic vague graph G = (J, K) such that J = {a,b,c} and K = {ab, bc, ca} 
defined by 
a = T[0.5,0.6], /[0.4,0.3], F[0.4,0.5], b = T[0.4,0.6], [[0.7,0.3], F[0.4,0.6], 
€ = T[0.4,0.4], /[0.5,0.3], F[0.6,0.6] 
a” = (0.5,0.4,0.4), b~ = (0.4,0.7,0.4),c” = (0.4,0.5,0.6) 
a* = (0.6,0.3,0.5), b* = (0.6,0.3,0.6),c* = (0.4,0.3,0.6) 


(0.5.0.4.0.4)7 
(0.6,0.3,0_5)* 





(0.4.0.5,0.6)~ (0.4.0.4,0.5)7~ anus a 
(0.4.0.3.0.6)* (0.4,0.3,0.5)* (0.6,0.3,0.6) 


Figure 1neutrosophic vague graph 


3. Neutrosophic Bipolar Vague Set 

In this section, the definition of NBVS, complement of NBVS, operations like union, 
intersection are elaborated with an example. 
Definition 3.1 In a universe of discourse X, the neutrosophic bipolar vague set (NBVS), denoted as Aypys 
represented as, 


Ansv — {(x, (oe (x), et (x), aes (x), es (x), ge (x), eas (x)), XE x} 
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whose truth-membership, indeterminacy membership and falssity-membership function is 


expanded as 


Lippe la COA) OO = 10) Os) Gia) = 10) GF) 
where (T*)* (x) = 1—-(F-)? (x), (F*)* (x) = 1 - (T-)? (x), and provided that, 
0< (T° )?)4+(d°7) (x) 4+ (F°) (x) € 2. 

Also 

poe YOY Olio Halt Ore Ole woe YO). O)), 

where (T*)"(x) = —1— (F-)"(x), (F*)"(x) = -1-(T-)"), 
and provided that, 
0>(T)%(x) + U-)\ (x) + (F7)* (x) = -2. 


Example 3.2 Let U = {x1,X2,X3} bea set of universe we define the NBV set Aypy as follows 


x4 
Anev = { 


[0.3,0.6]?, [0.5,0.5]?, [0.4,0.7]?, [—0.3, —0.5]%, [—0.4, —0.4]%, [—0.5, —0.7]” 
X2 
[0.4,0.6]”, [0.4,0.6]?, [0.4,0.6]”, [—0.4, —0.4]", [—0.5, —0.5]%, [—0.6, —0.6]%” 
X3 
[0.3,0.7]”, [0.6,0.4]”, [0.3,0.7]”, [—0.4, —0.6]”, [—0.5, —0.6]%, [—0.4, oe? 
Definition 3.3 IN NBVS, the complement of Anygy be expanded as, 
Gy Oy == OT Oy ia)” {ele @) GL-T ay} 
Cig) =A =P COVA 1G) Ci)" SICLaT Oy 1H @))"} 
(ys) =the FG) FO) Gag OO) SII FG) GEL F-@)))} 
Example 3.4 Considering above example we have 


x4 
Ansv = { 


[0.7,0.4]?, [0.5,0.5]”, [0.6,0.3], [—0.7, —0.5], [—0.6, —0.6], [—0.5, —0.3]"” 
X2 
[0.6,0.4], [0.6,0.4]?, [0.6,0.4]?, [—0.6, 0.6], [—0.5, —0.5], [—0.4, —0.4]"” 
X3 
Definition 3.5 Two NBVSs Aygy and Bypy of the universe U are said to be equal, if for all u; € U, 
(Tayey)’ Ui) = Taypy)” Ui), Caney)” Ci) = Ceypy)” Ui), Faypy)” Ud = Feypy)” Ua 
and 
ives) Cy = Cage) Os Cag) Ca = Gin) Ca age” C= Cae) 
Definition 3.6 In the Universe U, two NBVSs, Aypy, Buey be given as, 
Cig CS Unee) Gi Cig) OS Gi) @) Cie 2 Cage) 
and 
ices) Ch) = Cage) Cage) C= Cane) Cay) CS Ga) 
then the NBVS (Aygy)’ are included by (Bygy)’, denoted by (Aypy)” © (Byay)’ where 1<i<n 


and (Aypy)” are included by (Bypy)”, denoted by (Aygy)” S (Bygy)” where 1 <i <n. 
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Definition 3.7 The union of two NVSs Aypy and Bypy is a NBVSs, Cypy, written as Cygy = Aypy V 
Bypv, whose truth membership function, indeterminacy-membership function and false-membership function 
are related to those of Aypy and Bypy by 
(Temay) CO) = Tiny) GY Caney) (yey) COV Causey) 2)! 
Cewpy)’ 6) = [(Caway)” ) A Uaypy)” CD), (Cavey) ) A CByav)” 1 
(Fowpy)’ (*) = [(CFayey)” &) A Fayey)” 0), (CFayay)” OO) A (Fiyey)” ())], and 
(Feyay) ) = [(Taysy)” @) A Cayay)” @))» (Tayay)” @) A Taney)” OI 
Cong)” GD = [Caysy)” GV Caney)” OD) (Canpy)” GD V Cayay)” GO) 
leap) =a) CON Caney) CO) Paya) CO Y Caney) OO) 
Definition 3.8 The intersection of two NVSs Aypy and Bypy isa NBVSs Cypy, written as Cygy = Ayay 
Bypv, whose truth membership function, indeterminacy-membership function and false-membership function 
are related to those of Aygy and Bypy by 
(Tonpy)’ (©) = [Taney (0) A Taypy)” OD): (CTayey)” 0) A (TEypy)? OD] 
Conny) @) = [Gany) )¥ Caypy) CD): Caygy)’ COV Usypy)” CO) 
(Foypy)’ (*) = [(CFayey)” @) V (Fayey)” 0), (CFayey)” OO) V (Fyey)” (x))], and 
Tegeg) GO) = (Cana) COV Csyey) CO): Tayay)” COV Cayay) 2D] 
Conny) G) = (Caney) GO A Gaye)” @))) Gaysy)” GA Giysy)” COD] 
Feeny) (2) = [( Paya)” ODA Fayey) )): (Panay) CD * Faygy)” GOD] 
Definition 3.9 Let U beaset of universe and let Aypgy and Bypy be NBVSs, then the union Aypy N Bypy 1s 


defined as follows: 
x4 
Avpv = P P P N N N? 
[0.3,0.6]", [0.6,0.6]”, [0.4,0.7]”, [—0.4, —0.7]%, [—0.6, —0.6]%, [—0.3, —0.6] 


X2 
[0.4,0.6]”, [0.6,0.4]”, [0.4,0.6]”, [—0.5, —0.5]%, [—0.7, —0.3]%, [—0.5, —0.5]%” 
X3 


[0.7,0.8]?, [0.6,0.6]”, [0.2,0.3]?, [—0.5, —0.4]", [—0.5, —0.5]", [—0.6, OS"! 


x4 
B = a 
ee o208), [0.5,0.4]?, [0.2,0.8]?, [—0.5, —0.7]%, [—0.7, —0.7]%, [—0.3, —0.5]"” 


X2 
[0.3,0.8]”, [0.6,0.5]”, [0.2,0.7]”, [—0.5, —0.6], [—0.4, —0.3]%, [—0.4, —0.5]%" 


X3 


[0.2,0.5]?, [0.5,0.2]”, [0.5,0.8], [—0.5, —0.5]", [—0.4, —0.3]", [—0.5, 05"! 


Anev 9 Byeav = Hnev 
7 0.206), [0.6,0.6]?, [0.4,0.8]?, [—0.4, —0.7], [—0.7, —0.7], [—0.3, —0.6]"” 
x2 


[0.3,0.6]”, [0.6,0.5]?, [0.4,0.7], [—0.5, —0.5], [—0.7, —0.3], [—0.5, —0.5]4” 
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X3 
[0.2,0.5]”, [0.6,0.6]”, [0.5,0.8]”, [—0.5, —0.4]%, [—0.5, —0.5], [—0.6, 0.5" 


4 Neutrosophic Bipolar Vague graphs 
In this section, neutrosophic bipolar vague graphs are defined. The concepts of 
neutrosophic bipolar vague subgraph, adjacency, path, connectedness and degree of neutrosophic 
bipolar vague graph are discussed. 
Definition 4.1 In a crisp graph G* = (V,E). A pair G = VU, K) 1s called a neutrosophic bipolar vague graph 
(NBVG) on G* or a neutrosophic bipolar vague graph where J is a neutrosophic bipolar vague set and K is a 
neutrosophic bipolar vague relation in G* such that J? = ((T,)”, (,)", F)"),J" = (T)®, ID’, (FD) is a 
neutrosophic bipolar vague set on V and K? = ((Tx)?, x)”, (Fe)?), KX = (Te), Te)”, FR)) is a 
neutrosophic Bipolar vague set E © V X V where 
(1) V = {v, V2,...,V,} such that 
(T;)°:V > [0,1], d,)°:V > [0,1], Fp )*:V = [0,1] 
which satisfies the condition (F,)” = [1 - (7/*)*] 
(T;*)?:V > [0,1], 07°: V > [0,1], 5): V = [0,1] 
which satisfies the condition (F/*)” = [1 —- (7,)*], and 
(T,)*:V > [-1,0], dp)": V > [-1,0], Fp)": V > [-1,0] 
which satisfies the condition (F;)” = [-1- (T/)"] 
(T;)*:V > [-1,0], G7)": V > [-1,0], 7)": V > [-1,0] which | satisfies the condition 
(F/*)" =[-1-(T7)”] denotes the degree of truth membership function, indeterminacy 
membership and falsity membership of the element v; € V, and 
0< TV w+ Ge) + FY wi s 2 
0< Tw) + GY @) + FY Ww S 2 
02 (Tw) + GO" wd + EF") 2 -2 
0< Tw) + GI" wd + FY") 2 —2. 
(2) E&V XV where 


(Tz)?:V x V = [0,1], (iz)?:V x V > [0,1], (Fz)?:V x V = [0,1] 
(Tt)?:V XV > [0,1], Ut)’: V x V = [0,1], (Ft)P:V x V > [0,1]and 
(Tz)":V x V > [-1,0], dz)*:V x V = [-1,0], (Fz)":V x V > [-1,0] 


(TH) :V XV > [-1,0], Ut)": V x V > [1,0], (FA) :V x V > [-1,0] 
denotes the degree of truth membership function, indeterminacy membership and _ falsity 
membership of the element v;,v; € E respectively and such that 
0< (Tr)? (vi, vj) + Ue)? wp Yj) + (Fr)? (Wp 0) S 2 
0s (TK)? (Vi, 0) + Ue)? wp ¥) + (FR)! (vp Yj) S 2 
02 (Tr) (vp vy) + Uke)" (Wi vj) + Fe)" (vp 0) 2 -2 
02 (TR)” (vi vi) + Ue)" (ip vj) + FRE)" (Up 0j) 2 —2, 
such that 
(Tr) ay) S{T YO AT YO} 
Ue) ey) S{G YO AT YOY} 
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(Fe) (xy) S$ {FO VFO} 
(Te) (xy) SITY OAT YO} 
Ue)" (ey) S {GY OA GY 3 
(Fe) (xy) S {YO Vv YO}, 
and 
(Tr )" xy) 2 (T)"@) VT)" 0} 
ie)" ry) 2 {Up " C2) V ig)" 93 
(Fe )" xy) 2 (CF )"@) AF)" 0}. 
(Te )" xy) 2 TY") Vv 7)" O)} 
ie)" ry) 2 ("CD V GF)" 3 
(Fe )" xy) 2 CF") A FF)" )}- 
Example 4.2 Consider a neutrosophic bipolar vague graph G = U,K) such that J = {a,b,c} and K = 
{ab, bc, ca} defined by 
(a)" = T[0.5,0.6], /[0.4,0.3], F[0.4,0.5], 
(b)? = T[0.4,0.6], [[0.7,0.3], F[0.4,0.6], 
(¢)” = T[0.4,0.4], I[0.5,0.3], F[0.6,0.6] 
(a~)? = (0.5,0.4,0.4), (b~)? = (0.4,0.7,0.4), (c~)” = (0.4,0.5,0.6) 


(at)? = (0.6,0.3,0.5), (b*)? = (0.6,0.3,0.6), (ct)? = (0.4,0.3,0.6) 

(a) = T[—0.6, —0.5], /[—0.3, —0.4], F[—0.5, —0.4], 

(b)" = T[—0.6, —0.4], I[—0.7, —0.3], F[—0.6, —0.4], 

(¢)" = T[-0.4, —0.4], /[—0.3, —0.5], F[—0.6, —0.6] 

(a~)" = (—0.6, —0.3, —0.5), (b-)” = (—0.6, —0.7, —0.6), (c~)" = (—0.4, —0.3, —0.6) 
(at)™ = (-0.5, —0.4, —0.4), (b*)? = (—0.4, —0.3, —0.4), (ct)? = (—0.4, —0.5, —0.6) 


[(0.5, 0.4, 0.4)~ (0.6, 0.3, 0.5)*]" 
[(-0.6,-0.3.-0.5)~ (-0.5,-0.4,-0.4)*]" 





[(0.4, 0.7, 0.4)7 (0.6, 0.3, 0.6)*]? 


0.4, 0.5.0.6) (04, 0.3. 06)*7" 04.05.05) (04,02.02)*1 
[(0.4, 0.5, 0.6) (0.4, 0.3, 0.6)*] [(0.4, 0.5, 0.5) (0.4, 0.2, 0.2)*] nr en eee 


[(-0.4,-0.3,-0.6)7~ (-0.4,-0.5,-0.6)*]" [(-0.2,-0.2,-0.5)— (-0.2,-0.2,-0.5)*}" 
) ; ) 
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Figure 2 NEUTROSOPHIC BIPOLAR VAGUE GRAPH 
Definition 4.3 A neutrosophic bipolar vague graph H = (J'(x), K'(x)) is said to be a neutrosophic bipolar 
vague subgraph of the NVG G = (,K) if J'(x) S J(x) and K'(xy) © K'(xy), in other words, if 
(T/)? (x) S(T)? (x) 
7) x) s Up?) 
(Fi)? (x) S (F)? (x) vx EV 
(Tr)? (xy) S (Tx)? xy) 
Ck)? (xy) S Ui)? (xy) 
(Fx)? (xy) S (Fx)? (xy), Vxy € E. 


Also, 
(Tr) (x) = (1) @) 
(T(x) = G(x) 
(FIN (x) = CF)" (x), Wx EV 
and 


(Tr) xy) = (Tr) (XY) 
Ug)" (xy) = Ue)" Oxy) 
(Fi )" (xy) = (Fx) (xy), Wxy € E. 
Definition 4.4 The two vertices are said to be adjacent in a neutrosophic bipolar vague graph G = (J, K) if 
(Tr) (xy) = {Ty OAT YO} 
Ue) ey) = {GY OAC YOY} 
(Fe) (xy) = {FO v FY 3, 
(Te) (xy) = {TY OAT YO} 
Ue)" cy) = {G7 OA GY 3 
(Fe) (xy) = {FY @) VEY 3, 
(Tr) xy) = (7 )"@) VT)" 0)} 
ie)" ry) = {0 CD) V ig)" 93 
(Fe )" ay) = (CF "@) AF)" 0}, 
(Te )" xy) = (7 " @) Vv 7)" O)} 
ie)" ry) = {" CD) V GF)" 3 
Fe)" ay) = (FN) A FD"), 
Here, x is the neighbour of y and vice versa, also (xy) is incident at x and y. 
Definition 4.5 In a neutrosophic bipolar vague graph G = U,K), a path p is meant to be a sequence of 
different points X9,X1,...,X, such an extent that 
(Tie)? (%j-1, 1) > 0, Ui)? (%i-1, %1) > 0, (Fr) (Xi-1, 1) > 0, 
ey Gets) 0, Ci) S OEY Oye) > 0, 
and 
(Te )" (%j-1)%1) < 0, Ue)" (%i-1 1) < 0, Fe)" (i-1 1) < 0, 
(Te )" ina %1) < 0, Hig)" Xi-v 1) < 0, FR" (Xi-1 1) < 0, 
for every i lies between 0 and 1. n <1 is known as the path length.. A single vertex x; can 
represent as a path. 
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Definition 4.6 A neutrosophic bipolar vague graph G = (J,K), if every pair of vertices has at least one 
neutrosophic bipolar vague path between them is known as connected, otherwise it is disconnected. 
Definition 4.7 A vertex x; € V of neutrosophic bipolar vague graph G = (J, K) is said to be isolatedvertex if 
there is no effective edge incident at x;. 
Definition 4.8 A vertex in a neutrosophic bipolar vague graph G = UJ, K) having exactly one neighbours is 
called a pendent vertex. Otherwise, it is called non-pendent vertex. An edge in a neutrosophic bipolar vague 
graph incident with a pendent vertex is called a pendent edge other words it 1s called non-pendent edge. A 
vertex in a neutrosophic bipolar vague graph adjacent to the pendent vertex is called an support of the pendent 
edge. 
Definition 4.9 A neutrosophic bipolar vague graph G = (UJ, K) that has neither self loops nor parallel edge is 
called simple neutrosophic bipolar vague graph. 
Definition 4.10 Let G = U/, K) be aneutrosophic bipolar vague graph. Then the degree of a vertex x € G isa 
sum of degree truth membership, sum of indeterminacy membership and sum of falsity membership of all those 
edges which are incident on vertex x denoted by 
(d(x))? = ([(dz,)P(x), (af)? (1 Ld)? (2), (at)? OO), [dz CO, at, POCOD 
(d(x))" = ([(dz, N(x), (at, CD], [Cd (x), (dt) dz)" OO), (@E" OD 
where (dr,)° (x) = DVeey Te)’ xy), (dz,)° (x) = Deey (Te )* (xy) denotes the positive degree of 
truth membership vertex, (d;,)" (x) = Yxey Uk)’ (xy), (dj,)" (x) = Yxzy Ug)’ (xy) denotes the 
positive degree of indeterminacy membership vertex, (dz,)"(x) = Lxey Fx)” xy), (d#,)" (*) = 
dicey (Fx )” (xy) denotes the positive degree of falsity membership vertex for all x,y € J. 

Similarly, (d7,)"(«) = Lxsy (Tk) (xy), (dt,)"(«) = Lxsy (Te) (xy) denotes the negative 
degree of truth membership vertex, (d;,)"(*) =Zssy Uk)" (xy) , di)" (x) = Laxey UE)" xy) 
denotes the negative degree of indeterminacy membership _ vertex, (dz) (x) = 
Lxay (Fx) (xy), (dé,)" (x) = Lxzy (Fx )" (xy) denotes the negative degree of falsity membership 
vertex for all x,y € J. 

Definition 4.11 A neutrosophic bipolar vague graph G = (J, K) is called constant if degree of each vertex is 
A = (A,, Az, A3) that is d(x) = (A,,A2,A3) forall x EV. 


5 Strong Neutrosophic Bipolar Vague Graphs 
In this section, we presented some remarkable properties of strong neutrosophic bipolar 
vague graphs and a remark is provided by comparing other types of bipolar graphs. Finally 
conclusion is given. 
Definition 5.1 A neutrosophic bipolar vague graph G = U,K) of G* = (V,E) is called strong neutrosophic 
bipolar vague graph if 
(Tr) (ey) = {TY OAT YO} 
Ue) ey) = {0G OAT YOY} 
(Fe) (xy) = {Fv FY" 3, 
(Te) (xy) = {TY OAT YO} 
Ue)" cy) = {GY OA GY OY} 
(Fe) (xy) = {FY @) VEY 3, 
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(Tr )" (xy) = (7 )"@&) VT)" 
Uk)" (xy) = {Up )"@&) V Uk)" 0} 
(Fe )" cy) = (CF) ) A CF)" OY}, 
(TE) (ey) = CT)" @&) V TF)" 3 
UE)" ey) = (07)"@) V GF)" 0} 
(Fg )" cy) = (CF) x) A FY" OE V((xy) € K) 
Definition 5.2 The complement of neutrosophic bipolar vague graph G = UJ,K) on G* is a neutrosophic 
bipolar vague graph G° where 
“gy @)=M'@) 
(TPO) = (FP), YP) = GO), Fr)? @) = CF?) forall x EV. 
8 (TPP) = YP), PY) = GY?) (EP)? @) = CF)? (x) for all x EV. 
© (Te Pay) S(T POAT YO}- Te)? ay) Uk Pay) = {GPO AC )?O)}- 
(Ix )’ (xy) 
(Fx )’ (xy) = (CF, )? (x) v (Fr)? )} — (Fe)? (xy) for all (xy) € E 
© (Te Pay) S(T OAT YOI- TEP ay)» EP @y) = LG)? A)? O)} - 
(Ig )" (xy) 
(Fie)? (xy) = (CF)? (x) v (CF)? )} — (FR)? (xy) for all (xy) € E 
© J") =O") 
© (TN) = NO), GY) = GO), FY) = (FN) for all x € V. 
© (TPN) = TN), GY) = GD" OD, CEPI) = CF" (x) for all x € V. 
© (Te )N (xy) = {TN @) VT)" )} — (Te (xy) 
(ig N xy) = (Up) @) Vv Gp} — Ue)" xy) 
(Fx )N (xy) = {CN @) AF)" 0} — Fe) (xy) for all (xy) € E 
© (Te )N (xy) = (VT) )} — (TED (Y) 
(ie N xy) = (0) @) Vv GD" )} — GD" Gy) 
(Fie )% (xy) = (CRN @) A (CF) 3 — (Ft) (xy) for all (xy) € E 
Remark 5.3 If G = (U, K) is a neutrosophic bipolar vague graph on G* then from above definition, it follows 
that G° is given by the neutrosophic bipolar vague graph G° = (J°',K°) on G* where 
© (I) @) =JU@))" 
© (TIVO) = YO), IN?) = GO), (IY?) = (FY?) for all x € 


“(SOHO 1 OH=G) @.E7 7 @)= GY @) tor al ve 


© (Te)? Cry) = (07)? A(T)? )} — Te)? ey) 
(le 9D? Gy) = (U7)? @) A 7)? 3 — Ue)? ey) 
(Fx 9D? @y) = (7) @) VF) )} — Fe)? xy) for all (xy) € E 
© (TE) Cy) = CY?) A(T)? — (TED?) 
(UE 9? Gy) = (7)? @) A GD)? 0} — UE)? ey) 
(Fie)? ey) = £0)? @) V CF)? )} — CFB)? Gy) for all (xy) € E 
0) = TO) 
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= (yy OaG YOK OY OSG OG 1 = Gy" @) for «all 
. (VY OaGyY Ord 1 Oa Yet) YY a=) @ -ter all 


© (Te ON GY) = {TIX CD V TY OD} — Te ey) 
(ie YY" Gey) = LU") V UX} — Ue ey) 
(Fe )°)" ey) = (CF) A CF) )} — (Fe) Gy) for all (xy) € E 
© (TE YON Oy) = (ICD V TY OD} — TEI Cy) 
(UE "* ey) = (XC) V UNO} — UE)" @y) 
(Fig) ey) = (CRY) A (FT) )} — (Ff) Gy) for all (xy) € E. 
for any neutrosophic bipolar vague graph G,G° is strong neutrosophic bipolar vague graph and 
GEG‘. 
Definition 5.4 Suppose G° is the complement of neutrosophic bipolar vague graph G. In a strong 
neutrosophic bipolar vague graph G, G = G° then it ts called self-complementary. 
Proposition 5.5 Let G = UJ, K) be astrong neutrosophic bipolar vague graph if 
(Te)? (xy) =P CODA TOY} 
(le)? ey) = (FPO AGF ON} 
(Fe )" (xy) = {FO v FY}, 
(Te) (xy) = {7 COAT YO} 
Ue)" cy) = {G7 OA GY OY} 
(Fe) (xy) = {FY @) VY 3, 
(Tr) xy) = (7 )"@) VT)" 0} 
Tie)" ry) = {UCD V Gig)" 93 
(Fe )" ay) = (CF "@) AF)" 0}, 
(Te )" xy) = (7 " @) Vv 7)" 0} 
ie)" Ory) = "CD V GF" 3 
(Fe )" ay) = (CFY" x) A CF)" O)} Vay) € K) 
Then G is self complementary. 
Proof. Let G = J, K) be astrong neutrosophic bipolar vague graph such that 


1 


(Tx)? @y) = 51)? @) A(T)? O)] 


Uk)? (xy) = 510)? @) AH)? O)] 


Nl RP NI 


(Fi)? (xy) = 51)? 0) Vv (FY? OY], 
and 


. Tesh e 

Tk)" Gy) = 51)" 0) VE)" 
f Die as i 

Cx)" Gey) = 51)" @) vd)" 
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- és 25 
CF" ey) = 51D") A (F)" 


for all xy €J then G ~ G“, implies G is self complementary. Hence proved 


Proposition 5.6 Assume that, G is a self complementary neutrosophic bipolar vague graph then 


Pe 1 a ss 
>, PP GN =5) (HYPWOAH)?O 


x#Y Fie 
>, GN =5) (HYOAG?O 
x#Y ; ge ; ; 

>», Foo =5) (BY @OVE)’O)} 
x¥y ; — ; ; 

>, PON =5 > (AHO V GON 
xty xX#Y 


, 1 F P 
>, GCN =5 > ("COV GH" 


x#Y ‘ x#Y 
>, FeO =5 > (AE COAEM"O 
x#Y x#Y 
Proof. Suppose that G be an self complementary neutrosophic bipolar vague graph, by its 
definition, we have isomorphism f:J, > Jz satisfy 
(TY? FO) = (7)? FC) = (T,)" 
CE) FC) = Gh)? FO) = Gh)? @) 
(FG @)) = Fy)" GG) = Fy @) 
and 
(Te)? FO), FOY) = (Te)? FCF) = (Te)? @Y) 
Ce)” FO) FO) = ie)? FO), FO) = Tie)? &Y) 
(FR) FO), FOOD) = Fe)? FO) FO) = Fay)? @Y) 
we have (Tx)? F(x), FO) = (EE) A (T° 0) — (Te)? FCO, FO). 
i.e, (T,)" ey) = (EDP) A(T? 0) — (Te)? FC), £O)). 
(Ti,)” Cry) = (TD?) A (CT)? )) — Te)? (xy), hence 
Laxey (Tx,)” (XY) + Lacey (Tey)? ey) = Lacey (T,)? 0) A(T)? )). 
Similarly, Yezy (x,)” ry) + Lazy x,)? ey) = Leey (GOA GL)? OY) 
> FP Ot) Fr)?C =) (FOV EOD 


X#Y X#Y X#Y 


2» FeO =) (HPCOAT YO) 


x#y x#y 


2» eG =) (GCA GYD 


xty x#Y 


2) FeO =) (FOV B,)°O) 


X#Y X#Y 


Similarly one can prove for the negative condition, from the equation of the proposition (5.5) holds. 
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Proposition 5.7 Suppose G, and G, is neutrosophic bipolar vague graph which is strong, G, ~ 
G2(isomorphism) 


Proof. Assume that G, and G, are isomorphic there exist a bijective map f:J, > Jz 


satisfying, 

(T,,)°(X) = (%,)° F)), 

(1,)?(*) = G)° F@)), 

(F,,)° (x) = (F,)” F @)), for allx € J; 

(T)%@) = T,)"F@)), 

H,)"@) = G"E@)), 

(Fi) (x) = (F,)" OF ()), for allx € J; 
and 


(Tr,)” ry) = Te)? FO) FO) 
(ic,)? (xy) = Tien) FO), FO) 
(Fi,)” (xy) = (Fin)? FO), FOV XY € Ky 
(Tk, (x) = (Te) F @), FOOD 
ig)" (x¥) = i)" FO), FOOD 
(Fx )* (xy) = Fre)" Fo), Fo) vay € Ky 
by definition (5.2) we have 
(Tk, )" (xy) = (T° ) AT," )) — (Tr) (2) 
= (7, FOO AT, FO) — Tr.) FOFO) 
= (T,) FCOFO) 
Ck," ey) = (Uy) A UY) — Ue) Oy) 
= (Up, FC) A GY FO) -— Uk) FOFO)) 
= Uk) FOFO)) 
(Fe) ty) = (CF) Vv FO) — Fx) Oy) 
= (Fi, FCO V Fp) FO) — Fin) FCOFO) 
= Fr) FCOFO) 
Hence Gy ~ GS forall (xy) € K, 
Definition 5.8 A neutrosophic bipolar vague graph G = (J, K) is complete if 
(Tr) (xy) = {TY OAT YO} 
Ue) ey) = {0G FO AT YOY} 
(Fe )" (xy) = {FO Vv CF) O)} 
(Te) (xy) = {TY OAT YO} 
ie) ey) = {GV OA GY OY} 
Fe)" (cy) = (CF) VEY Oo} 
(Tr )" xy) = (Tp )"@) VT)" 0} 
ie)" xy) = {0 )" @) Vv Gk)" 
(Fe )" xy) = (CF "@) AF)" O)}- 
(Te )" xy) = (CT "@) VF)" 0} 
ie)" ey) = {0"@) V GD" 0} 
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(Fe )" ey) = (FY) A FF)" Oo} Vy) ED) 
Remark 5.9 The complement of NBVGs are NBVGs provided the graph is strong. According to [9], 
the complement of Single-Valued Neutrosophic Graph (SVNG) is not a SVNG. By the same idea, we 
implement the definition for NBVGs to obtain the proposed concepts. For other type of bipolar 
graphs, the complement of Bipolar Fuzzy Graph (BFG) is BFG [6]. The complement of Bipolar Fuzzy 
Soft Graph (BFSG) and Bipolar Neutrosophic Graph (BNG) are BFSG and BNG, [14, 16] respectively, 
provided if the graph is strong. The complement of complete bipolar SVNG is bipolar SVFG [25]. 


Conclusion 


This present work characterised the new concept of neutrosophic bipolar vague sets and its 
application to NBVGs are introduced. Moreover, some remarkable properties of strong NBVGs, 
complete NBVGs and complement NBVGs have been investigated and the proposed concepts are 
illustrated with the examples. The obtained results are extended to interval neutrosophic bipolar 
vague sets. Further we can extend to investigate the domination number, regular and isomorphic 
properties of the proposed graph. 
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Abstract: The notions of (special) neutrosophic .V-UP-subalgebras, (special) neutrosophic \-near 
UP-filters, (special) neutrosophic \-UP-filters, (special) neutrosophic .V-UP-ideals, and (special) 
neutrosophic A\-strongly UP-ideals of UP-algebras are introduced, and several properties are 
investigated. Conditions for neutrosophic .\-structures to be (special) neutrosophic 
N-UP-subalgebras, (special) neutrosophic \-near UP-filters, (special) neutrosophic \V-UP-filters, 
(special) neutrosophic A\-UP-ideals, and (special) neutrosophic .\-strongly UP-ideals of 
UP-algebras are provided. Relations between (special) neutrosophic .V-UP-subalgebras (resp., 
(special) neutrosophic \-near UP-filters, (special) neutrosophic .V-UP-filters, (special) neutrosophic 
N-UP-ideals, (special) neutrosophic \-strongly UP-ideals) and their level subsets are considered. 


Keywords: UP-algebra; (special) neutrosophic \-UP-subalgebra; (special) neutrosophic A\-near 
UP-filter; (special) neutrosophic .\-UP-filter; (special) neutrosophic .\-UP-ideal; (special) 
neutrosophic .\-strongly UP-ideal 


1. Introduction 


Among many algebraic structures, algebras of logic form important class of algebras. Examples 
of these are BCK-algebras [14], BCI-algebras [15], BCH-algebras [11], KU-algebras [28], SU-algebras 
[21] and others. They are strongly connected with logic. For example, BCI-algebras were introduced 
by Iséki [15] in 1966 have connections with BCI-logic being the BCI-system in combinatory logic 
which has application in the language of functional programming. BCK and BCI-algebras are two 
classes of logical algebras. They were introduced by Imai and Iséki [14, 15] in 1966 and have been 
extensively investigated by many researchers. It is known that the class of BCK-algebras is a proper 
subclass of the class of BCI-algebras. 

The branch of the logical algebra, UP-algebras was introduced by Iampan [12] in 2017, and it is 
known that the class of KU-algebras [28] is a proper subclass of the class of UP-algebras. It have been 
examined by several researchers, for example, Somjanta et al. [32] introduced the notion of fuzzy 
sets in UP-algebras, the notion of intuitionistic fuzzy sets in UP-algebras was introduced by Kesorn 
et al. [22], Kaijae et al. [20] introduced the notions of anti-fuzzy UP-ideals and anti-fuzzy 
UP-subalgebras of UP-algebras, the notion of Q -fuzzy sets in UP-algebras was introduced by 
Tanamoon et al. [37], etc. 

Neutrosophy provides a foundation for a whole family of new mathematical theories with the 
generalization of both classical and fuzzy counterparts. In a neutrosophic set, an element has three 
associated defining functions such as truth membership function (T), indeterminate membership 
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function (I) and false membership function (F) defined on a universe of discourse * . These three 
functions are independent completely. The concept of neutrosophic logics was first introduced by 
Smarandache [31] in 1999. Jun et al. [16] introduced a new function, called a negative-valued 
function, and constructed .\-structures in 2009. Khan et al. [23] discussed neutrosophic V_structures 
and their applications in semigroups in 2017. Jun et al. [17, 33] considered neutrosophic structures 
applied to BCK/BCI-algebras and neutrosophic commutative \-ideals in BCK-algebras in 2017. Jun 
et al. [19] studied neutrosophic positive implicative .\V-ideals in BCK-algebras in 2018. Abdel-Baset 
and his colleagues applied the notion of neutrosophic set theory in the new fields (see [1, 2, 3, 4, 5, 6, 
27]). Jun and his colleagues applied the notion of neutrosophic set theory in BCK/BClI-algebras (see 
[8, 18, 24, 26, 35, 36]). 

The remaining part of the paper is structured as follows: Section 2 gives some definitions and 
properties of UP-algebras. Section 3 introduces the notions of neutrosophic .\-UP-subalgebras, 
neutrosophic \-near UP-filters, neutrosophic A\-UP-filters, neutrosophic .\-UP-ideals, and 
neutrosophic A\-strongly UP-ideals of UP-algebras, and a level subset of a neutrosophic \V-structure 
is proved in Section 4. Section 5 introduces the notions of special neutrosophic .\V-UP-subalgebras, 
special neutrosophic “near UP-filters, special neutrosophic .\-UP-filters, special neutrosophic 
N-UP-ideals, and special neutrosophic strongly UP-ideals of UP-algebras, and a level subset of a 
neutrosophic \-structure of special type is proved in Section 6. This paper has been finalized with 
that result. 


2. Basic results on UP-algebras 
Before we begin our study, we will give the definition of a UP-algebra. 


Definition 2.1 [12] An algebra X =(X,-,0) of type (2,0) is called a UP-algebra where X is a 
nonempty set, * is a binary operation on 4, and 0 is a fixed element of X (ie. a nullary 
operation) if it satisfies the following axioms: 

(UP-1) (Vx, y,2 © X)\(y-2)- (x+y) (2) = 9), 

(UP-2) (Vxe X)0-x=x), 

(UP-3) (Vx e X)(x-0=0), and 

(UP-4) (Vx ve X)\(x-y=0,y-x=O0>x=y). 


From [12], we know that the notion of UP-algebras is a generalization of KU-algebras (see [28]). 


Example 2.2 [30] Let X bea universal set and let QeP(X) where P(X) means the power set of 
X . Let P,(X)={4eP(X)|Qc 4} . Define a binary operation - on P,(X) by putting 
A-B=Bo(Ao UQ) for all 4,Be P(X) where A° means the complement of a subset 4 . Then 
(P,(X),-,;Q) is a UP-algebra and we shall call it the generalized power UP-algebra of type 1 with 
respect to 2.Let P °(X) ={4eP(X)| ACO}. Define a binary operation * on P "(X) by putting 
A*B=BU(AS AQ) for all 4,BeP°(X). Then (P’(X),*,Q) isa UP-algebra and we shall call it 
the generalized power UP-algebra of type 2 with respect to ©. In particular, (P (X),-,@) is a 
UP-algebra and we shall call it the power UP-algebra of type 1, and (P(X),*,X) is a UP-algebra 
and we shall call it the power UP-algebra of type 2. 


Example 2.3 [9] Let N be the set of all natural numbers with two binary operations o and e 
defined by 


y wWx<y, 


0 otherwise 


y ifx>yorx=0, 
0 otherwise 


cosyen)[rey=| and (onyen)[seye| 
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Then (N,°,0) and (N,e,0) are UP-algebras. 


Example 2.4 [25] Let X = {0,1,2,3,4,5} be aset with a binary operation - defined by the following 
Cayley table: 


na BP WN FF O&O 

SC Os Oo SS 
C1) a to. 
Nu ON CO NY WN WN 
oOo WwW Oo WW Ww Ww 
No oO fre NY FS S| 
Oo Onn nnn 


Then (X,:,0) is a UP-algebra. 

For more examples of UP-algebras, see [7, 13, 29, 30]. 

The following proposition is very important for the study of UP-algebras. 

Proposition 2.5 [12, 13] Ina UP-algebra X =(X,-,0), the following properties hold: 
1. (VxeE X)\(x-x=0), 


2. (Vxy,zEX)\(x-y=0,y-z=0>x-z=0), 

3. (Vxy,zEX)\(x-vy=0>(z:x)-(z-y)=9), 

A (Vx,v,zE X\(x-y=0> (v-Z)-(x-Z) =0), 

5. (Vx,ye X)(x-(y:x)=0), 

6. (VxyvyEX)(y:x)x=0Sx=y-x), 

7. (Wx, vEX)x-(y-y)=9), 

8. (Va,x,y,Z © X)(x-(y-Z))- (x(a y)-(a@-z))) = 9), 
9. (Va,x,y,z € X)(((a-x)-(a- y))-z)- (ax y)-z) = 9), 
10. (Vx, y,z © X)(((x- y)-z)-(y-z) = 9), 

ll. (Vx,y,zEeX)\(x-y=0>x-(z-y)=0), 

12. (Vx,y,ze X)(((x- y)-z)-(x-(y-z)) = 0), and 

13. (Va,x,y,z = X)\(((x- y):Z)-(v-(a-z)) =0). 


Ona UP-algebra X =(X,-,0), we define a binary relation < on X [12] as follows: 
(Vx, vEX\(xsyax-y=0). 
Definition 2.6 [10, 12,32] A nonempty subset S of aUP-algebra (X,-,0) is called 
1. aUP-subalgebraof X if (Vx,yeS\(x-yeS). 
2. anear UP-filterof X if 
(a) theconstant 0 of X isin S, and 
(b) (Vx,veX)\(veS>x-veS). 
3. alUP-filterof X if 
(a) theconstant 0 of 4 isin S,and 
(b) (Vx,vyeX)\(x-yeS,xeS>yeS). 
4. aUP-ideal of X if 
(a) theconstant 0 of X isin S, and 
(b) (Vx,y,zEX\(x-(y-z)EeS,yveS>x-zeS). 
5. astrongly UP-ideal of X if 
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(a) theconstant 0 of X isin S, and 
(b) (Vx,y,zEX)(z-y)-(z-xeS,yveS>xeS). 


Guntasow et al. [10] proved that the notion of UP-subalgebras is a generalization of near 
UP-filters, near UP-filters is a generalization of UP-filters, UP-filters is a generalization of UP-ideals, 
and UP-ideals is a generalization of strongly UP-ideals. Moreover, they also proved that a 


UP-algebra X is the only one strongly UP-ideal of itself. 


Theorem 2.7 Let \’be a nonempty family of near UP-filters of a UP-algebra X =(X,-,0). Then AN and 


UN are near UP-filters of X . 

Proof. Clearly, 0¢ N for all Ne. Then 0ENNM Let xe X and yenN Then yeN for all 
NeW Since N isanear UP-filterof X,wehave x-yeN forall NeNandso x-yeEnN: Hence, 
ONWis anear UP-filter of X .Since NVCUN, we have 0EUN Let xe X and yeVN Then ye N 
for some Ne-N: Since N is a near UP-filter of X , we have x-yeNCUN,. Hence, UN is a near 
UP-filter of X. 


3. Neutrosophic W-structures 


We denote the family of all functions from a nonempty set X to the closed interval [—1,0] of 
the real line by F (X,[-1,0]). An element of F (X,[-1,0]) is called a negative-valued function from 
X to [-1,0] (briefly, \-function on X ). An ordered pair (X,f) of X and an \-function f on 
X is called an A-structure. 

A neutrosophic N-structure over a nonempty universe of discourse * [23] is defined to be the 
structure 

Xy = {6 T,(0),Ly (0), Fy (2) |x eX} 
where 7,,/, and F, are A-functions on X which are called the negative truth membership 
function, the negative indeterminacy membership function and the negative falsity membership function on 
X , respectively. 
For the sake of simplicity, we will use the notation X, or X, =(X,7,,/,,/,) instead of the 


neutrosophic -structure [16]. 


Definition 3.1 Let X, be aneutrosophic .\-structure over a nonempty set X . The neutrosophic 
Nstructure Xn = CX, iy ra v,F v) defined by 
Tx(x) = -1-T,(x) 


(vxeX)| In(x) =-1-1y(x) (3.1) 
Fu(x) =-1-F,(x) 


is called the complement of X, in X. 


Remark 3.2 For all neutrosophic N-structure X,, overanonempty set X ,wehave Xy = Xw, 


Lemma 3.3 [33] Let f bean N-function on a nonempty set X . Then the following statements hold: 
1. (Vx,yeX)(—1—max{ f(x), f(y)} = min{-1— f(x), -1— f(y)}), and 
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2. (Vx, ye X)\(—-1—-mint f(x), f(y) ¢ = max{-l— f(x),-1— f(s) - 


The following lemmas are easily proved 


Lemma 3.4 Let f bean N-function on a nonempty set X . Then the following statements hold: 


Ll. (Vx,y,z € X)f(x) = min{ f(r), f(2)} S f(x) < max{ f(y), f(D), 
2. (Vx,y,.2 © X\S(x) < min{ f(y), f(2)} S f(x) = max{ f(y), (DY, 
3. (Vx,9,2 EX) f(x) = max{ f(y), f(2)} S f() < min{ f(y), f(Z}), and 


4. (Vx,y,z EX) f(x) < max{ f(y), f(2} > f(x) = minf{ f(y), f(/D}) . 


In what follows, let 4 denote a UP-algebra (X,-,0) unless otherwise specified. 


Now, we introduce the notions of neutrosophic \-UP-subalgebras, neutrosophic \-near 
UP-filters, neutrosophic .V-UP-filters, neutrosophic \-UP-ideals, and neutrosophic .\-strongly 
UP-ideals of UP-algebras, provide the necessary examples, investigate their properties, and prove 


their generalizations. 


Definition 3.5 A neutrosophic .\V-structure X, over * is called a neutrosophic N-UP-subalgebra 


of X ifit satisfies the following conditions: 


(Vx, y € X)\Ty (xy) S max{Ly (x), Ty (1) 5)» (3.2) 
(Vx, y € X )\Ty (xy) = mint, (x), Ly (V5), (3.3) 
(Vx, y © X Fy (x+y) S max {Fy (x), Fy (V5). (3.4) 


Example 3.6 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following 


Cayley table: 
012 3 4 
0012 3 4 
1 00 2 3 4 
20 0 03 4 
3 002 0 4 
400 0 0 0 


Then (X,:,0) isa UP-algebra. We define a neutrosophic \-structure X, over X as follows: 
T,, (0) =—0.8, 1,,(0) =—0.3, Fy, (0) = 0.8, 
T, (1) =—0.6, 7,1) =-0.7, Fy) = -0.8, 
T, (2) = 0.4, [,,(2) =-0.8, Fy (2) = -0.7, 
T,,(3) =-0.1, [,,G)=-0.5, AG) =-0:5, 
T, (4) = —0.2, I, (4) =-0.9, F,, (4) = —-0.3. 
Hence, X, is aneutrosophic \-UP-subalgebra of x. 
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Definition 3.7 A neutrosophic A\-structure X, over X is called a neutrosophic N-near UP-filter of 


X if it satisfies the following conditions: 


(Vx € X)(Ty (0) < Ty (x)), (3.5) 
(Vx € X)(1y (0) 2 Zy(2)), (3.6) 
(Vx € X\(F, (0) < F(x), (3.7) 
(Vx, y € X\(T,(x-y) STy(»)), (3.8) 
(Vx, y € X\(Iy (x+y) 2 Ly (9), (3.9) 
(Vx, y € XFy (x+y) < Fy()). (3.10) 
Example 3.8 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following 
Cayley table: 
0 12 3 4 
0012 3 4 
1 002 3 2 
2. 0 tO 2 J 
3 012 0 4 
400 0 3 0 


Then (X,:,0) isa UP-algebra. We define a neutrosophic \-structure X, over * as follows: 
T,, (0) =—0.8, ,,(0) =-—0.3, Fy, (0) = 0.8, 
T, (1) = —0.6, I,,(1) =-0.7, Fy) = -0.6, 
T, (2) = 0.8, [,,(2) =-0.8, Fy (2) = -0.7, 
T, (3) =—0.1, 1,,(3) =-0.5, Fy) =-0.5, 
T, (4) = —0.3, I (4) =—0.8, F,, (4) = —0.3. 


Hence, X, is aneutrosophic \-near UP-filter of Xx. 


Definition 3.9 A neutrosophic structure X, over * is called a neutrosophic \-UP-filter of X 
if it satisfies the following conditions: (3.5), (3.6), (3.7), and 


(Vx, y € X)\Ty (y) S max {Ty (x Vy), Ty (D5), (3.11) 
(Vx, y € X)Uy(y) 2 minty (xy), Ly QD5), (3.12) 
(Vx, y € X )\UFy (y) S$ max {Fy (x- y), Fy O)§). (3.13) 


Example 3.10 Let X = {0,1,2,3,4} be a set with a binary operation - defined by the following 


Cayley table: 
012 3 4 
0012 3 4 
1 00 2 0 0 
20100 4 
3 012 0 4 
4012 3 0 


Then (X,-,0) isa UP-algebra. We define a neutrosophic \-structure X, over X as follows: 
T,, (0) =—0.9, 1,,(0) =—0.2, F,,(0) = -0.8, 
T, (1) =-0.5, 1,1) =—0.8, FC) = -0.6, 
T, (2) =—-0.2, [,,(2) =-0.6, Fy, (2) = -0.3, 
T, (3) =—0.6, 1,,(3) =-0.3, Fy, (G3) = -0.7, 
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T,, (4) = -0.7, I, (4) =—0.3, Fy (4) =-0.8. 
Hence, X, is aneutrosophic \-UP-filter of X . 
Definition 3.11 A neutrosophic .V-structure X, over X is called a neutrosophic N-UP-ideal of 


X if it satisfies the following conditions: (3.5), (3.6), (3.7), and 


(Vx, yz € X\(Ty (x-2) < max{T, (x-(y-z)), Ty}. (3.14) 
(Vx, ¥,2 € XT y (+2) 2 minty (+ (YZ), Ly WS), (3.15) 
(Vx, yz € X\(Fy (x-2) < max{F, (x-(y-z)), Fy ()})- (3.16) 
Example 3.12 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following 
Cayley table: 
0 12 3 4 
00 12 3 4 
1002 3 4 
20 103 4 
3 002 0 4 
40 12 3 0 


Then (X,:,0) isa UP-algebra. We define a neutrosophic structure X, over X as follows: 
T,, (0) =—0.8, 1,,(0) =-0.3, Fy, (0) = 0.8, 
T, (1) =-0.5, 1,1) = 0.6, Fy) = -0.8, 
T, (2) = —0.4, [,,(2) =-0.8, Fy, (2) = -0.7, 
T, (3) =—0.1, 1,,(3) =-0.7, Fy G3) =-0.5, 
T,, (4) = 0.2, I, (4) =—0.8, F,, (4) =—0.3. 
Hence, X, is aneutrosophic \-UP-ideal of *. 
Definition 3.13 A neutrosophic A\-structure X, over X is called a neutrosophic N-strongly 


UP-ideal of X if it satisfies the following conditions: (3.5), (3.6), (3.7), and 


(Vx, yz € X)\(Ty (x) S$ maxiTy (2° ¥)-(2-x)) Ty W) 5), (3.17) 
(Vx, ,2 € XT y (x) 2 minty ((Z- y) (2°), Ly OS), (3.18) 
(Vx, ¥,2 € X Fy (x) S maxi Fy (2+) (2°), Fy (V5): (3.19) 


Example 3.14 Let X = {0,1,2,3,4} be a set with a binary operation - defined by the following 


Cayley table: 
0 12 3 4 
0012 3 4 
1 00 03 2 
20103 1 
3 012 0 4 
400 03 0 


Then (X,-,0) is a UP-algebra. We define a neutrosophic A\-structure X, over X as follows: 


T, (x) =-l 
(vxeX)| I(x) =-0.3 |. 
F(x) =-0.7 


Hence, X, is neutrosophic \-strongly UP-ideal of X . 
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Definition 3.15 A neutrosophic structure X, over X is said to be constant if X, is a 


constant function from X to [-1,0]’. That is, 7,,J,, and F, are constant functions from X to 


[—-1,0]. 


Theorem 3.16 Every neutrosophic .\-UP-subalgebra of X satisfies the conditions (3.5), (3.6), and 
(3.7). 
Proof. Assume that xX, is a neutrosophic \-UP-subalgebra of *4 . Then for all xeX , by 
Proposition 2.5 (1), (3.2), (3.3), and (3.4), we have 

Ty (0) = Ty (x- x) S max {Ty (x), Ty )§ = Ty), 

Ty (0) = Ly 0+ x) 2 minty (2), Ly OO) § = Ly 0) 

Fry (0) = Fry (0+) S max {hy (2), Fy 2) § = Fy 2). 
Hence, X, satisfies the conditions (3.5), (3.6), and (3.7). 


Theorem 3.17 A neutrosophic A\-structure X, over X is constant if and only if it is a 
neutrosophic -\-strongly UP-ideal of * . 
Proof. Assume that xX, is constant. Then for all xeX , T,(x)=7),(0),/,(x)=/,(0) , and 
F.(x)=F,(0) andso 7,0) <7, (x),/, (0) =/,(x), and F\,(0) < Fy (x). Next, forall x,y,zeX, 
T, (x) = Ty (0) = max{T, (0), , (0)} = max{Ty ((z-y)-(z-x)), Ty}, 
Iy (x) = Ly (0) = min{Z, (0,1, (0)} = min{, (z-y)-(z-x) Ly}, 
Fy (x) = Fy (0) = max{F, (0), Fy (0)} = max {Fy (z+ y)-(2-x)), Fy}. 
Hence, X, is aneutrosophic \-strongly UP-ideal of X . 
Conversely, assume that X, is a neutrosophic \-strongly UP-ideal of 4 .For any xeX , by 
Proposition 2.5 (1), (UP-2), (UP-3), (3.17), (3.18), and (3.19), we have 
Ty (x) $ max {Ty ((x-0)-(x-x)),Ty(0)} = max{T, (0-(x-x)), Ty (0)} = max{T, (x-x), Ty (0)} 
= max {7,,(0),T,(0)} = Ty.(0), 
Iy(x) = min{L, ((x-0)-(x-x)),1y(0)} = min{Z, (0-(x-x)),Ly(O)} = min{L, (x-x), Ly (0)} 
= min{Zy (0), ,(0)} = Ly), 
F(x) <max{F, ((x-0)-(x-x)),Fy(0)} = max {Fy (0-(x-x)), Fy (0)} = max {Fy (xx), Fy (0)} 
= max {Fy (0), Fy. (0)} = Fy (0). 
Thus 7,,(x) = 7, (0), ly (x) =1,(0), and Fy(x)=F,(0) forall xeX .Hence, X, is constant. 


Theorem 3.18 Every neutrosophic .\-strongly UP-ideal of X is aneutrosophic .V-UP-ideal. 
Proof. Assume that X, is a neutrosophic \-strong UP-ideal of X . Then X,, satisfies the 
conditions (3.5), (3.6), and (3.7). By Theorem 3.17, we have X, is constant. Then for all xe X, 
T, (x) = Ty (0), Ly (x) = Ly (0), and Fy(x)=F, (0). By Proposition 2.5 (5), (UP-3), (3.5), (3.6), (3.7), 
(3.17), (3.18), and (3.19), we have 
Ty (x +2) = maxiTy (2+) (Z-(+ 2), Ty Os = max iy (2+) +0), Ty (vs = maxtTy (0), Ty WF = Ty OY) 
< max {Ty (x-(V-2Z)), Ty) 
Ty (%-2) = minily (2° y)- (2-4-2) Ly ds = mn y (2 - Y) 0), Ly Or) = mun Ly (0), Ly OY) = Ly OY) 
2 minily (X-(¥-Z)), Ly V5, 
Fry (+2) = maxihy (2+ y)-(Z- (2), Py OV) = max Py (CZ: y)-0), Py Os = maxi Py (0), Fy VF = Fy OY) 
< max Fy (x: (V-Z)), Py (Y). 
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Hence, X, is aneutrosophic \-UP-ideal of xX. 


The following example show that the converse of Theorem 3.18 is not true. 


Example 3.19 Let X ={0,1,2,3} be a set with a binary operation - defined by the following 


Cayley table: 
0 1 2 3 
001 2 3 
1 00 2 3 
201 0 3 
3 0 1 2 0 


Then (X,:,0) isa UP-algebra. We define a neutrosophic \-structure X, over X as follows: 
T,, (0) = —0.6, 7,,(0) =—0.1, Fy, (0) = -0.7, 
T, (1) = —-0.4, 7,1) =-0.5, Fy) =-0.5, 
T, (2) = —0.3, I, (2) =-0.4, Fy (2) =-0.4, 
T, (3) =—0.2, I, (3) =-0.4, F,(3) =—-0.3. 
Hence, X, is aneutrosophic \-UP-ideal of X .Since X,, is not constant, it follows from Theorem 


3.17 that it is not a neutrosophic \-strongly UP-ideal of *. 


Theorem 3.20 Every neutrosophic \-UP-ideal of X is aneutrosophic \-UP-filter. 
Proof. Assume that xX, is a neutrosophic .\-UP-ideal of X . Then X,, satisfies the conditions 
(3.5), (3.6), and (3.7). Next, let x,y ¢X . By (UP-2), (3.14), (3.15), and (3.16), we have 
Ty (vy) = Ty O-y) Smax{Z, (0-(x- y)), Ty @)$ = max{Ty (x: y), Ty (xf, 
Iy(y) =1y(O-y) = min{L, (0-(x- y)),Ly(@)} = min {ly (x+y), Ly CO}. 
Fy(y) = Fy(0-y) <max{F, (0-(x-y)), Fy} = max {Fy (x+y), Fy OO}. 
Hence, X, is aneutrosophic A\-UP-filter of X . 


The following example show that the converse of Theorem 3.20 is not true. 


Example 3.21 Let X ={0,1,2,3} be a set with a binary operation - defined by the following 
Cayley table: 


Ww NY FF © 
SS eS Se SD 
ce ce ED 
Co Oo NM KN NY 
oN NW WW 


Then (X,:,0) isa UP-algebra. We define a neutrosophic \-structure X, over X as follows: 

T,, (0) =-0.7, I,,(0) =-0.1, Fy, (0) =-0.9, 

T, (1) =-0.6, 7,(1)=-0.5, F, (1) =-0.8, 

T, (2) =-0.3, [,(2)=-0.4, F,(2) = -0.5, 

T, (3) =—0.3, I, (3) =—0.4, F,(3) =-0.5. 
Hence, X, is a neutrosophic A-UP-filter of X . Since F,(2-3)=-0.3>-0.8 
= max{F,, (2-(1-3)),F,,(1)}, we have xX, isnot aneutrosophic \-UP-ideal of X. 


Theorem 3.22 Every neutrosophic \-UP-filter of X is aneutrosophic .V-near UP-filter. 
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Proof. Assume that X, is aneutrosophic \-UP-filter. Then X,, satisfies the conditions (3.5), (3.6), 
and (3.7). Next, let x,y <¢X . By Proposition 2.5 (5), (3.5), (3.6), (3.7), (3.11), (3.12), and (3.13), we have 
Ty (x+y) S max{Ty (v(x y)), Ty (v)} = max {Ty (0), Ty 5 = Ly), 

Ty (xy) 2 minty (y- (xy), Ly vt = minty (0), Ly) = Ly), 

Fry (xy) Smax{ hy (y+ (%- y)), fy (OV) = max Fy (0), fy (V)$ = Fy OY). 

Hence, X, is aneutrosophic \-near UP-filter of X . 


The following example show that the converse of Theorem 3.22 is not true. 


Example 3.23 Let X = {0,1,2,3} be a set with a binary operation - defined by the following 


Cayley table: 
0 1 2 3 
00 1 2 3 
1 00 1 3 
200 0 3 
3 0 1 1 =0 


Then (X,-,0) is a UP-algebra. We define a neutrosophic \-structure X, over X as follows: 
T,, (0) =—0.9, I,,(0) =—0.3, F,,(0) = —0.8, 
T, 1) =-0.5, I, (1) =-0.7, F, (1) =-0.7, 
T, (2) =—0.2, I, (2) =-0.8, F,,(2) =-0.6, 
T, (3) =—0.1, 7, (3) =—-0.5, Fy (3) =-0.3. 
Hence, X, is aneutrosophic \-near UP-filter of X .Since J, (2) =-0.8< -0.7 = min{/, (1-2), 7, (1)} 


,wehave X, isnot aneutrosophic \-UP-filter of X . 


Theorem 3.24 Every neutrosophic \-near UP-filter of 4 is aneutrosophic V-UP-subalgebra. 
Proof. Assume that X, is a neutrosophic \-near UP-filter of X . Then for all x,yeX, by (3.8), 
(3.9), and (3.10), we have 

Ty (%* y) S Ty (Y) S max{Zy (x), Ty 5, 

Ty (%- y) 2 Ly (vy) 2 mindy (2), Ly 5, 

Fry (%- y) S Fy (y) S max {Fy (x), Fy (Y)5- 
Hence, X, is aneutrosophic \-UP-subalgebra of * . 


The following example show that the converse of Theorem 3.24 is not true. 


Example 3.25 Let X ={0,1,2,3} be a set with a binary operation - defined by the following 


Cayley table: 
0 1 2 3 
001 2 3 
1 00 1 2 
200 0 2 
3 0 0 0 0 


Then (X,-,0) isa UP-algebra. We define a neutrosophic A\-structure X, over X as follows: 
T,, (0) =—0.8, 1,,(0) =-0.3, Fy, (0) = -0.8, 
T, (1) =—-0.6, 7,,(1) = -0.6, Fy, (1) = -0.8, 
T, (2) = —0.4, [,,(2) =-0.5, Fy (2) = -0.7, 
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T,,(3) =-0.1, 7,,(3) =-0.7, F,() = -0.5. 
Hence, X, is aneutrosophic \-UP-subalgebra of * .Since J, (1-2) =—0.6<—0.5=/,,(2) , we have 


X, isnot aneutrosophic \-near UP-filter of X . 


N 

By Theorems 3.18, 3.20, 3.22, and 3.24 and Examples 3.19, 3.21, 3.23, and 3.25, we have that the 
notion of neutrosophic .V-UP-subalgebras is a generalization of neutrosophic \-near UP-filters, 
neutrosophic A\-near UP-filters is a generalization of neutrosophic A\V-UP-filters, neutrosophic 
N-UP-filters is a generalization of neutrosophic -UP-ideals, and neutrosophic \-UP-ideals is a 
generalization of neutrosophic .\-strongly UP-ideals. Moreover, by Theorem 3.17, we obtain that 


neutrosophic \V-strongly UP-ideals and constant neutrosophic \-structures coincide. 


Theorem 3.26 If X, is amneutrosophic \-UP-subalgebra of X satisfying the following condition: 


Ty (x) S$ Ty (y) 
(vx,yeX)| x-y 4055 1y(x)2Iy(y) |, (3.20) 


Fy (x) S Fy (y) 


then X, is aneutrosophic \-near UP-filter of *. 
Proof. Assume that X, is a neutrosophic \-UP-subalgebra of X satisfying the condition (3.20). 
By Theorem 3.16, we have X,, satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,yeX. 
Case 1: x-y=0. Then, by (3.5), (3.6), and (3.7), we have 
Ty (x) = Ty (0) S$ Ty (Y), Ly (8 V) = Ly (O) 2 Ly) Fy oY) = Fry (0) S Fy (Y). 
Case 2: x-y #0. Then, by (3.2), (3.3), (3.4), and (3.20), we have 
Ty (x+y) S maxtLy (x), Ty (W)} = Ly (Y)s Ly ey) 2 mnt y (X), Ly (WF = Ly Y), 
Fy (x+y) S max{ Fy (x), Fy (vy) f = Fy). 
Hence, X, is aneutrosophic \-near UP-filter of X . 


Theorem 3.27 If X,, is aneutrosophic \-near UP-filter of X satisfying the following condition: 
(7 ye (3.21) 

then X, is aneutrosophic \-UP-filter of *. 
Proof. Assume that X, is a neutrosophic \-near UP-filter of X satisfying the condition (3.21). 
Then X,, satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y¢X . Then, by (3.8), (3.9), and 
(3.21), we have 

max {Ty (x+y), Ty Oc) = max ily (+), Ty )s 2 max tly (VY), Ty Os = max{Ty (VW), Ty Os 2 Ty (W): 

minily (XY), Ly os = min ly (X-y),Ly Cds SminTy (Vy), Lys = minty (Vy), Lys S Ly); 

max {Fy (x- y), Py Ox) = max ly (XY), Ay )s 2 max y(V), Fy QF = max thy (VY), Fy OS = Fy (W). 

Hence, X, is aneutrosophic \-UP-filter of X . 


Theorem 3.28 If X, isaneutrosophic \-UP-filter of X satisfying the following condition: 
Ty (¥-e-Z)) = Ty Ge ( +z) 
(Vx,y,zeX) Iy(y-(e-z)) =Ly(%-(y-2)) |, (3.22) 
Fy (¥-(-Z)) = Fy ev 2) 
then X, is aneutrosophic \-UP-ideal of xX. 
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Proof. Assume that X, is a neutrosophic \-UP-filter of *% satisfying the condition (3.22). Then 
X, satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y,z <¢X . Then, by (3.11), (3.12), (3.13), 
and (3.22), we have 
Ty (+z) $ max {Ty (y+ (x+z)),Ty(V)} = max{T, (x-(y+2)), Ty}, Ty 
Iy(x-z) > min ly (y-(x-2)),Ly(9)} = min {Ly (x-(9-2))s Ly}. 
Fy (x-2) S$ max{F, (y-(x-2)), Fy (W)} = max{F, (x-(y-2)), Fy Fy 
Hence, X, is aneutrosophic \-UP-ideal of Xx. 


Theorem 3.29 If X,, is aneutrosophic \-structure over X satisfying the following condition: 


Ty (Z) S$ max {1 (x), Ty (V5 
(Vx, y,z eX) zZSx-y>y4 1y(z)2mintl, (x),ly()} |, (3.23) 
Fy (Z) S$ max{Fy (x), Fy (v5 


then X, is aneutrosophic \-UP-subalgebra of X . 
Proof. Assume that X, is a neutrosophic A\-structure over X satisfying the condition (3.23). Let 
x,yeX . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, that is, x-y<x-y. It follows from (3.23) 
that 

Ty (e+ y) Smax{Ty (x), Ty 5. Ly ey) 2 minty (x), Ly OF, Fy oY) S max Py (x), Fy 5 
Hence, X, is aneutrosophic \-UP-subalgebra of * . 


Theorem 3.30 If X,, is aneutrosophic \-structure over X satisfying the following condition: 


Ty (z) $ Ty) 
(Vx, y,z€ X) 2S VS 4.1 AZ) 2 LAV) | (3.24) 
Fy (z) Ss Fy) 


then xX, is aneutrosophic \-near UP-filter of x . 

Proof. Assume that X, is a neutrosophic \-structure over X satisfying the condition (3.24). Let 
xeéX . By (UP-2) and Proposition 2.5 (1), we have 0-(x-x)=0, that is, O<x-x. It follows from 
(3.24) that 7,,(0) < 7, (x),/,(0) = J, (x), and F.,(0) < Fy (x) . Next, let x,y ¢X . By Proposition 2.5 (1), 
we have (x-y)-(x-y)=0 , that is, x-ysx-y . It follows from (3.24) _ that 
Ty (xy) ST, 0), Ly (xy) 2Ly(yv), and Fy(x-y)<Fy,(v) . Hence, X, is a neutrosophic \V-near 
UP-filter of X. 


Theorem 3.31 If X, is amneutrosophic \-structure over X satisfying the following condition: 


Ty (y) $ max {Ty (z),Ty (x)} 
(Vx, y,z€ X) Zax ys Jy) 2 mini (Zz) eX) |; (3.25) 
Fy (y) <max{F, (2), Fy(x)} 


then X, is aneutrosophic \-UP-filter of *. 
Proof. Assume that X, is a neutrosophic \-structure over X satisfying the condition (3.25). Let 
xeX .By (UP-3), we have x-(x-0)=0, thatis, x<x-0. It follows from (3.25) that 
Ty, (0) < max {Ty (x), Ty (x)} = Ty (2). Ly 0) = mint, (x), Ly (2)} = Ly (0), 
Fy (0) < max {Fy (x), Fy (x)} = Fy(2). 
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Next, let x,y¢X . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, that is, x-y<x-y. It follows 
from (3.25) that 

Ty (vy) S$ maxiTy (%-y),Ty ODS, Ly) 2 minty (XV), ODS, Fy) S max Py (XY), Fy OOS: 
Hence, X, is aneutrosophic \-UP-filter of X. 


Theorem 3.32 If X, is amneutrosophic \-structure over X satisfying the following condition: 


Ty (x-z) S$ max{Ty (a), Ty (y)$ 
(Va,x,y,zE€X)| asx-(y-z)=>4 Iy(x-z)2min{l,(a),1y(v)} |, (3.26) 
Fy, (x-z) S$ max{f, (a), Fy (yv)} 


then X, is aneutrosophic \-UP-ideal of X. 

Proof. Assume that X, is a neutrosophic A\-structure over X satisfying the condition (3.26). Let 
xeX .By (UP-3),wehave x-(0-(x-0)=0, thatis, x<0-(x-0). It follows from (3.26) and (UP-2) that 
Ty (0) = T, (0-0) < max {T, (x), Ty (x)} = Ty (2), Ly (0) = Ly (0-0) 2 min{, (x), Ly ()} = Ly (2), 

Fy (0) = F, (0-0) < max{F, (x), Fy ()} = Fy (2). 

Next, let x,y,z<€X . By Proposition 2.5 (1), we have (x-(y-z))-(x-(y-z))=0 , that is, 

x-(y-z)<x-(y-z). It follows from (3.26) that 
Ty (+z) $ max{Ty (x-(y-z),Ty(}s Ty (ez) 2 min {ly (x-(y-2)), Ly), 
Fy(x-z)<max{Fy(x-(y-2)), Fy (y)}. 
Hence, X, is aneutrosophic \-UP-ideal of *. 


For any fixed numbers a ,a@°,8 ,B",y ,y’ €[-1,0] such that a@ <a’,B <B,y <y anda 


nonempty subset G of X, a neutrosophic \-structure Pe tel Os Abel sean ga) 


at iB ay 
over X where 7.’ ie LJ E _jJ,and FY i .] are Vfunctions on X which are given as follows: 


B ifxeG, 


fb otherwise, 


ifx eG, 


otherwise. 


a  uuxeG, 


ret i= | re) =| Fe, 1a) = , 


a otherwise, 


Lemma 3.33 If the constant 0 of A is in a nonempty subset G of X, then a neutrosophic 


N-structure X eae .] over X satisfies the conditions (3.5), (3.6), and (3.7). 


Proof. If 0e€G, then Ty [*%,]0)=a@ ,1y (i O)= BFL .]0)=y . Thus 


as 


i Oe st, Le) 
(Vx X)| Iv 10) = B* 2 INU MQ) |. 


FyUO)= 7 < FT, I) 


Hence, X ea .] satisfies the conditions (3.5), (3.6), and (3.7). 
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Lemma 3.34 If aneutrosophic \-structure Jl ak - .] over X satisfies the condition (3.5) (resp., 
(3.6), (3.7)), then the constant 0 of 4 isinanonempty subset G of +. 


Proof. Assume that the neutrosophic \-structure ale : - .] over X satisfies the condition (3.5). 
Then 7 [“. ](0) < T° ae \(x) for all xeX . Since G is nonempty, there exists g¢G. Thus 
TE Mg)=@ 80 TY, MOS TYL. Mg) =a STE, JO), that is, TYE", (0) =a" . Hence, 0€G. 


Theorem 3.35 A neutrosophic  \-structure xn = wd over A is a _neutrosophic 


N-UP-subalgebra of X if and only ifanonempty subset G of X isa UP-subalgebraof X. 


Proof. Assume that X len Ag _] isa neutrosophic \-UP-subalgebra of X . Let x,yeG. Then 
ie. |(x)=a = rile \(v). Thus, by (3.2), we have 
Ty? \(x-y)s max {Ty [”. Mx), Ty [, IO)sjaa ss Tle |(x-y) 


and so 7, : [*. \(«-y)=a@ .Thus x-yeG.Hence, G isaUP-subalgebra of X. 


Conversely, assume that G isa UP-subalgebra of X.Let x,yeX. 
Case 1: x,yveEG. Then 


Ty (2, (x) = a = als Jo), IyU,- "]@ =f" = INT ‘]0), Fy’, Iw=r Sil IQ). 
Thus 


max {Ty [“. 10). Ty [. JIW}Ha@, mindy lest yy} = B, max {Fy [’, I(x), F; vl JO}=r-. 
Since G is a UP-subalgebra of X, we have x-yeG@ and so Ty[%.x-y)=a IVE Way) = B, 
and Fy[’, x+y) =" . Hence, 
Ty (2. Waxy) =a Sa = max{Ty[*, \(x),T, wes Oo}. WU “la y)= B* = B = min{ly “9,1 vO Jor}. 


le dey y sy = max {Fy [’, Jo), Fy E, J0O)}- 


Case 2: x ¢G or y¢G.Then 

Tet Ma) = or THIS IO) = 07, IG) = B or KIO) = 8. FYE AG = 7 ot YEON = 7". 
Thus 

max{Ty [4 a), Ty IO} =a", min IOI WO} = A maxtFy UI). FYE IO} = 7". 


Therefore, 
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TYEE Mx-y) Sa" = max{Ty (IO. TE IO}. I Wey) 2 B= min TA 100, N IO}, 
Fy’, pays = max {Fy [’, 10), Fy, Jy}. 
Hence, Xy[" a ce f .] is aneutrosophic \-UP-subalgebra of X . 


Theorem 3.36 A neutrosophic .\-structure ae .] over X is a neutrosophic A\-near 
UP-filter of X if and only ifanonempty subset G of X isanear UP-filterof X. 
Proof. Assume that X "es a ] is neutrosophic \V-near UP-filter of X . Since re We J 


satisfies the condition (3.5), it follows from Lemma 3.34 that 0eEG. Next, let xe X and yeG. 


Then Ty (?, l(v)=a@ . Thus, by (3.8), we have Te \(x-y)< sr lo)=a < io te \(x-y) 


and so 7, a C \(x-y)=a@ .Thus x-yeG. Hence, G isanear UP-filter of X. 


Conversely, assume that G is anear UP-filter of X .Since 0EG, it follows from Lemma 3.33 


that X ieee .] satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,yeX. 
Case 1: yeEG. Then 7,’ ie JIO=a Te I= 2, and Fy’, ]v)=y7 . Since G is a near 


UP-filter of X,wehave x-y¢€G andso Ty", Je-y=a ANT “|(x-y) = Band Fy’, (x-y)=7 . 
Thus 


Tet. We: y) =a Sar = Ty 12,10), INT Mey) = BP 2 B= VEO), 
FyU Mae yar sr = Fy). 
Case 2: y €G.Then Ty[1)=@" IN W)= 6 ,and Fy.) =". Thus 
Tet Mx-y) Sa" = Ty 10), IVEY) 2 B= TIO), FYE I) $7 = FDO). 


Hence, X\[* os ae _] isa neutrosophic \-near UP-filter of *. 


Theorem 3.37 A neutrosophic A\-structure * a .] over X isa neutrosophic \-UP-filter of 
X if and only ifanonempty subset G of 4 isaUP-filterof x. 
Proof. Assume that X¢ ie = LJ] isa neutrosophic \-UP-filter of X . Since X wos ce - ie _1 satisfies 


the condition (3.5), it follows from Lemma 3.34 that 0€G. Next, let x,ye¢X besuchthat x-yeG 


and xeG.Then Ty [*, lx: y)=a = Ty? \(x) . Thus, by (3.11), we have 
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Ty [2 My) < max {Ty [7, e-y), Ty 2. V0} = a S THT) 


and so Jy’ [“, (vy) =a . Thus yeG.Hence, G isa UP-filter of X. 
Conversely, assume that G is a UP-filter of X .Since 0€G, it follows from Lemma 3.33 that 
1 ae .] satisfies the conditions (3.5), (3.6), and (3.7). Next, let x yeX. 
Case l: x-yEG and xeG. Then 
Tye, Kay) = a> = THE IG), Ee My) = BY = TALI), FYE MG = 7 = FYE. 
Since G is a UP-filter of *% , we have yeG and so ea Joana AN ‘= B, 
Fy 10) =7". Thus 
TyIZ. Wy) =a Sar = max{Ty (2, -y), TEM), INT) = B= B= min TE Vay) INTO}, 
Fy’, JMW=r <r = max {Fy [’, (x+y), F we, .](}. 
Case 2: x-v ZG or x €G.Then 
Ty [. Ja yaa “or Ty [2 Wamaa ee ‘\a-y=6 ory Wa=6. 
Fy Tey) =" or FTG) = 7". 
Thus 
max {Ty [", l(x-y),7 wes m}aa0" , min{ly[/ “\x-y), IyT ‘J@o3= 6, max {Fy [’, ](x-y), Fy’, mar. 


Therefore, 


Ty (2, Wy) Sa" = max{Ty [%, xy), Ty, IG}. INT, JO)2 = min{ly “]e-y)J ae Jeo}. 
Pyle Joys = max {Fy [’, _x-y), Fy, 1}. 


Hence, X uae LJ] isa neutrosophic \-UP-filter of X . 


Theorem 3.38 A neutrosophic .\-structure x le ie es vd over X is a neutrosophic .\-UP-ideal of 
X if and only ifanonempty subset G of X isaUP-idealof *. 
Proof. Assume that a eae _] isa neutrosophic \V-UP-ideal of * . Since Del a aa .] satisfies 


the condition (3.5), it follows from Lemma 3.34 that 0~EG. Next, let x,y,z<¢X be such that 


x-(y-z)eG and yeG. Then TE leOre) ar 7, 10) . Thus, by (3.17), we have 
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TE, Wor-z) S max (TE, Morr 2)). 761 OY} = a S TELS Mx-z) 


and so Ty 12, (x-z) =a" . Thus x-zeG.Hence, G isa UP-ideal of X. 

Conversely, assume that G isa UP-ideal of 4 .Since 0EG, it follows from Lemma 3.33 that 
XV", ]_ satisfies the conditions (3.5), (3.6), and (3.7). Next, let x,y,z €X. 

Case 1: x-(y-z)<€G and yeG. Then 
Ty [2 Ma-(y-2) =a = TEI) Iv “\Qx-(y-2) = B = “Jo. Fy’, le Q-zyar =n I(y). 


Thus 


max{Ty [2 (-(v-2), Tw IO} =, min TAT Mx (y-Z)INT IO} = B, 
max{Fy (7, x-(y-2). Fy IO = 7 
Since G is a UP-ideal of X, we have x-zeG@ and so Ty [%.l(x-2z)=a 1K \(x-2)= B*, and 
Ex, \(x-z)=y . Thus 
Ty le. Wa-2)= a Sar = max{Ty [2 x-(y-2), TE IO} 
INT Wx-2) = BB = mine Vx-O-z)), VE} 
Fy. a-z)=7 Sy = max{Fy[, x-(y-2)), Fv 2 JO}. 
Case 2: x-(y-z)¢G or y€G.Then 
Ty, Merz) =a or Ty [2 1) = a", INL eZ) = Bor AION =F, 


Fy UNO say or YT IO = 7". 
Thus 


max {Ty [", W(x-(9-2)). Ty 2, 1) } = @", minty “]@-(y-2).f ce JOMAS. 


max {Fy [’, le -2)), Fy E, JIoyer. 


Therefore, 


Ty (2, (x-z) S @* = max{Ty (7, (v2), VIS.) 
INT “|e z)2 6B =mintly[ “]0-(-2)). ve _JOy}. 


Fy, J@as<y' = max{Fy’[’, lx-(y-2)). Fy, 0}. 
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Hence, X ale 4 - .] isa neutrosophic \-UP-ideal of X . 


Theorem 3.39 A neutrosophic .\-structure xn 2 .] over X is a neutrosophic A\-strongly 
UP-ideal of X if and only ifanonempty subset G of X isastrongly UP-ideal of x. 


Proof. Assume that xn os .] is aneutrosophic .\strongly UP-ideal of X . By Theorem 3.17, we 
have X lene vd is constant, that is, ie a is constant. Since G is nonempty, we have 


die ES \(x)=a@ forall xe X .Thus G=X.Hence, G isastrongly UP-ideal of x. 


Conversely, assume that G is astrongly UP-ideal of * .Then G=X,so0 
ile) =e 
(vx eX) INE IG) = pt |. 


FyU.I@) =7 


Thus TV all ral and Fy’ iy _] are constant, that is, xn = _] is constant. By Theorem 3.17, 


we have X be a .] is aneutrosophic strongly UP-ideal of X. 


4. Level subsets of a neutrosophic A-structure 


In this section, we discuss the relationships among neutrosophic \-UP-subalgebras (resp., 
neutrosophic \-near UP-filters, neutrosophic \-UP-filters, neutrosophic .\-UP-ideals, neutrosophic 


AN-strongly UP-ideals) of UP-algebras and their level subsets. 


Definition 4.1 [34] Let f bean \-function ona nonempty set X .For any t€[-1,0], the sets 
UPD =ixEX| fOY25, LOAD = we X| SOSH, EOD = ix eX | POG 
are called an upper ¢t -level subset, a lower ¢ -level subset, and an equal t -level subset of f , 


respectively. 


Theorem 4.2 A neutrosophic \-structure X, over X is a neutrosophic \-UP-subalgebra of *X 
if and only if for all a, £,yv <[-1,0], the sets L(7,;@),UU,; 8), and L(F,;v) are UP-subalgebras of 
X if L(T,;a),UU,;8),and L(F,;v) are nonempty. 
Proof. Assume that X, is a neutrosophic \-UP-subalgebra of X . Let a, f,y <[-1,0] be such that 
L(T,;a@),UU,3;8),and L(F,;7) are nonempty. 

Let x,yeL(T,;a).Then 7,(x)<a@ and 7T,(y)<a@,so a@ isanupper bound of {7,(x),7,(y)} 
. By (3.2), we have 7, (x-y) < max{7, (x),7,(y)} sa. Thus x-yeL(T);a). 

Let x,yeUCU,;f).Then J, (x)2f and I,(y)2f,so0 £ isalower bound of {J,(x),l,Q)} . 
By (3.3), we have /,,(x-y) 2 min{/,(x),/,(y)}2 2.Thus x-yeUCU,;f). 

Let x,yeL(Fy;v). Then Fy(x)<y and Fy(v)<yv,so y isanupper bound of {F,(x),/,(y)} 
. By (3.4), we have F\(x-y) < max{F, (x), FyO)}<syv.Thus x-yeL(Fy;y). 

Hence, L(T,;a@),UU,;8),and L(F,;v) are UP-subalgebras of * . 
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Conversely, assume that for all a,f,y <[-1,0], the sets L(T,;a@),UU,;f), and L(Fy;7v) are 
UP-subalgebras of X if L(T,;a),UU,;f),and L(F,;v) are nonempty. 

Let x,yeX . Then 7,,(x),7,(v) €[-1,0]. Choose a =max{7,,(x),7,(v)}. Thus T.(x)<a@ and 
T,(y)<a,so x,yEL(T,;a)4© . By assumption, we have L(T,;@) is a UP-subalgebra of X and 
so x-yeEL(7T,;a).Thus 7) (x-y)<a@=max{7,,(x),7,(7)} . 

Let x,yeX . Then /,(x),/,(v) €[-1,0]. Choose 6 =min{/,(x),J,(y)}. Thus J,(x)2f and 
Iy(v)28,so0 x,yEUCT,; 8) #9 . By assumption, we have U(/,;/) isa UP-subalgebra of X and 
so x-yeUd,;f).Thus J,(x-y)2 8B =mintl, (x), ly} . 

Let x,yeX . Then F,(x), Fy (v) €[-1,0] . Choose y = max{F, (x), F,(v)}. Thus Fy(x)<y and 
F\(y)<yv,so x,yEL(Fy;v) #9 . By assumption, we have L(F,;7v) is a UP-subalgebra of X and 
so x-yeEL(F,;v).Thus Fy(x-y)<yv =max{F, (x), Fy (y)}. 

Therefore, X, is aneutrosophic \-UP-subalgebra of * . 


Theorem 4.3 A neutrosophic structure X, over X is aneutrosophic \-near UP-filter of * if 
and only if for all a, £,y €[-1,0], the sets L(7,;@),UU,;8),and L(F,;v) are near UP-filters of X 
if L(T,;a),UU,;f2),and L(F,;7v) are nonempty. 

Proof. Assume that X, is a neutrosophic \-near UP-filter of X . Let a, ,y <[-1,0] be such that 
L(T,;a@),UU,;8),and L(F,;7) are nonempty. 

Let xeL(Z,;a@).Then 7,(x)<a.By (3.5), wehave 7,(0)<7,(x)<a@.Thus 0€L(7,;a@). Next, 
let xeX and yeLl(T,;a). Then 7,(y)<a. By (3.8), we have 7,(x-y)<T,(vy)<sa@ . Thus 
x yEeLl(;a@). 

Let xeU(U,;f8). Then J,(x)2f. By (3.6), we have /,(0)2J,(x)2 6. Thus 0€UCU,;£). 
Next, let xe X and yeUd,;f). Then J, (y)2f. By (3.9), we have J, (x-y)21,(y)2 6 . Thus 
x-yeU(y3B). 

Let xeL(Fy;v).Then F,(x)<y.By (3.7),wehave F,(0)< F(x) <yv.Thus 0EL(F\;7). Next, 
let xe X and yeLl(hy;y). Then Fi(y)<sy. By (3.10), we have Fy(x-y)<Fy(y)sy. Thus 
x yeLl(Fy;7) . 

Hence, L(7,;@),UU,;2),and L(F,;v) are near UP-filters of X . 

Conversely, assume that for all a,f,y <[-1,0], the sets L(T,;a@),UU,;f), and L(F,;7) are 
near UP-filters of X if L(T,;@),UU,;f8),and L(F,;v) are nonempty. 

Let xe X. Then 7,(x)€[-1,0]. Choose a=7,(x). Thus 7,(x)<a@a,so xeEL(T,;a)4#0. By 
assumption, we have L(7,;@) is a near UP-filter of % and so OeL(7Z,;@) . Thus 
T,, (0) <a@=T,(x). Next, let x,ye¢X . Then 7,(y)e€[-1,0]. Choose @=T,(y). Thus 7,(y)<a@, so 
yeL(T,;a)4#©.By assumption, we have L(7,;a@) isanear UP-filterof X andso x-yeEL(T,;a@). 
Thus 7, (x-y)<@=T,(). 

Let xe X. Then /,(x)e[-1,0]. Choose @=/,(x). Thus J,(x)2f8,s0 xeUUy;f) 40. By 
assumption, we have U(/,;f) is a near UP-filter of % and so OcU(/,;f) . Thus 
I, (0) = B=I,(x). Next, let x,yeX . Then J,(y) €[-1,0]. Choose G=/,(y). Thus /,(v)= f, so 
yeUd,;f)40 . By assumption, we have U(/,;8) is a near UP-filter of % and so 
x-yeU(,;f).Thus I,(x-y)2 B=I,(y). 

Let xeX . Then F(x) €[-1,0]. Choose y= F(x). Thus Fy(x)<vy, so xeEL(Fysy) #0. By 
assumption, we have L(F,;v) is a near UP-filter of % and so OeL(F,;v) . Thus 
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F.(0)< v =F, (x) . Next, let x,ye¢X .Then F,(yv) €[-1,0]. Choose y=F,(y). Thus Fy, (y)<y7,so0 
yeL(F\;v)#©. By assumption, we have L(F,;7v) isanear UP-filterof X andso x-yeL(F,;7). 
Thus Fy(x-y)<v=F,(). 


Therefore, X, is aneutrosophic \-near UP-filter of X . 


Theorem 4.4 A neutrosophic A\-structure X, over * is aneutrosophic \-UP-filter of X if and 
only if for all a,f,y<[-1,0], the sets L(T,;a@),UU,;f8), and L(F\;v) are UP-filters of X if 
L(T,;@),UU,;8),and L(F,;7) are nonempty. 
Proof. Assume that X, is a neutrosophic A\-UP-filter of * . Let a,f£,y <[-1,0] be such that 
L(T,;a@),UU,;f8),and L(F,;7v) are nonempty. 

Let xeL(Z,;a@).Then 7,(x)<a. By (3.5), wehave 7,(0)<7,(x)<a@.Thus 0€L(7,;a@). Next, 
let x,ye¢X be such that x-yeL(T,;a) and xeL(T,;a). Then 7, (x-y)<a@ and T,(x)<a@, so 
a isanupper bound of {7,(x-y),7,(x)} . By (3.11), we have 7,,(y) < max{7,,(x-y),T,(x)} < a. Thus 
yeLTy;a@). 

Let xeUCU,;f). Then J,(x)2f. By (3.5), we have /,(0)2/,(x1)2f. Thus 0€UC,;f). 
Next, let x,yeX be such that x-yeUCU,;f) and xeUCU,;f) . Then J, (x-y)2f and 
Iy(xy2 6B , so £P is a lower bound of {/,(x-y),Jy(x)} . By (3.12), we have 
Iy(y)= min{I,(x-y),Ly@)}2 8B Thus yeUUy; 8). 

Let xeL(Fy;v).Then F,(x)<y.By (3.5),wehave F,(0)< F(x) <yv.Thus 0EL(F\;7). Next, 
let x,yeX be such that x-yeL(F\;vy) and xeL(Fy;v) . Next, let x,yeEL(F\;v) and 
xeL(Fy;y). Then Fy(x-y)<yv and F\(x)<y,so y is an upper bound of {F\(x-y),F,(x)} . By 
(3.13), we have F\(y)< max{F,(x-y),F\(x)}<yv.Thus yeL(F;7). 

Hence, L(T,;a@),UU,;f8),and L(F,;v) are UP-filters of X. 

Conversely, assume that for all a,£,y <[-1,0], the sets L(T,;@),UU,;f8), and L(fy;7) are 
UP-filters of X if L(T,;@),UU,;8), and L(Fy;7) are nonempty. 

Let xeX . Then 7,(x)€[-1,0]. Choose a@=T7,(x). Thus 7, (x)<a@,so xeL(T,;a)4#0. By 
assumption, we have L(7,;q@) is a UP-filter of X and so O0e€L(7,;a@). Thus 7,(0)<a@=T,(x). 
Next, let x,yeX . Then 7,(x-y),7,(x) €[-1,0] . Choose a@=max{T,(x-y),7,(x)} . Thus 
T,(x-y)Sa@ and T,(x)<a, so x-y,xeL(T,;a)4#90 . By assumption, we have L(7,;@) is a 
UP-filter of X andso yeL(7\;a).Thus 7, (y)<a@=max{T,(x-y),T,(x)} . 

Let xe X. Then /,(x)e[-1,0]. Choose @=/,(x). Thus J,(x)2f8,s0 xeUUy;f) 40. By 
assumption, we have U(/,;f) is a UP-filter of X and so 0c€U(/,;f). Thus J, (0)2B=1,(x). 
Next, let x,yeX . Then J,(x-y),/,(x)e[-1,0] . Choose (£=min{/,(x-y),/,(x)} . Thus 
Iy(x-y)2f8 and I,(x)2B, so x-y,xeUU,;f)4#0 . By assumption, we have U(/,;f) is a 
UP-filter of X andso yeUU,;f). Thus J,(y)= 6 =min{l, (x: y), ly (x)} . 

Let xe X. Then F(x) €[-1,0]. Choose y= F,(x). Thus Fy(x)<v,so xeEL(hy3v) 40. By 
assumption, we have L(F,;v) is a UP-filter of X and so 0eEL(F\;v). Thus F(0)<v=F, (x). 
Next, let x,yeX . Then F,(x-y),F,(x)e[-1,0] . Choose yv=max{F,(x-y),F,(x)} . Thus 
Fi(x-y)sy and Fy\(x)<y, so x-y,xEL(Fy;v) #0 . By assumption, we have L(Fy;7v) is a 
UP-filter of X andso yeL(F\;v).Thus F,(v)<yv=max{F,(x-y), Fi (x)}. 

Therefore, X, is aneutrosophic \-UP-filter of X. 
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Theorem 4.5 A neutrosophic A\-structure X, over X is aneutrosophic \-UP-ideal of X if and 
only if for all a,f8,y<[-1,0], the sets L(T,;a),UU,;f8), and L(F,;v) are UP-ideals of X if 
L(T,;a@),UU,;8),and L(Fy;7v) are nonempty. 
Proof. Assume that xX, is a neutrosophic .\-UP-ideal of X . Let a,f,y <[-1,0] be such that 
L(T,;a@),UU,;8),and L(Fy;7v) are nonempty. 

Let xeL(Z,;a).Then 7,(x)<a. By (3.5), wehave 7,(0)<7,(x)<a@.Thus 0€L(7,;a@). Next, 
let x,y,.z2<€X be such that x-(y-z)eL(T,;a@) and yeLl(T,;a). Then 7,(x-(y-z))<q@_ and 
Ty(vy)Sa@, so a is an upper bound of {7,(x-(v-z)),7,(y)} . By (3.14), we have 
T, (xz) S$ max{7,, (x-(y-z)),7,(y)} S<@.Thus x-zEeL(T 3a). 

Let xeUU,;@).Then 1, (x)2 £6 . By (3.5), we have 1,,(0)2/,(x)2 6 .Thus 0¢«UC,; #). Next, 
let x,y,z€X be such that x-(y-z)e€UU,;f) and yeUdU,;f) . Then J,(x-(y-z))2f and 
IVy2B , so £ is a lower bound of (tUy(x-(y-Z)),lyQ)} . By (3.15), we have 
Ty (x-z) 2 min{l,(x-(y:z)),lyQy)} 2 B.Thus x-zeUCU,;f). 

Let xeL(Fy;v).Then Fy(x) <7. By (3.5), we have F,(0)<S Fy (x) <7. Thus 0¢ L357). Next, 
let x,y,z€X be such that x-(y-z)EeL(Fysvy) and yeLl(hysy). Then F,(x-(y-z))<y and 
Fi(yysyv , so f is an upper bound of {Fy(x-(v-z)),FyO)} . By (3.16), we have 
Fy, (x-z) S$ max{Fy, (x-(y-z)), Fy) } sv .Thus x-zeL(Rysy). 

Hence, L(T,;@),UU,;8), and L(Fy;v) are UP-ideals of X . 

Conversely, assume that for all a,£,v €[-1,0], the sets L(T\;@),UU,;8), and L(Fy;7) are 
UP-ideals of X if L(Z,;@),UUy;f8),and L(Fy;v) are nonempty. 

Let xeX. Then 7,(x)€[-1,0]. Choose a=T7,(x). Thus Ty(x)<a, so xeEL(Ty;a)4#0. By 
assumption, we have L(7,;~) is a UP-ideal of 4 and so O0e€L(7,;a@). Thus 7,(0)<a@=T, (x). 
Next, let x,y,z€X . Then 7),(x-(y-z)),T, (vy) €[-1,0]. Choose @ = max{7,(x-(y-z)),7,(v)} . Thus 
Ty (x-(y-z))Sa@ and T,(y)<a@,so x-(y-z),yeLT,;a)4#0. By assumption, we have L(T,;@) isa 
UP-ideal of X andso x-zeL(Z,;a@).Thus 7,(x-z)<a@=max{T, (x-(y-z)),7T,Q)} . 

Let xe X. Then /,(x)¢[-1,0]. Choose @=/,(x). Thus [,(x1)2 fh, so0 xeUUy;B)4#0. By 
assumption, we have U(/,;f#) is a UP-ideal of 4 and so 0€U(/,;f8). Thus /,(0)= B=, (x). 
Next, let x,y,z¢€X . Then J,(x-(yv-z)),ly(v) €[-1,0]. Choose £=min{/,(x-(v-z)),/,(y)} . Thus 
Iy(x-(y-z))2f8 and 1y(y)28,so x-(y-z),yeUUy;8)42. By assumption, we have U(,;f) isa 
UP-ideal of X andso x-zeU(U,;f).Thus /,(x-z)2fP=min{l, (x-(y-z)),ly()} . 

Let xe X. Then F\(x)¢[-1,0]. Choose y=F,(x). Thus Fy(x)<v,so xe L(Fy;v) #0. By 
assumption, we have L(f,;7v) is a UP-ideal of X and so 0EL(F\;v). Thus Fy (0)<v=Fy(x) . 
Next, let x,y,z€X . Then F\(x-(y-z)), Fy (v) €[-1,0]. Choose y= max{F,,(x-(y-z)), Fy (y)} . Thus 
Fyi(x-(y-z))<yv and Fy(v)<v,so x-(y-z),yvELy;v) #©. By assumption, we have L(Fy;7v) isa 
UP-ideal of X andso x-zeEL(Fy;v).Thus Fy(x-z)<v=max{F\(x-(y-z)), yO}. 

Therefore, X, is aneutrosophic \-UP-ideal of X . 


Theorem 4.6 A neutrosophic \-structure X, over X is a neutrosophic \-strongly UP-ideal of 
X if and only if the sets E(7,,;7,(0)), FU y3;/,(0)), and E(F,;F\(0)) are strongly UP-ideals of X. 
Proof. Assume that %, isaneutrosophic \-strongly UP-ideal of X .By Theorem 3.17, we have *X, 


is constant, thatis, 7,/,,and Fy, are constant. Thus 
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Ty(x) = Ty (0) 
(Vx E X) Iy(x) =IL,(O) |. 
Fy(x) = Fy (0) 
Hence, E(7,;7,(0)) = X,£Uy3;1,(0) =X, and EW,;F,(0)) =X and so E(7,;7T,(0)), EUy3l,(0)), 
and E(F,;F,(0)) are strongly UP-ideals of X. 
Conversely, assume that £(7,;7,(0)),£Uy3ly(0)), and E(F,;/)(0)) are strongly UP-ideals of 
X.Then E(T,;7,(0)) = X,EUy31, (0) =X, ECU; F,(0)) =X and so 
Ty (x) = Ty (0) 
(VxeX)| Iy(x) =1y(0) |. 
Fy (x) = Fy (0) 
Thus 7,,/,, and Fy are constant, that is X, is constant. By Theorem 3.17, we have X, is a 


neutrosophic \-strongly UP-ideal of X . 


5. Neutrosophic W-structures of special type 


In this section, we introduce the notions of special neutrosophic .\V-UP-subalgebras, special 
neutrosophic \-near UP-filters, special neutrosophic \-UP-filters, special neutrosophic .V-UP-ideals, 
and special neutrosophic \-strongly UP-ideals of UP-algebras, provide the necessary examples, 


investigate their properties, and prove their generalizations. 


Definition 5.1 A neutrosophic A-structure X, over X is called a special neutrosophic 


N-UP-subalgebra of X if it satisfies the following conditions: 


(vx, y © X\Ty (x: y) 2 mintTy (x), Ty (VW) 5)» (5.1) 
(Vx, V © X)Ty (X y) S max {Ty (%), Ly (V5): (5.2) 
(Vx, y € X)Fy (ey) = mint Fy (x), Fy (Y) 5). (5.3) 


Example 5.2 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following 
Cayley table: 


RW N FF © 
3 oma eS 2 
—= —_—_ —= CO —_ — 
NN OO NM NV WY 
wo Oo Oo WW W 
Cy OO Oo 


Then (CX,-,0) isa UP-algebra. We define a neutrosophic structure X, over X as follows: 
T,(0)=-0.2, 1,(0)=-0.9, F.,(0) = 0.2, 
T,(1)=-0.4, 1,(1)=-0.8, F,(1) =-0.4, 
T,(2)=-0.8, I,(2)=-0.7, F, (2) =-0.6, 
T,(3)=-0.3, 1(3)=-0.5, F,(3)=-0.7, 
T, (4) =-0.8, 1,(4)=-0.3, F,(4) =-0.8. 
Hence, X, is aspecial neutrosophic \-UP-subalgebra of X. 
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Definition 5.3. A neutrosophic A\-structure X, over X is called a special neutrosophic N-near 


UP-filter of X if it satisfies the following conditions: 


(Wx € X\Ty (0) = Ty (x), (5.4) 
(Vx e X\(L, (0) <1, (0), (5.5) 
(Vx € X)(Fy (0) = Fy (2x), (5.6) 

(x,y € X\Ty (x+y) = Ty), (5.7) 

(x,y € X\Ly (x+y) <1y (0), (5.8) 

(Vx, y € X)(Fy (x+y) = Fy(y)). (5.9) 


Example 5.4 Let XY ={0,1,2,3,4} be a set with a binary operation - defined by the following 


Cayley table: 
O 1 2 3 4 
00 12 3 4 
I! 0 0 0 3 0 
2 OW 2 O23 0 
3 0 2 2 0 0 
402 2 3 0 


Then (CX,-,0) isa UP-algebra. We define a neutrosophic structure X, over X as follows: 
T,(0)=-0.2, 1, (0) =-0.8, F,(0) =-0.3, 
T,(1)=-0.5, 1y(1)=-0.5, F.(1)=-0.7, 
T,(2)=-0.4, Iy(2)=-0.7, F,(2)=-0.4, 
T, (3) =-0.3, Iy(3)=-0.4, F,(3) =-0.6, 
T, (4) =-0.8, 1,(4)=-0.2, F,(4) =-0.8. 


Hence, X, is aspecial neutrosophic \-near UP-filter of X . 


Definition 5.5 A neutrosophic \-structure X, over X is called a special neutrosophic N-UP-filter 


of X if it satisfies the following conditions: (5.4), (5.5), (5.6), and 


(Vx, y € X\(Ty (v) 2 min{Ty (x- y), Ty CO}), (5.10) 
(Wx, y © X\Ty (vy) S max {Ly (x+y), Ly (0}), (5.11) 
(Vx, y © XW Fy (y) = min{F, (x-y), Fy CO}). (5.12) 
Example 5.6 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following 
Cayley table: 
O 1 2 3 4 
00 12 3 4 
1 0 0 2 3 0 
20 1 0 3 0 
3 0 1 2 0 0 
4012 3 0 


Then (CX,-,0) isa UP-algebra. We define a neutrosophic structure X, over X as follows: 
T,(0)=—0.2, I,(0)=—0.8, F,(0) = 0.2, 
T,(1)=-0.8, 1y(1)=-0.5, F,(1)=-0.8, 
T,(2)=-0.6, Iy(2)=-0.4, F,(2)=-0.5, 
T,(3)=-0.7, 1y(3)=-0.6, F,(3)=-0.7, 
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T,(4)=-0.5, 1,(4)=-0.7, F,(4) =-0.4. 
Hence, X, is aspecial neutrosophic \-UP-filter of X. 
Definition 5.7 A neutrosophic .\-structure X, over X is called a special neutrosophic N-UP-ideal 


of X if it satisfies the following conditions: (5.4), (5.5), (5.6), and 


(Vx, y,z © X(T, (x- 2) > min{T,(x-(y-2)),Ty (5.13) 
(Wx, yz © X\(Iy(x-2) S max {Ly (x-(y-2)), Ly) (5.14) 
(Vx, y,2 € X\(Fy(x-z) = min{F, (x-(y-2)), Fy). (5.15) 
Example 5.8 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following 
Cayley table: 
O 1 2 3 4 
0 0 12 3 4 
I! 002 0 4 
20 0 0 0 0 
3.0 3 2 0 4 
403 2 0 0 


Then CX,-,0) isa UP-algebra. We define a neutrosophic \-structure X, over X as follows: 
T,(0)=-0.3, 1y(0)=-0.8, F,(0) =-0.2, 
T,(1)=-0.6, 1y(1)=-0.6, F,(1)=-0.3, 
T,(2)=-0.8, Iy(2)=-0.4, F,(2)=-0.8, 
T,(3)=-0.6, 1y(3)=-0.6, F,(3)=-0.3, 
T,(4)=-0.7, 1, (4)=-0.5, F,(4) =-0.7. 
Hence, X, is aspecial neutrosophic \-UP-ideal of X. 


Definition 5.9 A neutrosophic \-structure X, over X is called a special neutrosophic N-strongly 


UP-ideal of X if it satisfies the following conditions: (5.4), (5.5), (5.6), and 


(VX, ¥,2 © X)Ty (x) = minily (z+ y)-(Z-X)), Ty 5); (5.16) 
(Vx, y,z © X)Ty(x) <max{I, (z+ y)-(Z-x)), Ly) (5.17) 
(Vx, y,z © X) Fy (x) = min{Fy ((z- y)-(z-x)), Fy Wp). (5.18) 
Example 5.10 Let X ={0,1,2,3,4} be a set with a binary operation - defined by the following 
Cayley table: 
O 1 2 3 4 
0 0 12 3 4 
Le Qh 2Or 2. Se 20 
201 0 0 4 
3 0 12 0 4 
4042 3 0 


Then (CX,-,0) is a UP-algebra. We define a neutrosophic \-structure X, over X as follows: 


T,(x) =-0.5 
(Vx eX) I(x) =-l 
FY(x) =-0.3 


Hence, X, is aspecial neutrosophic \-strongly UP-ideal X . 
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Theorem 5.11 Every special neutrosophic \-UP-subalgebra of X satisfies the conditions (5.4), 
(5.5), and (5.6). 
Proof. Assume that X, is a special neutrosophic V-UP-subalgebra of xX. Then for all xe X, by 
Proposition 2.5 (1), (5.1), (5.2), and (5.3), we have 
Ty (0) = Ty (x-x) = min{Ty (x), Ty} = Ty), Ly. (O) = Ly (eX) S max {Ly (x), Ly 2D} = Ly 0), 
FY (0) = Fy (x- x) 2 mint Ff, (x), hy (x)} = Fy (x). 
Hence, X, satisfies the conditions (5.4), (5.5), and (5.6). 


By Lemma 3.4 (1) and (4), we have the following five theorems. 
Theorem 5.12 A neutrosophic structure X, over X is aneutrosophic \-UP-subalgebra of X 


if and only if Xw is a special neutrosophic \-UP-subalgebra of X. 
Theorem 5.13. A neutrosophic \V-structure X, over X is aneutrosophic \-near UP-filter of X 


if and only if Xy is aspecial neutrosophic .V-near UP-filter of X . 

Theorem 5.14 A neutrosophic \-structure X, over X is a neutrosophic \-UP-filter of X if 
and only if Xw is a special neutrosophic \-UP-filter of X. 

Theorem 5.15 A neutrosophic A\-structure X, over X is a neutrosophic .V-UP-ideal of X if 


and only if Xw is a special neutrosophic \UP-ideal of X. 
Theorem 5.16 A neutrosophic \-structure X, over X is a neutrosophic A\-strongly UP-ideal of 


X ifandonlyif Xy is aspecial neutrosophic .\-strongly UP-ideal of X. 

Theorem 5.17 A neutrosophic \-structure X, over X is constant if and only if it is a special 
neutrosophic \-strongly UP-ideal of X . 

Proof. It is straightforward by Remark 3.2 and Theorems 3.17 and 5.16. 


By Remark Remark 3.2 and Theorems 5.12, 5.13, 5.14, 5.15, and 5.16, we have that the notion of 
special neutrosophic \-UP-subalgebras is a generalization of special neutrosophic .V-near UP-filters, 
special neutrosophic \-near UP-filters is a generalization of special neutrosophic \V-UP-filters, 
special neutrosophic A\-UP-filters is a generalization of special neutrosophic \-UP-ideals, and 
special neutrosophic V-UP-ideals is a generalization of special neutrosophic .\-strongly UP-ideals. 
Moreover, by Theorem 5.17, we obtain that special neutrosophic \-strongly UP-ideals and constant 


neutrosophic \V-structures coincide. 


Theorem 5.18 If X, is a special neutrosophic \-UP-subalgebra of X satisfying the following 
condition: 
Ty (x) 2 Ty(y) 
(vVx,yeX) x-y#054 I, (x) <1LyQ) |, (5.19) 
Fy (x) 2 Fy (y) 
then XX, is aspecial neutrosophic \-near UP-filter of X . 
Proof. Assume that X, is a special neutrosophic .V-UP-subalgebra of X satisfying the condition 
(5.19). By Theorem 5.11, we have X, satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,veX. 
Case 1: x-y=0. Then, by (5.4), (5.5), and (5.6), we have 
Ty (0° ¥) = Ty (O) 2 Ty (Y), Liy 6°) = Ly (OD S Ly W)5 Fy 0°) = Fy O) 2 Fey ()- 
Case 2: x-y #0. Then, by (5.1), (5.2), (5.3), and (5.19), we have 
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Ty (x+y) 2 minty (x), Ty (V5 = Ty (Y), Ly 0) S max ly 0). Ly V5 = Ly Os 
Fy (xy) 2 mint Fy (x), Fy (V5 = Fry O)- 


Hence, X, is aspecial neutrosophic \-near UP-filter of X. 


Theorem 5.19 If X, is a special neutrosophic .V-near UP-filter of X satisfying the condition 
(3.21), then X, is aspecial neutrosophic \-UP-filter of X. 
Proof. Assume that X, is a special neutrosophic \-near UP-filter of X satisfying the condition 
(3.21). Then X, satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,y,z¢X . By (5.7), (5.8), and 
(3.21), we have 

min ly (+ y), Ty Qs = min ly (XV), Ty Oo) § S mun ly (VY), Ty CYS = mun{Zy (V), Ty CYS. S Ty); 

max {ly (x+y), Ly Oc)s = maxiTy (xy), Ly) 2 maxtly (VY), Ly OQ)s = maxi ly (VY) ty COs 2 Ly), 

mini fy (x y), Py Gos = minyly XV), Fy Qs Sminy (VY), Py OF = mint hy (VY), Py Os S Fy). 
Hence, X, is aspecial neutrosophic \-UP-filter of X. 


Theorem 5.20 If xX, is a special neutrosophic .\-UP-filter of X satisfying the condition (3.22), 
then X, is aspecial neutrosophic \-UP-ideal of xX. 
Proof. Assume that X, is a special neutrosophic \-UP-filter of xX satisfying the condition (3.22). 
Then X,, satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,y,z ¢X . By (5.10), (5.11), (5.12), 
and (3.22), we have 

Ty (+2) 2 min ly (ye Z)), Ty v5 = man Ty (V2) Ty OS 

Ty (%+Z) S maxi y(V-(X-Z)),Ly Os = max ly (YZ) Ly OS 

Fy (x-2) 2 min hy (y-(e-Z)), Fy vs = man Py (YZ), Fy 
Hence, X, is aspecial neutrosophic \-UP-ideal of xX. 


Theorem 5.21 If X, is aneutrosophic A\-structure over X satisfying the following condition: 

Ty (Z) 2 miniTy (x), Ty (Ws 
(Vx, y,Z E X) zZSx-y> 4 1,(zZ) Ss maxtl,(x),ly(y)} |, (5.20) 

Fy (2) 2 min {hy (x), Fy (Y)5 

then XX, is aspecial neutrosophic \-UP-subalgebra of xX. 

Proof. Assume that X, is a neutrosophic structure over X satisfying the condition (5.20). Let 

x,yE€X . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, that is, x-y<x-y. It follows from (5.20) 

that 

Ty (x y) 2 mindy (X), Ty WF, Ly e) S max Ly), Ly V5, Py Oey) = mn Py (X), Py DF 
Hence, X, is aspecial neutrosophic \-UP-subalgebra of X. 


Theorem 5.22 If X, is aneutrosophic A\-structure over X satisfying the following condition: 


Ty (2) 2 Ty) 
(Va,9,2EX )i zs a-y> 4 Li (2) S10) |; (5.21) 


Fy (z) 2 Fy () 


then X, is aspecial neutrosophic \-near UP-filter of X. 
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Proof. Assume that X, is a neutrosophic \-structure over X satisfying the condition (5.21). Let 
xeéX . By (UP-2) and Proposition 2.5 (1), we have 0-(x-x)=0, that is, O<x-x. It follows from 
(5.21) that 7,,(0) = 7, (x), 1, (0) <I, (x), and F,,(0) > Fy (x) . Next, let x,y ¢X . By Proposition 2.5 (1), 
we have (x-y)-(x-y)=0 , that is, x-ysx-y . It follows from (5.21) _ that 
Ty (xy) 2T,(y), Ly (xy) SIy(v), and F,(x-y)2F\(v) . Hence, X, is a special neutrosophic 
N-near UP-filter of X. 


Theorem 5.23 If X, is aneutrosophic .\-structure over X satisfying the following condition: 


Ty (y) 2 min{T, (2), Ty (x)} 
(Vx, y,z eX) zZSx-y>41,(y) Ss maxtl, (Zz), ly (x)} (5.22) 
Fy (y) = min{F, (2), Fy (0)} 


then X, is aspecial neutrosophic \V-UP-filter of X. 
Proof. Assume that X, is a neutrosophic A\-structure over X satisfying the condition (5.22). Let 
xe X .By (UP-3), we have x-(x-0)=0, thatis, x<x-0. It follows from (5.22) that 
T,,(0) = min {Ty (x), Ty (x)} = Ty (x), Ly ) $ max {Ly (x), Ly 2D} = Ly 2), Fy (0) min {Fy (x), Fy (2)} = Fy 2). 
Next, let x,ye¢X . By Proposition 2.5 (1), we have (x-y)-(x-y)=0, that is, x-y<x-y. It 
follows from (5.22) that 
Ty (vy) 2 min ly (+), Ty ODS, Ly) S max ly XV) Ly Ds, Fy y) = mn hy (- Y), Fy ODS 
Hence, X, is aspecial neutrosophic \-UP-filter of X. 


Theorem 5.24 If X, is aneutrosophic A\-structure over X satisfying the following condition: 


Ty (x-+z) 2 min{Zy (a), Ty (y)§ 
(Va,x,y,z€X) asx-(y:z)> 4 1, (%-z) S$ max{/, (a), ly (y)} |, (5.23) 
Fy (x-z) 2 min{F, (a), Fy(y)} 


then X, is aspecial neutrosophic .\V-UP-ideal of X. 

Proof. Assume that X, isaneutrosophic N -structure over X satisfying the condition (5.23). Let 
xeX .By (UP-3), wehave x-(0-(x-0)=0, thatis, x <0-(x-0). It follows from (5.23) and (UP-2) that 
T,,(0) = Ty (0-0) > min{Ty (x), Ty (x)} = Ty (2), Ly (0) = Ly (0-0) < max {Ty (x), Ly (2)} = Ly 0, 

F,,(0) = F, (0-0) = min{Fy (x), Fy ()} = Fy (2). 

Next, let x,y.z<€X . By Proposition 2.5 (1), we have (x-(y-z))-(x-(y-z))=0 , that is, 

x-(y-z)<x-(y-z). It follows from (5.23) that 
Ty (x+z) 2 min{Ty (x+(y+Z)),Ty(W)}s Ly eZ) Sax {Ly (x-(9+2)), Ly}, 
Fy (x-z) > min{F, (x-(y-2)), Fy}. 
Hence, X, is aspecial neutrosophic V-UP-ideal of X. 


For any fixed numbers a ,a’°,f ,f',y ,y’ €[-1,0] such that a <a@’,B <B yy <y 


and a nonempty subset G of a a neutrosophic /N-structure 
° X= (4 TS In’ Fy) over X where °T[% 1° E17], and °F,[%] are 
a, 7 a y a Y 


N-functions on X which are given as follows: 
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+ * ifxeG “ B ifxeG + vy ifxeG 
"EI IG\as Gye = i 
wl He) ‘ otherwise, wl ge 1) B* otherwise, ~” v vy otherwise. 
Lemma 5.25 Let a ,a’,f ,f8,y ,v €[-1,0]. Then the following statements hold: 
Le XN. is el aaa a ran 
1 1-f , y 
G a _ yG,-l-at,-1-g,-1-7* 
Z, Male cle XvL, oer al 
Proof. 1. Let X¢[%, 7 7] be a_ neutrosophic A-structure over X . Then 
a ge 











Ae a ley Desinee 


ee a ifxeG, r *  ifx eG, : - ifxeG, 
Tee a= 4, 7 pepe yay a1? 7 Ror Ya) = 4, 
a a’ otherwise, fb otherwise, y v 


2 9 
otherwise 
we have 








= -l-a ifxeG Aint - -1-B ifxeG + 
TS a x)= p) LG: l-a@ x [? B x)= ) —_G I= x : 
tie MD eee otherwise Lge HO) nly e —1—f otherwise wee - 





- -l-y ifxeG feu 
F°l’. \(x)= ie ss x). 
vie os rae otherwise vl a Mt 


Hence, Cea nauale © ine Loe 7 P Aline ania: ol 











“isa" =1-6 5 
2. Let Xe ian or ] be a neutrosophic structure over X  . Then 
"Aa e ] = CX, "Tye i "Aas | eae ]) ‘ Since 


B otherwise, 


oT 1" (x) = o ees 67 PI) = B ifxeG, an na i= y ifx eG, 
: a otherwise, ad y 


. 9 
otherwise 
we have 








+ -l-q@  ifxeG, 7 -1-fP ifxeG, Hee 
G a = l-at G ie ie a2: TGTHl-f 





+ =|= = if G, [= 
a in ei Fy 7) 
y —l-y Seisitee. 
Hence, (X, Tale 1- — lL qe 1-B LL 1- yt es Xe me as 1-f ,-l- yt ] 


pt = 


Sag Sp" Al" 
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Lemma 5.26 If the constant 0 of X is in a nonempty subset G of X, then a neutrosophic 
N-structure ° X ee : ‘] over X° satisfies the conditions (5.4), (5.5), and (5.6). 
Proof. If 0<G, then °7,[%](0)=a"." 1,[%.\0)=B and ° Fy (0)=7* . Thus 


"Ty 10) = a* 2° TZ 1) 
(vx eX) ee ]0)=pf <° Iy Ue l(x) |. 


°F YO) = 7" 2° Fy Wa) 


Hence, ° X a ful "] satisfies the conditions (5.4), (5.5), and (5.6). 


Lemma 5.27 If a neutrosophic \-structure ne cee _] over X satisfies the condition (5.4) 


(resp., (5.5), (5.6)), then the constant 0 of X isinanonempty subset G of X 


Proof. Assume that a neutrosophic \V-structure oX wl .”_] over X satisfies the condition (5.4). 


+ 
eae 


Then °Ty[% 1) ea TyL% J) for all xe X . Since G is nonempty, there exists g<¢G. Thus 


"TZ Mg)= a", 80 “TL WO) > TyI* M(g) =a", that is, °T,[% (0) =a" . Hence, 0EG. 


Theorem 5.28 A neutrosophic .\:structure “X A eles i _] over X is a special neutrosophic 


N-UP-subalgebra of X if and only ifanonempty subset G of X isa UP-subalgebraof X. 


— + 


Proof. Assume that °X me a 


is ] is a special neutrosophic \-UP-subalgebra of X. Let x,yveG. 


Then °T,[% ]@)=a* =° T,[7 1). Thus 
°TyZ Mx-y) 2 min(? Ty[% 1),° Ty W)} = a" 2° TZ Wy) 


and so °T. ae \(x-y)=a@°.Thus x-ye¢G.Hence, G isa UP-subalgebra of X. 


Conversely, assume that G isa UP-subalgebra of X.Let x,yveX. 
Case 1: x,yveEG. Then 


° Tl Ma) = a" = Ty IO), PELE WD = B =9 Eyl IO): CFE 1@) = 77" =? Fl 109. 


2 
Thus 


+ 


ming? Ty 1), Ty IO} = a, max TEI Ly} = Bs min Fy 1," Fyl_1)} = 7" 
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Since G is a UP-subalgebra of X, we have x-yeG and so °Ty[ Nx y)= ao In Mey) =B, 
and oP l(x-y)=y7". Hence, 
° Ty Wa-y) = at 2a* = min? Ty [2 1),° TZ 10}, 
Iy Us J@-y=68 <f =max? Ty. 2G)” Iy Urs JO}. 
CFE Weyer 277 = mine FL 100,° Fy 10}. 


Case 2: xZ@G or vy¢G. Then 


* Ty le ‘W@=a or “7, [7 JO=e@, “dnl Js sor IU JO)=8", 


Ful’ ‘=r or® Ful O=r. 
Thus 
min{” yt “]@.° yl “JO)}=a, max{° Ty Us Je,” LE J]O)}= 8", min{’ Ful “100.6 Ful IMh=r. 


Therefore, 


"TZ May) 2 ar = mine Ty [2 1@),° Trl}. 
Iy Uh, Wary) S BY = max (11%, 1x)" Lyk WO}. 


SFA Maye 7 = mine FyL 1)" Fy 10}. 


G TR gy 
Hence, xyV - 


= |] is aspecial neutrosophic \V-UP-subalgebra of X. 


Theorem 5.29 A neutrosophic “\V-structure “X Le : ] over X isaspecial neutrosophic \-near 
UP-filter of X if and only ifanonempty subset G of X isanear UP-filterof X. 


Proof. Assume that °X ul, _] is a special neutrosophic A-near UP-filter of xX . Since 


a4 “ae "] satisfies the condition (5.4), it follows from Lemma 5.27 that 0€G. Next, let x eX 
and ye€G.Then a ](v) = @" . Thus, by (5.7), we have 


STIS Maxey) 2° TylZ IO) = a" 2° TZ Mx-y) 


and so aie \(x-y)=a@.Thus x-yeG.Hence, G isanear UP-filter of X. 
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Conversely, assume that G is anear UP-filter of X .Since 0€G, it follows from Lemma 5.26 


that °X a ee : ] satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,yeX. 


Case 1: yeG. Then loa T= and Pelee “| =y7". Since G is a near 


UP-filter of X , we have x-ye€G and so ile “|(x-y)= a Ty Jaey=2 and 


“FL Woy) = 7". Thus 
°TylZ May) = art 2 at = TLIO), Tel Wey = SB =" 1810), 
SF Mey) =r 27? =? Fl 10). 
Case 2: y € G.Then "TZ =a FI wl. 10) = 8", and oe I)=y7 . Thus 


eee = hi 1) i eae Ll) A le yer = AO) 


+ po + 


Hence, “ X vl te _] is aspecial neutrosophic \-near UP-filter of X. 


Theorem 5.30 A neutrosophic A\-structure 4 ee . 


+ 
gr,-1 over X is a special neutrosophic 


N-UP-filter of X if and only ifanonempty subset G of X isa UP-filterof X. 


Proof. Assume that °X he ee igeg special neutrosophic \-UP-filter of X . Since °X Pes sl 
satisfies the condition (5.4), it follows from Lemma 5.27 that 0<€G. Next, let x,y¢X_ be such that 


x-yeG and xeG.Then “Tye “la-y=a cee ba "\(x) . Thus, by (5.10), we have 
° Ty My) = ming? Ty [Wx y)," Ty Wa} = @* >° Ty) 


and so °T, a \(v)=a’.Thus yeEG. Hence, G isa UP-filter of X. 


Conversely, assume that G is a UP-filter of X .Since 0€G, it follows from Lemma 5.26 that 


“X begat "] satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,yeX. 


Case 1: x-yEG and xeEG. Then 


Ti leMae Te 1G). i eas = lo lea) a7 =" a1). 
Since G is a UP-filter of X , we have ye€G and so "TZ 10) =a"9 IW AMn=B8 , and 


°F Wy) =y'. Thus 
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"TZ Wo) =a" zat = mine Ty [Me y),° Ty 1}, 
"Ty ly) = 8 <B =max{"1 we Coane | wl 1}. 


CFP I) = 7 27 = min’ Ay May)” Fy I}. 
Case2: x-v ZG or x €G.Then 


ie. e@-yaa or “Ty [% ‘Wee, oa I y) = B* or ° WU doe 


ee Fy[’ “]@-y)=7 or & Fil a7: 


Thus 
min{” 7, [*_ Wey," tC “]@)} =a, max{°I wh Try)” In IO} = B", 
min{” Fy[’_ “|e y),° Fl I@}=7. 
Therefore, 
"Ty Mx) 2 ar = min{? Ty [2 Mx y)," TylZ_ OO}. 
Ty W@) SBP = max? 1, Way)" Ly JOO}. 
CFE Maye 7 = mine FL Way)? Fel W}. 
Hence, ° Gl : ‘| is a special neutrosophic A\-UP-filter of X. 


Theorem 5.31 A neutrosophic .\:structure “X eae . _] over X is a special neutrosophic 


N-UP-ideal of X if and only ifanonempty subset G of X isa UP-idealof xX. 


Proof. Assume that °X,[%.”,”_] is a special neutrosophic .V2UP-ideal of Y. Since ° X,[%7,’_ ] 
a ,B’,y P P a py 


satisfies the condition (5.4), it follows from Lemma 5.27, that 0<€G. Next, let x,¥,z¢X be such 


that x-(y-z)e€G and yeG.Then nee lx:(v-z) =a =* Hie ](”) . Thus, by (5.13), we have 
°TyLZ Mx-z) > min? Ty Wx-(y-2)),° TylZ IO} = @* B Ty Me-2Z) 


and so “le \(x-z)=a@’.Thus x-zeG.Hence, G isa UP-ideal of X. 


Conversely, assume that G is a UP-ideal of X . Since 0€G, it follows from Lemma 5.26 that 


a ¢ iis "| satisfies the conditions (5.4), (5.5), and (5.6). Next, let x,y,z €X. 


+ 
sp ah 


Case 1: x-(y-z)<€G and yeG. Then 
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°Ty[2_Ma-(y-2)) = @* =" TI), “Tel We 2) = B=" EylE IO), 
°FyL Wa (y-2) = 74 =° Fy 10). 
Thus 
mint? [7 x-(y-z)s° Tel IO} = ar", max PTE. Woz)" Ey IO} = B 
min{? FL? 1x-(y-z))° Fy IO} = 7". 
Since G is a UP-ideal of X, we have x-zeG and so ee a “\We-z)=a7 oI wl Ja-2=f, 
le \(x-z)=7* . Thus 
STE Weezy =a" 2a* = mine TL \a-(v-2))." Tl IO} 
Ty Maza SB = maxC yh Wae-O-2))s" Ll IO} 


Ele ‘aaa 27 =min{” Fy “]@-(y-2)),° FyL’ ‘JO. 


Case 2: x-(y-z)¢G or y¢G.Then 


°Tyl2_Me-(r-2))=@ or STL IO) = a, Eyl SMe 0-2) = BF or FL, = BY, 


eae ]G-(-2)=7 or Fl JO)=r. 


Thus 


min{” 7, [*_ “l@-(-2).° TU “yee, max(°l ne lene), 4 wl JOH e 


min{” Fy[ “e--2).! Fy Oe 7. 


Therefore, 


"Ty Mx-z)2a° = mine Ty[% 1e-C-2))" TZ}, 
Tye Wrz) $ B* = max (P14, 1-2)" Ly IO. 


Fy? ‘]@-z2y7 =min(e Fy’ ‘]@-Q-z)),° Fy’ “Joh. 


G a3 
Hence, “Xy[°_ ee 


a |] is a special neutrosophic \-UP-ideal of X. 


Theorem 5.32 A neutrosophic .\:structure “X we . _] over X is a special neutrosophic 


AN-strongly UP-ideal of X if and only ifanonempty subset G of X isastrongly UP-ideal of X. 
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+ 


Proof. Assume that ° X alee as _] is a special neutrosophic \-strongly UP-ideal of X . By Theorem 
5.17, we have °T ie is constant, that is, °T. wd is constant. Since G is nonempty, we have 


se a (x) =a" forall xe X .Thus G=X.Hence, G isastrongly UP-ideal of XY. 
Conversely, assume that G is astrongly UP-ideal of X.Then G=X,s0 
"Tl IG) =a 
(vx eX) "yl (x) =f |. 


Fle): = 


Thus ° 7. wl 1," i we] , and "Fy _] are constant, that is, °X ve i _] is constant. By Theorem 


+ p- + 


5.17, wehave “X ne . _] is aspecial neutrosophic \-strongly UP-ideal of X. 


6. Level subset of a neutrosophic W-structure of special type 


In the last section of this paper, we discuss the relationships among special neutrosophic 
N-UP-subalgebras (resp., special neutrosophic \-near UP-filters, special neutrosophic \-UP-filters, 
special neutrosophic \-UP-ideals, special neutrosophic .\-strongly UP-ideals) of UP-algebras and 


their level subsets. 


Theorem 6.1 A neutrosophic \-structure X, over X is aspecial neutrosophic \-UP-subalgebra 
of xX if and only if for all a,f,ye[-1,0], the sets U(T,;a),LU,;f), and U(F,;7v) are 
UP-subalgebras of X if U(T,;a@),LU,;8), and U(F,;7v) are nonempty. 
Proof. Assume that xX, is a special neutrosophic \-UP-subalgebra of X. Let a,f,y <[-1,0] be 
such that U(T,;@),LU,;f),and U(F,;v) are nonempty. 

Let x,yeU(T,;a@). Then 7,(x)2a and 7T,(y)2a,s0 @ isa lower bound of {7,(x),T,(y)} . 
By (5.1), we have 7, (x- y) 2 min{7,,(x),7,(y)}2a@.Thus x-yeU(T,;a@). 

Let x,yeLU,;f). Then J,(x)<f and J,(v)<f,so0 £ isanupper bound of {/,(x),/,(y)} 
. By (5.2), we have J, (x-y) <max{/,(x),J,(y)} < #. Thus x-yeLlU,;f). 

Let x,yeU(F\ 37). Then Fy(x)2y and Fy(y)27,s0 y isa lower bound of {F\(x),F,(y)}. 
By (5.3), we have F,(x-y)2min{F,(x),Fy(y)}2v.Thus x-yeU(F\57). 

Hence, U(T,;@),LUy;f),and U(F\;7v) are UP-subalgebras of X. 

Conversely, assume that for all a,f,y <[-1,0], the set U(7,;a@),LU,;f), and U(Fy;7) are 
UP-subalgebras if U(T,;a@),LU,; 7), and U(F,;v) are nonempty. 

Let x,yeX . Then 7,(x),7,(v) €[-1,0] Choose a =min{7,(x),7,(v)}. Thus 7,(x)2a@ and 
T,(v)2a,so0 x,yEU(T,;a) #4. By assumption, we have U(7,;a@) is a UP-subalgebra of X and 
so x,yeEU(T,;a). Thus 7, (x-y)2a=min{7,(x),7,(y)} . 
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Let x,yeX . Then /,(x),/,(yv) €[-1,0] Choose £=max{/,(x),/,(y)}. Thus /,(x)<f and 
Iyv)sf,so x,yELUd,; 8) 4D. By assumption, we have L(/,;) is a UP-subalgebra of X and 
so x,yveLU,;f). Thus J, (x-y)< B= max{l, (x), ly (y)}. 

Let x,yeX. Then F(x), F,(y) €[-1,0] . Choose y=min{F, (x), F,(y)}. Thus Fy,(x)2y and 
Fi(y)2v,so x,yEeU(F\;v) # ©. By assumption, we have U(F\;7) is a UP-subalgebra of X and 
so x,yEU(F,;v). Thus Fy (x-y)<yv=mintF, (x), Fy (y)} . 

Therefore, X, is aspecial neutrosophic \-UP-subalgebra of X. 


Theorem 6.2 A neutrosophic \-structure X, over X is a special neutrosophic \-near UP-filter 
of X if and only if for all a,f£,ye<[-1,0], the sets U(7T,;@),LU,y;f), and U(F\;7v) are near 
UP-filters of X if U(T,;@),LU,;8),and U(F,;7v) are nonempty. 

Proof. Assume that X, is a special neutrosophic \-near UP-filter of X . Let a,f,y €[-1,0] be 
such that U(7,;a@),LU,;8),and U(F,;7v) are nonempty. 

Let xeU(T,;a). Then 7,(x)2a. By (5.4), we have 7,(0)27,(x)2a. Thus 0€U(T,;a@). 
Next, let yeU(Z,;a) . Then TJT,(y)2a . By (5.7), we have T\(x-y)2=T,(y)2a . Thus 
x yeU(T,;a). 

Let xeLU,;f). Then J,(x)<f. By (5.5), we have /,(0)<J,(x)< 8. Thus 0€L(,;/) . 
Next, let ye LU,;f8). Then 1,(y)< f. By (5.8), we have J, (x-y)<Jy(y)< 8. Thus x-yeLU,;f) 


Let xeU(F,;v). Then Fy(x)2y. By (5.6), we have F,(0)2F,(x)2yv. Thus 0E€U(F,;7). 
Next, yeU(F,;7v). Then F,(y)27. By (5.9), we have Fi (x-y)2F\(y)2yv.Thus x-yeU(F,;7). 

Hence, U(T,;a@), LU,;8),and U(F,;v) are near UP-filters of X. 

Conversely, assume that for all a,6,y <[-1,0], the set U(T,;a@),LU,;8), and U(F\;7) are 
near UP-filters if U(7,;@),LUy;f), and U(F,;v) are nonempty. 

Let xe X. Then 7,(0)€[-1,0]. Choose a=7,(x). Thus 7,(x)2a,s0 xeEL(T,;a)4#0. By 
assumption, we have U(Z,;a) is a near UP-filter of ¥ and so OcU(Z,;a) . Thus 
T,,(0)=a@=T, (x). Next, let ye X . Then 7,(y)e[-1,0]. Choose a=T7,(y). Thus 7, (y)2a@, so 
yEeU(T,;a)4#0 . By assumption, we have U(7\;a) is a near UP-filter of X , and so 
x-yeEeU(T,;a).Thus 7, (x-y)2a=T,(y). 

Let xe X. Then /,(0) €[-1,0]. Choose @=/,(x). Thus J,(x)<f8,s0 xELUy;f)4#0. By 
assumption, we have L(U,;f) is a near UP-filter of xX and so OeELU,;f) . Thus 
I, (0)< B=I,(x). Next, let ye X . Then J,(y)e€[-1,0]. Choose #=J,(y). Thus J,(y)<f, so 
yeLd,;f) 40. By assumption, we have LU,;f) isanear UP-filterof X,andso x-yeL(U,;f). 
Thus J, (x-y)< B=1y(y). 

Let xeX . Then F,,(0) e[-1,0]. Choose y=F,(x). Thus Fy(x)2v,s0 xEU(F\37) #0. By 
assumption, we have U(F,;v) is a near UP-filter of X and so OcU(F\;7) . Thus 
F..(0) =v =F,,(x). Next, let ye X . Then F\(y)e[-1,0]. Choose y=F\(y). Thus Fy\(y)=7, so 
yeU(F\;3v) #0 . By assumption, we have U(F\;v) is a near UP-filter of X , and so 
x-yeU(Fy;7). Thus Fy(x-y)2y=Fy(y). 


Therefore, X,, is a special neutrosophic \-near UP-filter of X. 
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Theorem 6.3. A neutrosophic \-structure X, over X is aspecial neutrosophic \-UP-filter of X 
if and only if for all a, f,y €[-1,0], the sets U(T,;@),LU,;8), and U(F,;7) are UP-filters of X if 
U(T,;a@),LU,;8),and U(F\;7) are nonempty. 

Proof. Assume that X, is a special neutrosophic \-UP-filter of X. Let a,f,y <[-1,0] be such 
that U(7T,;a),LU,;8),and U(F,;7v) are nonempty. 

Let xeU(T,;a). Then 7,(x)2a. By (5.4), we have 7,(0)27,(x)2a. Thus 0€U(T,;a@). 
Next, let x-yeU(T,;a@) and xeU(T,;a). Then 7,(x-y)2a@ and 7T,(x)<a@,so a@ is a lower 
bound of {7,,(x-y),7,(x)} . By (5.10), we have 7,,(v) = min{7\ (x- y),7,(x)}2a.Thus yeU(7,;a). 

Let xeLU,;f). Then J,(x)<f. By (5.5), we have /,(0)<J,(x)< 8. Thus 0€L(,;/) . 
Next, let x-yeLU,;f) and xeLU,;f). Then J,(x-y)<f and I,(x)<f,s0 f£ is an upper 
bound of {/,(x-y),ly(x)} . By (5.11), we have J, (vy) < max{/,(x-y),J,(x)} < B.Thus yeLlU,;f). 

Let xeU(F,;v). Then Fy(x)2y. By (5.6), we have F,(0)2F,(x)2yv. Thus 0€U(F,;7). 
Next, let x-yveU(F;v) and xeU(F\;v). Then Fyi(x-y)2yv and Fy(x)2yv, so y is a lower 
bound of {/,(x-y), Fy (x)} . By (5.12), we have F,(y)2 mint, (x-y), Fy (o)}27.Thus yeU(h;y7). 

Hence, U(7,;a@),LU,;8),and U(F\;7v) are UP-filters of X. 

Conversely, assume that for all a,f,y <[-1,0], the set U(T,;@),LU,;8), and U(F\;7) are 
UP-filters if U(T,;a@),LU,;2), and U(F,;v) are nonempty. 

Let xe X. Then 7,(x)e€[-1,0]. Choose a@=7,(x). Thus 7,(x)2a,so0 xeU(T,;a)4#0. By 
assumption, we have U(7,;q@) is a UP-filter of X and so 0EU(T,;a@). Thus 7,(0)2a=T7,(x). 
Next, let x,y¢X .Then 7, (x-y),7,(x) €[-1,0]. Choose @ =min{7,(x-y),7,(x)}.Thus Ty, (x-y)2a@ 
and 7, (x)2a@,so x-y,x €U(T,;a) 4 . By assumption, we have U(Z,;q@) isa UP-filter of X and 
so yEU(T,;a).Thus 7, (y)2a@=min{T, (x-y),T,(x)} . 

Let xeX . Then /,(x)e[-1,0]. Choose @=/,(x). Thus J,(x)<f,s0 xELU,;B)4#0. By 
assumption, we have L(U/,;f) is a UP-filter of XY and so 0eEL(U,;f). Thus /,(0)<B=J,(x). 
Next, let x,yeX . Then /,(x-y),J,(x)e[-1,0] . Choose #=max{l,(x-y),J,(x)} . Thus 
Iy(x-y)<f and I,(x)<f, so x-y,xeLUy;f)4#0 . By assumption, we have L(/,;f) is a 
UP-filter of X andso yeL(U,;f). Thus J,(v)< B= maxtl, (x: y),L,(x)}. 

Let xeX . Then F,(x)e[-1,0]. Choose y= F,(x). Thus Fy(x)<yv,so0 xEU(F\37) #0. By 
assumption, we have U(F,;7v) is a UP-filter of X and so 0EU(F\;7v). Thus F,(0)2yv=F,(x). 
Next, let x,yeX . Then F,(x-y),F,(x)e[-1,0] . Choose y=min{F\(x-y),F,(x)} . Thus 
Fi(x-y)2y and Fy(x)2v, so x-y,xEeU(F,;v) 40 . By assumption, we have U(F\;7v) is a 
UP-filter of X andso yeU(F,;v).Thus F,(y)2yv=min{F,(x- y), Fy (x)}. 

Therefore, X, is aspecial neutrosophic \-UP-filter of X. 


Theorem 6.4 A neutrosophic \-structure X, over X is a special neutrosophic \-UP-ideals of 
X if and only if for all a,f,y e[-1,0], the sets U(7T,;@),LU,;6), and U(F\;7v) are UP-ideals of 
X if U(T,;a),LUy;f),and U(F\;v) are nonempty. 
Proof. Assume that X, is a special neutrosophic \-UP-ideal of X. Let a,f,y <[-1,0] be such 
that U(T,;@),LU,;8),and U(F,;7v) are nonempty. 

Let xeU(Z,;a). Then T,(x)2a. By (5.4), we have 7, (0)27,(x)2a@. Thus 0€U(T\;@). 
Next, let x-(y-z)—eU(T,;@) and yeU(T,;a). Then 7, (x-(y-z))2a@ and T\(y)2a,s0 a isa 
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lower bound of {7,,(x-(y-z)),7,(y)} . By (5.13), we have 7,,(x-z) = min{7, (x-(y-z)),7,(y)} 2 a . Thus 
x-zEU(T,;a). 

Let xeLU,;f). Then J,(x)<f. By (5.5), we have /,(0)<J,(x)< 8. Thus 0€L(U,;/) . 
Next, let x-(y-z)eLU,;f) and yeLlU,;f). Then J,(x-(y-z))<f and J,(v)<f, so Pf is an 
upper bound of {/,(x-(y-z)),JyQ)} . By (5.14), we have J,(x-z)<max{/,(x-(y-z)),JyQO}<S Pf. 
Thus x-zeLl(U,;f). 

Let xeU(F,;v). Then Fy(x)2y. By (5.6), we have F,(0)2F,(x)2yv. Thus 0€U(F,;7). 
Next, let x-(y-z)eU(F,;v) and yeU(F\;7). Then Fy,(x-(y-z))2y and Fy(y)27, s0 vy isa 
lower bound of {F,(x-(y-z)),Fy(Q)} . By (5.15), we have F,(x-z)=min{F\(x-(y-z)),FyQy)} 27. 
Thus x-zeU(F\;7). 

Hence, U(7,;a@),LU,;8),and U(F\;7v) are UP-ideals of X. 

Conversely, assume that for all a,f,y <[-1,0], the set U(7,;a@),LU,;f), and U(F,;7) are 
UP-ideals if U(7,;@),LU,;8), and U(F,;7v) are nonempty. 

Let xe X. Then 7,(x)e€[-1,0]. Choose a@=7,(x). Thus 7,(x)2a,so0 xeU(T,;a)4#0. By 
assumption, we have U(7,;q@) is a UP-ideal of X and so 0EU(T,;a). Thus 7,(0)2a@=T7),(x). 
Next, let x,y,z¢€X . Then Ty (x-(y-z)),Ty(¥) €[-1,0] . Choose a = min{T,(x-(y-z)),7()} . Thus 
T,(x-(y-z))2@ and T,(y)2a,s0 x-(y-z),yvyEeU(T,;a) 4D . By assumption, we have U(T,;a@) is 
a UP-ideal of X andso x-zeU(Z,;a). Thus 7, (x-z)2=a@=min{7,(x:(y-z)),7,Q)}. 

Let xe X. Then /,(x)e[-1,0]. Choose B=/,(x). Thus J,(x)<f8,s0 xELUy;f)4#O0. By 
assumption, we have L(/,;f) is a UP-ideal of X and so 0ELU,;f). Thus /,(0)< B=1,(x). 
Next, let x,y,z¢X . Then J/,,(x-(y-z)),/y(v) €[-1,0] . Choose £=max{/,(x-(y-z)),/,(v)} . Thus 
Iy(x-(v:z)) Sf and I,(y)<f,s0 x-(y-z),yvyeLUy;f) 40. By assumption, we have L(/,;f) is 
a UP-ideal of X andso x-zeL(U,;f). Thus J, (x-z)< B= maxt{l,(x-(y-z)),lyQ)} . 

Let xe X. Then F,(x)e[-1,0]. Choose y=F\(x). Thus Fi(x)2v,s0 xeU(Fy;v) 40. By 
assumption, we have U(F,;7) is a UP-ideal of X and so 0EU(F\;7v). Thus F,(0)2yv =F, (x). 
Next, let x,y,z¢X. Then F,(x-(y-z)),F,(v) €[-1,0]. Choose y= min{F,(x-(y-z)), &,(v)} . Thus 
Fi (x-(y-z))2y and Fy(y)2yv,so0 x-(y-z),yEeU(Fy;v) 4 © . By assumption, we have U(F\;7) is 
a UP-ideal of X andso x-zeU(F\;v).Thus F\(x-z)2yv=mint{F, (x-(y-z)), Fy O)} . 

Therefore, X, is aspecial neutrosophic \V-UP-ideal of X. 


Definition 6.5 Let X, be aneutrosophic A\-structure over X.For a,f,y €[-1,0], the sets 


ULUy (a, By) ={x EX |Ty 2012 = PF 2 vt, 
LUL, (a, B,y) = {x € X |Ty SO), 2 pF yoy), 


Ey, (@ BY) = {xe X |Ty = a1y = BF y = 7} 


are called a ULU -(a, £,7) -level subset, an LUL -(a, £,7) -level subset, and an E -(a, £,7) -level subset 


of X,,, respectively. Then we see that 


ULUy (a, 8,7) = U(Ty3a) OL y3 B) OU (Fy sy); 


LUL,. (a, B,y)=LT3saaudy;AMaLlLhy:y), 
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Ey (a, f,y) = Edy a) OF U3 BY OEE NY). 
Corollary 6.6 A neutrosophic \-structure X, over X is aneutrosophic \-UP-subalgebra of X 
if and only if for all a,f,yv e[-1,0] , LUL (a,P,vy) is a UP-subalgebra of X where 
LUL,. (a, 8,v) isnonempty. 
Proof. It is straightforward by Theorem 4.2. 
Corollary 6.7 A neutrosophic A\-structure X, over X is a neutrosophic \-near UP-filter of X 
if and only if for all a, f,y €[-1,0], LUL, (a,f,v) isanear UP-filter of X where LUL, (a, f,7) 


is nonempty. 


Proof. It is straightforward by Theorem 4.3. 


Corollary 6.8 A neutrosophic \-structure X, over X isaneutrosophic \-UP-filter of X if and 


only if for all a,f,y €[-1,0], LULy (a,f,7) is a UP-filter of ¥ where LULy (a,f,7) is 


nonempty. 


Proof. It is straightforward by Theorem 4.4. 


Corollary 6.9 A neutrosophic \-structure X, over X is aneutrosophic \-UP-ideal of X if and 


only if for all a,f,y €[-1,0], LUL, (a, 8,7) is a UP-ideal of X where LULy (a, 8,7) is 


nonempty. 


Proof. It is straightforward by Theorem 4.5. 
Corollary 6.10 A neutrosophic \-structure X, over X is aneutrosophic \-strongly UP-ideal of 
X ifand only if E(Z,,7,(0)) = X,EU,,/,(0) =X ,and E(F,,F,(0))=xX . 


Proof. It is straightforward by Theorem 4.6. 


Corollary 6.11 A _neutrosophic A\-structure xX, over X is a_ special neutrosophic 


N-UP-subalgebra of X if and only if for all a, f6,y <[-1,0], ULU Xy (a,f,v) is a UP-subalgebra of 


X where ULU x, (28,7) is nonempty. 


Proof. It is straightforward by Theorem 6.1. 


Corollary 6.12 A neutrosophic \V-structure X, over X is aspecial neutrosophic \-near UP-filter 


of X if and only if for all a,f,ye[-1,0], ULU Xy (a,f,v) is a near UP-filter of ¥ where 


ULU, (a,f,v) isnonempty. 
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Proof. It is straightforward by Theorem 6.2. 


Corollary 6.13 A neutrosophic A\-structure X, over X is a special neutrosophic \-UP-filter of 


X if and only if for all a,f,y <[-1,0], ULU Xy (a,f,v) is a UP-filter of X where ULU Xy (a, B,v) 


is nonempty. 


Proof. It is straightforward by Theorem 6.3. 


Corollary 6.14 A neutrosophic \-structure X, over X is a special neutrosophic \V-UP-ideal of 


X if and only if for all a, f£,v €[-1,0], ULU, (a,f,v) is a UP-ideal of X where ULU, (a, 2,7) 


is nonempty. 


Proof. It is straightforward by Theorem 6.4. 


7. Conclusions 

In this paper, we have introduced the notions of (special) neutrosophic N -UP-subalgebras, 
(special) neutrosophic N -near UP-filters, (special) neutrosophic N _ -UP-filters, (special) 
neutrosophic N -UP-ideals, and (special) neutrosophic N -strongly UP-ideals of UP-algebras and 
investigated some of their important properties. Then we have that the notion of (special) 
neutrosophic N -UP-subalgebras is a generalization of (special) neutrosophic N -near UP-filters, 
(special) neutrosophic N -near UP-filters is a generalization of (special) neutrosophic N 
-UP-filters, (special) neutrosophic N -UP-filters is a generalization of (special) neutrosophic N 
-UP-ideals, and (special) neutrosophic N -UP-ideals is a generalization of (special) neutrosophic 
N -strongly UP-ideals. Moreover, we obtain that (special) neutrosophic N -strongly UP-ideals and 
constant neutrosophic N -structures coincide. 

In our future study, we will apply these notion/results to other type of neutrosophic N 
-structures in UP-algebras. Also, we will study the soft set theory/cubic set theory of such 


neutrosophic N -structures. 


Acknowledgments: This work was supported by the Unit of Excellence, University of Phayao. 
The authors would also like to thank the anonymous referee for giving many helpful 


suggestions on the revision of present paper. 


References 


1. M. Abdel-Baset, V. Chang, A. Gamal, and F. Smarandache. An integrated neutrosophic ANP and VIKOR 
method for achieving sustainable supplier selection: A case study in importing field. Comput. Ind., 106:94-110, 
2019. 

2. M. Abdel-Baset, V. Chang, and A. Gamal. Evaluation of the green supply chain management practices: A 
novel neutrosophic approach. Comput. Ind., 108:210-220, 2019. 

3. M. Abdel-Baset, G. Manogaran, A. Gamal, and F. Smarandache. A group decision making framework based 
on neutrosophic TOPSIS approach for smart medical device selection. J. Medical Syst., 43(2):38, 2019. 


P. Rangsuk, P. Huana, A. Iampan, Neutrosophic N-structures over UP-algebras 


Neutrosophic Sets and Systems, Vol. 28, 2019 126 


4. M. Abdel-Baset, R. Mohamed, A. E. N. H. Zaied, and F. Smarandache. A hybrid plithogenic decision-making 
approach with quality function deployment for selecting supply chain sustainability metrics. Symmetry, 
11(7):903, 2019. 

5. M. Abdel-Baset, N. A. Nabeeh, H. A. El-Ghareeb, and A. Aboelfetouh. Utilising neutrosophic theory to solve 
transition difficulties of loT-based enterprises. Enterprise Inf. Syst., pages 1-21, 2019. 

6. M. Abdel-Baset, M. Saleh, A. Gamal, and F. Smarandache. An approach of TOPSIS technique for developing 
supplier selection with group decision making under type-2 neutrosophic number. Appl. Soft Comput., 
77:438-452, 2019. 

7.M. A. Ansari, A. Haidar, and A. N. A. Koam. On a graph associated to UP-algebras. Math. Comput. Appl, 
23(4):61, 2018. 

8. R. A. Borzooei, M. M. Takallo, F. Smarandache, and Y. B. Jun. Positive implicative BMBJ-neutrosophic ideals 
in BCK-algebras. Neutrosophic Sets Syst., 23:126-141, 2018. 

9. N. Dokkhamdang, A. Kesorn, and A. Ilampan. Generalized fuzzy sets in UP-algebras. Ann. Fuzzy Math. 
Inform., 16(2):171-190, 2018. 

10. T. Guntasow, S. Sajak, A. Jomkham, and A. Iampan. Fuzzy translations of a fuzzy set in UP-algebras. J. 
Indones. Math. Soc., 23(2):1-19, 2017. 

11. Q. P. Hu and X. Li. On BCH-algebras. Math. Sem. Notes Kobe Univ., 11(2):313-320, 1983. 

12. A. Iampan. A new branch of the logical algebra: UP-algebras. J. Algebra Relat. Top., 5(1):35-54, 2017. 

13. A. Iampan. Introducing fully UP-semigroups. Discuss. Math., Gen. Algebra Appl., 38(2):297-306, 2018. 

14. Y. Imai and K. Iséki. On axiom system of propositional calculi, XIV. Proc. Japan Acad., 42(1):19-22, 1966. 

15. K. Iséki. An algebra related with a propositional calculus. Proc. Japan Acad., 42(1):26-29, 1966. 

16. Y. B. Jun, K. Lee, and S.-Z. Song. N -ideals of BCK/BCI-algebras. J. Chungcheong Math. Soc., 22:417-437, 
2009. 

17. Y. B. Jun, F. Smarandache, and H. Bordbar. Neutrosophic N -structures applied to BCK/BCI-algebras. 
Information, 8:128, 2017. 

18. Y. B. Jun, F. Smarandache, and M. A. Ozturk. Commutative falling neutrosophic ideals in BCK-algebras. 
Neutrosophic Sets Syst., 20:44-53, 2018. 

19. Y. B. Jun, F. Smarandache, S.-Z. Song, and M. Khan. Neutrosophic positive implicative N -ideals in 
BCkK-algebras. Axioms, 7(1):3, 2018. 

20. W. Kaijae, P. Poungsumpao, S. Arayarangsi, and A. lampan. UP-algebras characterized by their anti-fuzzy 
UP-ideals and anti-fuzzy UP-subalgebras. Ital. J. Pure Appl. Math., 36:667-692, 2016. 

21. S. Keawrahum and U. Leerawat. On isomorphisms of SU-algebra. Sci. Magna., 7(2):39-44, 2011. 

22. B. Kesorn, K. Maimun, W. Ratbandan, and A. Iampan. Intuitionistic fuzzy sets in UP-algebras. Ital. J. Pure 
Appl. Math., 34:339-364, 2015. 

23. M. Khan, S. Anis, F. Smarandache, and Y. B. Jun. Neutrosophic N -structures and their applications in 
semigroups. Ann. Fuzzy Math. Inform., 14:583-598, 2017. 

24. S.J. Kim, S.-Z. Song, and Y. B. Jun. Generalizations of neutrosophic subalgebras in BCK/BClI-algebras based 
on neutrosophic points. Neutrosophic Sets Syst., 20:26-35, 2018. 


P. Rangsuk, P. Huana, A. Iampan, Neutrosophic N-structures over UP-algebras 


Neutrosophic Sets and Systems, Vol. 28, 2019 7 


25. T. Klinseesook, S. Bukok, and A. Iampan. Rough set theory applied to UP-algebras. Manuscript accepted 
for publication in J. Inf. Optim. Sci., November 2018. 

26. G. Muhiuddin, F. Smarandache, and Y. B. Jun. Neutrosophic quadruple ideals in neutrosophic quadruple 
BCI-algebras. Neutrosophic Sets Syst., 25:161-173, 2019. 

27. N. A. Nabeeh, M. Abdel-Baset, H. A. El-Ghareeb, and A. Aboelfetouh. Neutrosophic multi-criteria decision 
making approach for IoT-based enterprises. IEEE Access,7:59559-59574, 2019. 

28. C. Prabpayak and U. Leerawat. On ideals and congruences in KU-algebras. Sci. Magna, 5(1):54-57, 2009. 

29. A. Satirad, P. Mosrijai, and A. Iampan. Formulas for finding UP-algebras. Int. J. Math. Comput. Sci., 
14(2):403-409, 2019. 

30. A. Satirad, P. Mosrijai, and A. Iampan. Generalized power UP-algebras. Int. J. Math. Comput. Sci., 
14(1):17-25, 2019. 

31. F. Smarandache. A Unifying Field in Logics: Neutrosophic Logic, Neutrosophy, Neutrosophic Set, 
Neutrosophic Probability. American Research Press, 1999. 

32. J. Somjanta, N. Thuekaew, P. Kumpeangkeaw, and A. lampan. Fuzzy sets in UP-algebras. Ann. Fuzzy Math. 
Inform., 12(6):739-756, 2016. 

33. S.-Z. Song, F. Smarandache, and Y. B. Jun. Neutrosophic commutative N -ideals in BCK-algebras. 
Information, 8:130, 2017. 

34. M. Songsaeng and A. Iampan. N -fuzzy UP-algebras and its level subsets. J. Algebra Relat. Top., 6(1):1-24, 
2018. 

35. M. M. Takallo, H. B., and Y. B. J. R. A. Borzooei. BMBJ-neutrosophic ideals in BCK/BClI-algebras. 
Neutrosophic Sets Syst., 27:1-16, 2019. 

36. M. M. Takallo, R. A. Borzooei, and Y. B. Jun. BMBJ-neutrosophic ideals in BCK/BCI-algebras. Neutrosophic 
Sets Syst., 23:72-84, 2018. 

37. K. Tanamoon, S. Sripaeng, and A. Iampan. Q-fuzzy sets in UP-algebras. Songklanakarin J. Sci. Technol., 
40(1):9-29, 2018. 


Received: 1 April, 2019; Accepted: 27 August, 2019 


P. Rangsuk, P. Huana, A. Iampan, Neutrosophic N-structures over UP-algebras 


Neutrosophic Sets and Systems, Vol.28 , 2019 





University of New Mexico —_ 





New Operators on Interval Valued Neutrosophic Sets 


Abhijit Saha*! and Said Broumi? 


' Techno College of Engg. Agartala, Faculty of Basic Science & Humanities, Maheshkhola, Tripura-799004, India, 
E-mail: abhijit84.math@gmail.com 
* Laboratory of Information Processing, Faculty of Science Ben M’Sik, University Hasan II, B.P 7955, Casablanca, 
Morocco, 
E-mail: broumisaid78@gmail.com 


*Correspondence: Abhijit Saha ; abhijit84.math@gmail.com 


Abstract. As a generalization of fuzzy sets and intuitionistic fuzzy sets, neutrosophic sets have been de- 
veloped by F. Smarandache to represent imprecise, incomplete and inconsistent information existing in 
the real world. A neutrosophic set is characterized by a truth-membership function, an indeterminacy- 
membership function, and a falsity-membership function. An interval neutrosophic set is an instance of 
a neutrosophic set, which can be used in real scientific and engineering applications. In this paper we 
have defined some new operators on interval valued neutrosophic sets and studied their properties. In 
addition, we give numerical examples to illustrate the defined operations. 


Keywords: Neutrosophic set, new operators on interval valued neutrosophic sets. 


1 Introduction 


In 1999, a Russian scientist Molodstov [1] initiated the concept of soft set theory as a fundamental 
mathematical tool for modelling uncertainty, vague concepts and not clearly defined objects. 
Although various traditional tools, including but not limited to rough set theory [2], fuzzy set theory 
[3], intuitionistic fuzzy set theory [4] etc. have been used by many researchers to extract useful 
information hidden in the uncertain data, but there are inherent complications connected with each of 
these theories. Additionally, all these approachess lack in parameterizations of the tools and hence 
they couldn’t be applied effectively in real life problems, especially in areas like environmental, 
economic and social problems. Soft set theory is standing uniquely in the sense that it is free from the 
above mentioned impediments and obliges approximate illustration of an object from the beginning, 
which makes this theory a natural mathematical formalism for approximate reasoning. 

The notion of intuitionistic fuzzy set (IFS) was initiated by Atanassov as a _ significant 
generalization of fuzzy set. Intuitionistic fuzzy sets are very useful in situations when description of a 
problem by a linguistic variable, given in terms of a membership function only, seems too complicated. 
Recently intuitionistic fuzzy sets have been applied to many fields such as logic programming, 
medical diagnosis, decision making problems etc. The intuitionistic fuzzy sets can only handle the 
incomplete information considering both the truth membership (or simply membership) and falsity 
membership (or non-membership) values. But it doesn’t handle the indeterminate and inconsistent 
information which exists in belief system. In 1995, F. Smarandache [05, 06] introduced the concept of 
neutrosphic set which is a mathematical tool for handling problems involving imprecise, 
indeterminacy and inconsistent data. This concept has been successfully applied to many fields such 
as databases [7, 8], medical diagnosis problem [9], decision making problem [10], topology [11], 
control theory [12] etc. 
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Presently works on the neutrosophic set theory is progressing rapidly. Bhowmik and Pal [13, 14] 
defined intuitionistic neutrosophic set. Later on Salam and Alblowi [15] introduced another concept 
called Generalized neutrosophic set. Wang et al. [16] proposed another extension of neutrosophic set 
which is single valued neutrosophic. Also Wang et al. [17] introduced the notion of interval valued 
neutrosophic set which is an instance of neutrosophic set. It is characterized by an interval 
membership degree, interval indeterminacy degree and interval non-membership degree. Ye [18, 19] 
defined similarity measures between interval neutrosophic sets and their multicriteria decision- 
making method. Majumdar and Samanta [20] proposed some types of similarity and entropy of 
neutrosophic sets. Broumi and Smarandache [21, 22, 23] proposed several similarity measures of 
neutrosophic sets. S. Broumi and F. Smarandache defined four new operations on interval-valued 
intuitionistic hesitant fuzzy sets and studied their important properties. F.G. Lupianez [24] defined the 
notion of neutrosophic topology on the non-standard interval. Majumder [25] discussed the distance 
and similarity between two neutrosophic sets . He also introduced the notion of entropy to measure 
the amount of uncertainty expressed by a neutrosophic set. H. Zhang et al. [26] defined operations for 
interval neutrosophic sets and a comparison approach was put forward based on the related research 
of interval valued intuitionistic fuzzy sets. He also developed two interval neutrosophic number 
aggregation operators and using these, a multi-criteria decision making problem was explored. 
H.Wang et al. [27] presented various properties of interval neutrosophic sets based on set theoretic 
operators. In 2017, Bera and Mahapatra [28] initiated the concept of neutrosophic soft matrix and they 
successfully applied it to solve decision making problems. Song et al. [29] applied neutrosophic sets 
to ideals in BCK/BCI algebras. Shahzadi et al [30] applied single valued neutrosophic sets in medical 
diagnosis. Recently, Thao and Smaran [31] proposed the concept of divergence measure on 
neutrosophic sets with an application to medical problem. Some recent applications of neutrosophic 
sets can be found in [32-39]. 

This paper is an attempt to define some new operators on interval valued neutrosophic sets and 
to study their properties. In addition to that, we have given numerical examples to illustrate the 
defined operations. The organization of this paper is as follow: In section 2, we briefly present some 
basic definitions which will be used in the rest of the paper. In section 3, we define some new 


operations on interval valued neutrosophic sets and discuss their properties. In section 5, conclusion is 
given. Lastly all the related references are given. 


2 Preliminaries 
2.1 Definition [3]: 
Let U be a non empty set. Then a fuzzy set TU on U is a set having the form 
t= (x. U,(x)):x € u} 
where the function u,:U —[0, 1] is called the membership function and LL, (x) represents the 


degree of membership of each element x € U. 


2.2 Definition [4]: 
Let U be a non empty set. Then an intuitionistic fuzzy set (IFS for short) T is an object having the form 


T= (Xx, LL, (x), Y. (x)): X€ Ul where the functions p,:U—[0, 1] and y,:U—[0, 1] are called 


membership function and non-membership function respectively. LU, (x) and Y, (x) represent the degree of 


membership and the degree of non-membership' respectively of each element xe U and 
O<p,(x)+y,(x)<1 for each x €U. 
We denote the class of all intuitionistic fuzzy sets on U by IFS". 
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2.3 Definition [5, 6]: 

Let U be anon empty set. Then a neutrosophic set (NS for short) T° is an object having the form 
c= 1(x, LL, (x), a (x), 0, (x) . XE Ul where the functions U,,Y,,0,:U] 0,1]. and 
~OSu, (x) ae (x) + O- (x) < 3". From philosophical point of view, the neutrosophic set takes the 


value from real standard or non-standard subsets of | 0, 1°[. But in real life applications in scientific 
and engineering problems it is difficult to use neutrosophic sets with value from real standard or non- 


standard subsets of | 0, 1*[. Hence we consider the neutrophic set which takes the value from the 
subset of [0, 1] ie; OSU, (x)+ Yr (x) +O, (x) <3 where H,,y,and 6, are called truth 


membership function, indeterminacy membership function and falsity function respectively. 
We denote the class of all neutrosophic sets on U by NS". 


2.4 Definition [17]: 


Let U be a non empty set. Then an interval valued neutrosophic set (IVNS for short) T° is an 
object having the form 


= fe | inf, ( x), sup U(x x)], | infy, ( x), sup el x)], | inf 6, ( x), supo, (x) | ): XE U} 
where the functions p,,y,-, 0-:U > Jnt([0, 1]) and O<supp, (x) +sup Y- (x) + sup 0, (x) <3. 
We denote the class of all interval valued neutrosophic sets on U by IVNSY. 


2.5 Definition [17]: 
Let I’, ©) be two interval neutrosophic sets on U. Then 
(a) T’ is called a subset of QO, denoted by I’ Cc ©) if 


infu, (x) < inf, (x), sup LL, (x) < supl, (x), infy,. (x) > inf y, (x), sup Vie (x) > SUP Y, (x), 
inf 5, (x) <inf 6, (x), sup 6, (x) < sup 6, (x) Vx EU. 
(b) The intersection of [ and © is denoted by I’M Q and is defined by 


PQ={({ min (infu, (x),infitg (x), min (supp, (x),supHte (x)) J 

| max (infy, (x), inf yp (x)),max (sup y, (x), sup Yq (x))], 

[ max (inf 6, (x), inf 5, (x)),max (sup 6, (x),sup d(x) ]):x€U}, 
(c) The union of F and Q is denoted by I’ U Q and is defined by 


TUQ= 1([ max (inf, (x), infi., (x)), max (sup Hr _ (x)) |. 


| 


| min (infy, (x), inf Ves (x)),min (sup y, ( Yr (x ),sup Yo(X (x)) 
| min (inf 6, (x), inf 5, (x)), min (sup 6, (x), sup 5, (x)) )) ]); Xe u}. 


(d) The complement of I’ is denoted by I“ and is defined by 
Tr - (x, | info, (x),sup Or (x) |, | l-supy, (x),1—inf pe (x) |,| inf Lp (x),sup Lp (x) | XE u} 


Abhijit Saha and Said Broumi. New Operators On Interval Valued Neutrosophic Sets 


Neutrosophic Sets and Systems, Vol. 28, 2019 131 


3. New Operators on Interval Valued Neutrosophic Sets 


In this section we have proposed two new operators defined on interval valued neutrosophic sets. 
We also present their basic properties. 


3.1 Definition: 


The operator [|]: IVNS” — IVNS" is defined by 


rex [ inf, ( x), sup HL, (x x)], | infy,. ( x), sup y,. ( x)], | inf 6, ( (x) ,1- sup 4, (x)] ): XE U} 
for Te IVNS”. 














3.2 Example: 
Let us consider an interval valued neutrosophic set I’ on U given by 


r={(a, [0.2,0.4], [0.6,0.3].[0.3,0.5] ).(b, [0.6,0.8], [0.5,0.6] [0.1,0.4] }}. 














Then we have UI’ = {(a, [0.2,0.4], [0.6,0.3],[0.3,0.5] ),(b, [0.6,0.8], [0.5,0.6],[0.1,0.6] )}. 
3.3 Definition: 

The operator 0 :IVNS" — IVNS" is defined by 

OF ={(x, [infu, (x),1-sup 6, (x)], [infy, (x), supy, (x)].[inf 5, (x) supé, (x)]): xe U}, 


for le IVNS” . 
3.4 Example: 


Let us consider an interval valued neutrosophic set I’ on U given by 


P= {(a, [0.2,0.4], [0.6,0.3],[0.3,0.5] ),(b, [0.30.8], [0.5,0.6],[0.1,0.4] )}. 


Then we have OT ={(a, [0.2,0.5], [0.6,0.3],[0.3,0.5] ),(b, [0.3,0.6], [0.5,0.6],[0.1,0.4] )}. 
3.5 Theorem: 


For [ € IVNS” , we have the followings 











(ay (OF) =0r 








(b) (OF) =P 
() UCP COV 
(d) O(OP) OT 
(e) 0(O1) = OF 
(f) (OP) =o 
(g) O(O') = 
Proof: 


(a) [= (x, | infu, (x ),sup LL. (x). [infy,. (x ),sup V(x (x NF [inf O, (x), sup O, (x)] » X€ u} 
ao Bee ee | infé, (x ), sup 0, Call [1 -supy,. (x ),1—inf y, (x)], [inf 4, (x), sup 1, (x)] y X€ u} 










































































al 
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Or’ ={(x, [infé, (x), sup 5, (x)], [I-supy, (x),1—inf y, (x)],[inf w, (x),1-sup 6, (x)]): xe US. 
Hence (T°) 

={(x,[inf uw, (x),1-sup 5, (x)], [inf y, (x),supy, (x)],[info, (x), sup 6, (x)] ): x eU} =or. 

(b) F={(x, [infu, (x), supp, (x)], [infy, (x), sup, (x)].[inf 6, (x),sup 6, (x)] ): x € U} 

=> T° ={(x, [infd, (x),sup 5, (x)], [I-supy, (x),1-inf y, (x)],[inf w, (x),sup u, (x)]): x €U} 

». OF =4(x, [info, (x),1-sup wz, (x)], [I-supy, (x),1—-inf y, (x)],[inf u, (x), sup 4, (x)]): x €U}. 
Hence (Or) 


= {(x, [inf Ly. (x),sup LL. (x)], [inf Vis (x), supy,. (x)].[info, (x),1—sup LL. (x)] » xe u} iil 




















2 


(c) Proof is straight forward. 

(d) [ aniGe [ infu, (x ), sup LL, ( x Ve | infy, (x ), sup 7, ( x ) | inf 6, ( x ) ,supd,. (x)] i XE U} 

SUT = (x, | infu, (x ),sup L,. ( X )]. linfy,. (x ),sup Y, ( X )]. linf 6. ( x) ),1- sup Lt, (x)| ): X€ u} 

> ( lr) =e | inf. ( x), sup LL, Calr [infy.. ( x); sup Y, (x)], [inf O, (x),1—sup 4, (x)| ): XE u} 
UT. 

(e) Proof is similar to (d). 

(f) T= (x, | inf, (x) , SUP LL. (x)] ; | infy, (x) , SUP Y,. (x)] | inf 6. ( x) , Supo,. ( x) ) : xe U} 

=> T= (Xx, | infu. ( (x), 1—sup 6, (x) | infy, (x), sup Y- (x)], [inf O, (x), sup O, (x)| : X€ u} 

> (Or) eee | inf. ( x),1—sup O, GalP | infy, (x), sup Vi (x)], lint O, (x), sup O, (x)| i: X€ u} 
= OL. 

(g) Proof is similar to (f). 















































3.6 Theorem: 

For 1,Q € IVNS” , we have the followings 
a) OT VQ) =r Vda 
(b) WT AQ) SIT AQ 
(c) O(T UQ) = 0P U0 
(d) O(T AQ) =9T N0Q 
























































Proof: 
We have, 


P={(x, | infu, (x),supp,(x) |, | infy, (x),supy, (x) |,| inf 6, (x),sup 6, (x) | ) xeU! and 


O={(x, | inf, (x), sup Hy (x) (x) |. | infy, ( (x), sup Yo (x (x) |, | inf 5, ( (x), sup d, (x) | : xeU! 
(a) PUQ 
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= {m max (infu, (x ) infu, (x rs ), max (sup U(x), supp, (x)) . 

| min (infy, (x ), inf Yo (x)),min(sup Ve (x), sup ae (x))], 

| min (inf 6, (x), inf 5, (x)), min (sup 6, (x), sup 5, (x)) i) XE u}. 
Hence U([ UQ) 














={([ max (inti, (x) (x),infiu, (x)), max (sup, (x),supity (x)) ], 
| min (infy, (x) ,inf y, (x)),min(supy, (x),sup Yq (x)) | 
[min inf 5, (x), inf 3, (x)),1—sup (max (sup 1, (x),suptta (x))) ]): x € Ut 
(x)), max (sup, (x),supttg (x) |, 


min ( infy,. i inf y, (x) (x)), min nes ) SUP Yq (x er 


| 
e— 
a 
Tid 
3 
se 
for ee Ps... Le OS 
= 
c 
= 
— 
~ 
— 
Ei 
c 














ee (x, | infu, (x), supp, (x (x) |, | infy, (x) ),sup 7, (x (x) |,| inf 6, (x),l—sup u, (x) | . xe UI 
and 


O={(x, | inti, ( (x), sup Hy (x (x) |, | infy, ( (x), Sup Yo (x (x) |, | inf dy ( (x),1—sup fp (x )| ) x€U} 
































Hence JT. UHQ2 








= | ([ max (inf, (x) (x), infty (x)), max (supp, (x),suptte (x)) |. 
| min (infy,. (x) ,inf Yq ( x) (x)), min n(supy, (x) ) SUP Yq (x ))|- 
| min (inf 5, (x), inf 5, (x)), min (1 —sup Hl, (x),1—suppty (x )) ]):x <u}. 


Consequently, (T U Q) SUT UUQ. 





























(b) Proof is similar to (a). 


() FUQ 
= {([ max (infu, (x) imfing (x)), max (sup u (x),suptty (x)) } 
| min (infy, (x), inf yg (x)),min (sup y, (x), sup Yo (x)) 
[ min (inf 6, (x).inf 5, (x)),min (sup 6, (x),sup 5, (x)) ]):x €U}., 
Hence 0(TUQ) 
= |({ max (infin, ( (x),infitg (x)), 1-sup (min (sup 6; (x),sup 5, (x))) | 
| min (infy,. (x),inf y, (x)),min (sup 7, (x),sup Yq (x) |; 
( 


| mi min (inf 5, (x), inf 5, (x)), min (sup 6, (x ),sup (x) ]): x €U} 
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- 1([ max (inf, (x), inf, (x )i max (1 — sup (x),1 —SUpLL, (x)) 
| min (infy, (x), inf Ve (x ),min (sup Yi (x), sup ve (x))]. 
| min (inf 6, (x), inf 5, (x)),min (sup 6, (x), sup dg (x)) } :xe u}. 
Again 
Or = {(x, | infu, ( (x),1—sup 6, ( x) |, | infy, (x) ),sup y, (x (x) |, | inf 5, ( (x), sup 0, (x) | ) x < U} 


and 


0Q = (x, | infil, (x) —Sup 0, (x) |, | infy, (x), sup Vo (x) |,] inf Oo (x), sup Oo (x) | ) XE UI 


Hence JP U0Q 
= {([ max (infiu, (x), infitg (x)), max (1-sup 6; (x),1—supd, (x) 

| min (infy, (x),inf y, (x)),min(supy, (x),sup7q(x)) |, 

[ min (inf 6; (x) inf 6, (x)),min (sup 6, (x),supd, (x) ]): x €U}. 
Consequently, U(T UQ) SIP Ug. 


) 
) 





















































(d) Proof is similar to (c). 
3.7 Definition: 
The operator 0: IVNS* —> IFS” is defined by 
of ={(x, inf, (x), infy,(x),inf 5,(x)): xe Ut, P< IVNS”. 


3.8 Example: 


Let us consider an interval valued neutrosophic set I’ on U given by 


r= {(a, [0.2,0.4], [0.6,0.3],[0.3,0.5] ),(b, [0.6,0.8], [0.5,0.6],[0.1,0.4] )}. 


Then we have oI ={(a, 0.2, 0.6,0.3 ),(b, 0.6, 0.5,0.1)}. 














3.9 Theorem: 
For T € IVNS” , we have 
(a) 0( T) — ol 
(b) 0(OL) = 
Proof: 
We have, 


[= (x, | infu, (x), supp, (x (x) |, | infy, (x) ), sup 7, (x (x) |,| inf 6, (x), sup 6, (x) | ) XE u}. 
Then 
(a) OT = {(x, | infu, ( (x), supp, (x (x) |, | infy, ( (x), sup y, (x (x) |, | inf 5, ( (x),1—sup 4, (x) | ) XE u} 


and so 0(JI)={(x, infu, (x), infy, (x),inf 6. (x) ): xe Ul=oF, 


























(b) Proof is similar to (a). 
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3.10 Theorem: 
For 1,02 ~ IVNS a , we have the followings 
(a) o([T UQ) =o] 'U0Q) 
(b) (TAQ) = ol Mo0Q) 


Proof: 
We have, 


P={(x, | infu, (x), supp, (x) ], | infy, (x),supy, (x) |,| inf 5, (x),sup 6, (x) | ) xeU! and 


ores | infu, (x), sup Hy (x) |, | infy, ( (x), sup Yo (x (x) |, | inf 5, ( (x), sup 0, (x) | ) xeU! 
(a) PUQ 


= (x, | max (inf, (x),infl, (x)), max (supp, (x), supp, (x)) 
| min (infy, (x), inf y, (x)), min (sup Yr (X),SUP Yo (x (x)) |, 
| min (inf 6, (x), inf 5, (x)), min (sup 6, (x), sup dg ( x)) 


)) }):x eu}, 


o([T UQ) 


= (x, max (inf, (x),infu, (x)),min (infy,, (x), inf Ve (x)),min (inf Or (x),inf Oo (x))} XE uf. 


Again we have, oI’ UcQ 
= (x, infu, (x), infy, (x), inf 6, (x) ): XE Ul IX, infu, (x), infy, (x), inf dg (x) ; X€ Ul 
= {(x, max (infu, (x), influ, (x)), min (infy, (x), inf yo (x)),min (inf 6, (x), inf 5, (x))): x € UI. 


Consequently © (T U Q) = ol Wot), 


(b) Proof is similar to (a). 


4. Conclusions 

Neutrosophic set is a part of neutrosophy which studies the origin, nature, and scope of neutralities, 
as well as their interactions with different ideational spectra. In this paper we have defined the set- 
theoretic operators on interval valued neutrosophic sets and studied some properties. We hope that 
this paper will promote the future study on interval valued neutrosophic sets to carry out a general 
framework for their application in practical life. Moreover, with the motivations of ideas presented in 
the paper, one can think of similar operations on interval valued neutrosophic sets of type-2, hesitant 
interval valued neutrosophic sets, interval valued neutrosophic soft sets and interval valued hesitant 


neutrosophic soft sets. 
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Abstract: Bipolar neutrosophic matrices (BNM) are obtained by bipolar neutrosophic sets. Each 
bipolar neutrosophic number represents an element of the matrix. The matrices are representable 
multi-dimensional arrays (3D arrays). The arrays have nested list data type. Some operations, 
especially the composition is a challenging algorithm in terms of coding because there are so many 
nested lists to manipulate. This paper presents a Python tool for bipolar neutrosophic matrices. The 
advantage of this work, is that the proposed Python tool can be used also for fuzzy matrices, bipolar 
fuzzy matrices, intuitionistic fuzzy matrices, bipolar intuitionistic fuzzy matrices and single valued 


neutrosophic matrices. 


Keywords: Python; Neutrosophic sets; bipolar neutrosophic sets; matrix; composition operation 


1. Introduction 

Smarandache [1] gave the concept of neutrosophic set (NS) by considering the triplets 
independent components whose values belong to real standard or nonstandard unit interval] - 0, 1*[. 
Later on, Smarandache [1] gave single valued neutrosophic set (SVNS) to apply into the various 
engineering applications. The various properties of SVNS is being studied by Wang et al. [2]. Further, 
Zhang et al. [3] presented a concept of interval-valued NS (IVNS) where the different membership 
degrees are represented by interval. In [4] Deli et al. introduced the concept of bipolar neutrosophic 
sets and their applications based on multicriteria decision making problems. The same author [5] 
proposed the bipolar neutrosophic refined sets and their applications in medical diagnosis for more 
details about the applications and its sets, we refer to [6]. Since the existence of NS, various scholars 
have presented the approaches related to SVNS and bipolar neutrosophic sets into the different fields. 
For instance, Mumtaz et al. [7] developed the concept of bipolar neutrosophic soft sets that combines 
soft sets and bipolar neutrosophic sets. In [8, 9] Broumi et al. introduced the notion of bipolar single 
valued neutrosophic graph theory and its shortest path problem. Dey et al. [10] considered TOPSIS 
method for solving the decision making problem under bipolar neutrosophic environment. Akram 
et al. [11] described bipolar neutrosophic TOPSIS method and bipolar neutrosophic ELECTRE-I 
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method. Akram and Sarwar [12] studied the novel multiple criteria decision making methods based 
on bipolar neutrosophic sets and bipolar neutrosophic graphs. Akram and Sitara [13] introduced the 
concept of bipolar single-valued neutrosophic graph structures and discussed certain notions of 
bipolar single-valued neutrosophic graph structures with examples. Singh [14] introduced bipolar 
neutrosophic graph representation of concept lattice and it’s processing using granular computing. 
Mullai and Broumi [15] presented shortest path problem by minimal spanning tree algorithm using 
bipolar neutrosophic numbers. Ulugay et al. [16] defined similarity measures of bipolar neutrosophic 
sets and their application to multiple criteria decision making. Based on literal neutrosophic numbers, 
Mamouni et al. [17] defined the addition and multiplication of two neutrosophic fuzzy matrices. in 
the light of Fuzzy Neutrosophic soft sets, Arockiarani [18] present a new technique for handling 
decision making problems and proposed some new notions on matrix representation. Karaaslan and 
Hayat [19] introduced some novel operations on neutrosophic matrices. Uma et al. [20] introduced 
two types of fuzzy neutrosophic soft Matrices. The same authors in [21] decomposed fuzzy 
neutrosophic soft matrix by means of its section of fuzzy neutrosophic soft matrix of Type-I. Hassan 
et al. [22] defined some special types of bipolar single valued neutrosophic graphs. Akram and 
Siddique [23] discussed certain types of edge irregular bipolar neutrosophic graphs. Pramanik [24] 
developed cross entropy measures of bipolar neutrosophic sets and interval bipolar neutrosophic 
sets. Wang et al. [25] defined Frank operations of bipolar neutrosophic numbers (BNNs) and 
proposed Frank bipolar neutrosophic Choquet Bonferroni mean operators by combining Choquet 
integral operators and Bonferroni mean operators based on Frank operations of BNNs. In the same 
study, Akram and Nasir [26] introduced the concept of p-competition bipolar neutrosophic graphs. 
then they defined generalization of bipolar neutrosophic competition graphs called m-step bipolar 
neutrosophic competition graphs. AKRAM and SHUM [27] defined Bipolar Neutrosophic Planar 
Graphs. Hashim et al. [28] provide an application of neutrosophic bipolar fuzzy sets in daily life’s 
problem related with HOPE foundation that is planning to build a children hospital. Akram, and 
Luqman [29] generalized the concept of bipolar neutrosophic sets to hypergraphs. Das et al. [30] 
proposes an algorithmic approach for group decision making (GDM) problems using neutrosophic 
soft matrix (NSM) and relative weights of experts. 
Broumi et al. [31-34] applied the concept of IVNS on graph theory and studied some interesting 
results. Broumi et al. [35] developed a Matlab toolbox for computing operational matrices under the 
SVNS environments. Pramanik et al [36] developed a hybrid structure termed “rough bipolar 
neutrosophic set”. In [37] Pramanik et al. presented Bipolar neutrosophic projection based models for 
solving multi-attribute decision making problems. Broumi et al [38] developed the concept of 
bipolar complex neutrosophic sets and its application in decision making problem. Akram, et al.[39] 
applied the concept of bipolar neutrosophic sets to incidence graphs and studied some properties. 
For more details on the application of neutrosophic set theory, we refer the readers to [46-52]. 
Among all the above, matrices play a vital job in the expansion region of science and engineering. 
However, the classical matrix theory neglects the role of uncertainties during the analysis. Therefore, 
the decision process may contain a lot of uncertainties. Thus, the role of the fuzzy matrices and their 
extension including triangular fuzzy matrices, type-2 triangular fuzzy matrices, interval valued fuzzy 
matrices, intuitionistic fuzzy matrices, interval valued intuitionistic fuzzy matrices are studied deeply 


by several scholars. In [40] Zahariev, developed a Matlab software package to the fuzzy algebras. In 
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[41], authors solved intuitionistic fuzzy relational rational calculus problems using a fuzzy toolbox. 
Later on, in [42] Karunambigai and Kalaivani proposed some computing procedures in Matlab for 
intuitionistic fuzzy operational matrices with suitable examples. Uma et al. [43] studied determinant 
theory for fuzzy neutrosophic soft square matrices. Also, in [44] Uma et al. introduced the 
determinant and adjoint of a square Fuzzy Neutrosophic Soft Matrices (FNSMs) a defined the circular 


FNSM and study some relations on square FNSM such as reflexivity, transitivity and circularity. 


Recently few researchers [45] developed a Python programs for computing operations on 
neutrosophic numbers, but all these programs cannot deal with neutrosophic matrices, to do best of 
our knowledge, there is no work conducted on developing python codes to compute the operations 
on single valued neutrosophic matrices and bipolar neutrosophic matrices. Thus, there is a need to 
develop the work in that direction. For it, the presented paper discusses various operations of bipolar 
neutrosophic sets and their corresponding Python code for different metrics. To achieve it, rest of the 
manuscript is summarized as. In section 2, some concepts related to SVNS, BNS are presented. 
Section 3 deals with the generations of Python programs for bipolar neutrosophic matrices with a 


numerical example and lastly, conclusion is summarized in section 4. 


2.BACKGROUND AND BIPOLAR NEUTROSOPHIC SETS 


In this section, some basic concepts on SVNS, BNS are briefly presented over the universal set € [1, 
2, A]. 
Definition 2.1 [1] A set A is said to be A neutrosophic set ‘A’ consists of three components namely 


truth, indeterminate and falsity denoted by T,,1,(x) and F,(x) such that 


T(x), 1,(x), Fa(x) €] ~0,1°[ and -0 < sup T,(x)+sup I,(x) +sup Fa (x) S 3+ (1) 
Definition 2.2 [2] ASVNS ‘A’ on X is given as 
A= {< x: Ta (X), Ta (Xx), F(x) >XE §} (2) 


where the functions T,(x), I,(x), Fa(x) € [0. 1] are named “degree of truth, indeterminacy and 
falsity membership of x in A”, such that 
0 <b (th (X) + (XS 3 (3) 


Definition 2.3[4]. A bipolar neutrosophic set A in € is defined as an object of the form 


A={<x, (TP (x),1h (x), FP (x), TN (x), LY (x), FN (x))>: x ¢ & }, where TP (x), 12 (x), FP (x): € > [1, 0] and 
Ts (x),1q (x), Fy’ (x): € > [-1, 0]. The positive membership degree Tj (x),14 (x),F4 (x)enotes the truth 
membership, indeterminate membership and false membership of anelement - € corresponding to 
a bipolar neutrosophic set whereas the negative membership degree Tj’ (x),1j' (x),F,’ (x)denotes the 
truth membership, indeterminate membership and false membership of an element x- € to some 
implicit counter-property corresponding to a bipolar neutrosophic set A. For convenience a bipolar 


neutrosophic number is represented by 
AS <(Ta 1A Fa Ts 14 Fa > (4) 


Definition 2.4 [4]. In order to make a comparison between two BNN. The score function is applied 
to compare the grades of BNS. This function shows that greater is the value, the greater is the bipolar 


neutrosophic sets and by using this concept paths can be ranked. Suppose 
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% —_- TP TP PP rN YN PN : : . 
A =<T’ ,J ,F ,T,I’,F° > be a bipolar neutrosophic number. Then, the score function s(A ) , 


accuracy function a(A ) and certainty function (A ) of aBNN are defined as follows: 


(i) sd )=[Z]x[rP tar? 1h 4147 1] (5) 
fi) aA jal Se ear (6) 
(iii) c(A)=T? —F™ (7) 


Comparison of bipolar neutrosophic numbers 


Let A =i ie ket ol gk ©. wand A, =< T) 15 ,F),T;',15,F > be two bipolar neutrosophic 


numbers then 
i lt s(A) > s(A,) , then A, is greater than A, , that is, A, is superior to A, , denoted by A > A, 
ii. If s(A)) = s(A,) , and a(A)) > a(A,) then A, is greater than A, , that is, A, is superior to A,, 


denoted by A > Ap 


~ 


iii. If s(A) = s(A,) ; a(A,) 7 a(A,), and c(A,) > c(A,) then A, is greater than A, , thatis, A 
is superior to A, , denoted by A > A, 

iv. If s(A)) = s(A,) : a(A,) - a(A,), and c(A,) = c(A,) then A, is equal to A, , that is, A, is 
indifferent to A, , denoted by A = A, 


Definition 2.5 [4]: A bipolar neutrosophic matrix (BNM) of order mx nis defined as 


= P PP oN ON ON 
Apnm=|< Qij Gijp Gijp Fijp Fjp jp Vijr >| x n where 


i;, is the positive membership value of element a;; in A. 
N 
ifr 
P 

ij 


is the negative membership value of element a,; in A. 


, is the positive indeterminate-membership value of element a;; in A. 


N 
ij 
P 
ij 
N 
iit 


, is the negative indeterminate-membership value of element aj; in A. 


is the positive non- membership value of element aj; in A. 


a 
a 
a 
a 
Qijr 
a 


is the negative non-membership value of element aj; in A. 


PP _P _.N _N ON 


For simplicity, we write Aas Agnu= |< Qijp Qijp Vijp jp Vijp Vjp des a 
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3.COMPUTING THE BIPOLAR NEUTROSOPHIC MATRIX OPERATIONS USING PYTHON LANGUAGE 


To generate the Python program for inputting the single valued neutrosophic matrices. The 


procedure is described as follows: 
3.1 Checking the matrix is BNM or not 


To generate the Python program for deciding for a given the matrix is bipolar neutrosophic matrix 
or, simple call of the function BNMChecking () is defined as follow: 
# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
BNM Checking 
#A1.shape and A2.shape returns (3, 3, 6) the dimension of A. (row, column, numbers of element 
(Bipolar Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] =3 columns 
# A.shape[2] = Each bipolar neutrosophic number has 6 tuple as usual 
#One can use any matrices having arbitrary dimension 
import numpy as np 
#A1 is a BNM 
Al=np.array([ —_[[0.000, 0.001, 0.002, -0.003, -0.004, -0.005], [0.010, 0.011, 0.012, -0.013, -0.014, - 
0.015] , [0.020, 0.021, 0.022, -0.023, -0.024, -0.025]  ], 
[[0.100,0.101,0.102,-0.103,-0.104, -0.105], [0.110,0.111,0.112,-0.113,-0.114,-0.115], [0.120,0.121,0.122,- 
0.123,-0.124,-0.125] — J, 
[[0.200,0.201,0.202,-0.203,-0.204,-0.205], [0.210, 0.211,0.212,-0.213,-0.214,-0.215], [0.220,0.221,0.222,- 
0.223,-0.224,-0.225] | J) 
#A2 is not BNM 
A2=np.array([ _—_[[0.000, 0.001, 0.002, -0.003, -0.004, -0.005], [0.010, 0.011, 0.012, -0.013, -0.014, - 
0.015] , [0.020, 0.021, 0.022, -0.023, -0.024, -0.025] |, 
[[0.100,0.101,0.102,-0.103,-0.104, -0.105], [0.110,0.111,0.112,-0.113,-0.114,-0.115], 
[0.120,0.121,0.122,-0.123,-0.124,-0.125] J, 
[(0.200,0.201,0.202,-0.203, 0.204,-0.205], [0.210, 0.211,0.212,-0.213,-0.214,-0.215], 
[0.220,0.221,0.222,-0.223,-0.224,-0.225] | J) 
def BNMChecking (A): 
dimA=A.shape 
control=0 
counter = 0 
for iin range (0,dimA[0)]): 
if counter == 1: 
break 
for j in range (0,dimA[0]): 
if counter == 1: 
break 
for dinrange (0, dimA[2]): 


if counter ==0: 
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if (d==0 or d==1 or d==2): 
if not(0<= Ali]fj][d] <= 1): 
counter=1 
print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix 
is nota BNM’) 
control=1 
break 
if (d==3 or d==4 or d==5) : 
if not (-1<= Ali][j][d] <=0): 
counter=1 
print (A[i][j], ' is not a bipolar neutrosophic number, so the matrix 
is nota BNM’) 
control=1 
break 


else: 


print (A[i][j], 'is not a bipolar neutrosophic number, so the matrix is not a 


BNM') 
break 
if control==0: 
print (‘The matrix is a BNM’) 





Example 1. In this example we evaluate the checking the matrix C is BNM or not of order 4X4: 


C= 
10jl pl S60. = 4A HAS Sal el 8, Hs HOS Sly 5 2, 8S 
Sys) Op Kal yO aa 4 HS. “ee ee aS 
Aly SOS yd Sele lp Sa Ha HS Sp SS ae 2 2 
So a pepe SO apy Se py ea ee Sp, 6 
The bipolar neutrosophic matrix C can be inputted in Python environment like this: 

Shell « | AST 

>>> | 

>>> C= np.array([ [ [@.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [@.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2 | 


»-9.8]], 

[[0.9,0.7,0.5,-0.7,-@.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [@.5,0.2,0.7,-0. 
5,-0.1,-0.9]], 

[[@.9,0.4,0.2,-0.6,-0.3,-0.7], [@.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-2 
.4,-0.2,-0.2]], d 

[[@.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0@.5,0.4,0.5,-0.1,-0.7,-@.2], [@.2,0.4,0.8,-0| 
.5,-@.5,-0.6]] ]) 


>>> BNMChecking (C) 


The matrix is a BNM 


3.2. Determining complement of bipolar neutrosophic matrix 


For a given BNM A= [< Tj,1f, Fi, Ti IN, Fiy > >| _ the ron of A is defined as follow: 


Ae a Aer a 1)- A ee 


ee | 


(8) 


eles 


To generate the Python program for finding complement of bipolar neutrosophic matrix, simple call 


of the function BNMCompelementOf() is defined as follow: 
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# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(8) 
import numpy as np 
A=np.array([{__ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7]], 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22]], 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] | 
) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 


# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 


def BNMCompelementOf( A ): 
global Ac 
dimA=A.shape # Dimension of the matrix 
Ac= [] # Empty matrix with dimension of A to create complement of A 
for i in range (0,dimA[0)]): # for rows, here 3 
H=|] 
for j in range (0,dimA[1]): # for columns, here 2 
H.extend([ [ 1-AfiJ[jJ[0], 1-ALGI11, 1-AGIGI21, -1-CALIGII3), -1-CALIGI4D, -1-¢ 
ALiGII5)) 1) 
Ac.append(H) 
print (‘A=', A) 


print eS Pee ceaiaty eet ene come nape ee eee nee ey eRe ge meter marr roe peter) 





print(‘Ac= ', np.array(Ac)) 
The function BNMCompelementOf (A) the below returns the complement matrix of a given bipolar 
neutrosophic matrix A for (9). 
# BNM is representable by 3D Numpy Array ====> row, column and bipolar neutrosophic 
numbers having 6 tuples for (9) 
import numpy as np 
A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] J, 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] J, 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] JJ) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 


# A.shape[2] = Each bipolar neutrosophic number with 6 tuple as usual 

def BNMCompelementOf( A ): 
global Ac 
dimA=A.shape # Dimension of the matrix 
Ac= [J 
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for iin range (0,dimA[0)]): # for rows, here 3 
H=|] 
for j in range (0,dimA[1]): # for columns, here 2 
H.extend([[ ATI H][2), 1-AM HIE AGIBIOL ALGIGIISL -1-CATIGI4D, ALIBI] J) 


Ac.append(H) 
print (‘A=', A) 
print Ce eee a Spe ree nn meena epee ene iae) 


print eee ae ee Ry ree are one nope eee ge eae eae ee ert) 


print(‘Ac= ', np.array(Ac)) 





The bipolar neutrosophic matrix A is a simple example, one can create his/her BNM and try it into 


the function BNMCompelementOf ( ): 


3.3. Determining the score, accuracy and certainty matrices of bipolar neutrosophic matrix 
To generate the python program for obtaining the score matrix, accuracy of bipolar neutrosophic 
matrix, simple call of the functions ScoreMatrix( ), AccuracyMatrix( ) and CertaintyMatrix( ) are 


defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for (5, 
6 and 7) 
import numpy as np 
A= np.array([ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] JJ) 
def ScoreMatrix( A ): 
score=|| 
dimA=A.shape # Dimension of the matrix 
for i in range (0,dimA[0)]): # for rows, here 3 
H=|] 
for j in range (0,dimA[1)]): # for columns, here 2 
H.extend({ [ ( AfiJ[j][0] + 1 - AfiJ[j][1] + 1 - AGGjI2] + 1 + AGIGII3] - AGIGIIA - 


ALJGI[5] )/6 | 1) 
score.append(H) 


print(‘Score Matrix= ', np.array(score)) 
def Accuracy Matrix ( A ): 

accuracy=[] 

dimA=A.shape # Dimension of the matrix 

for iin range (0,dimA[0)]): # for rows, here 3 
H=[] 
for j in range (0,dimA[1)]): # for columns, here 2 

H.extend([[ Afi] [j]l0] - ALIGI2Z] + ALIGNS] - ADIGII5] 11) 

accuracy.append(H) 


print(‘Accuracy Matrix= ', np.array(accuracy)) 
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def Certainty Matrix ( A ): 


certainty = [] 
dimA=A.shape # Dimension of the matrix 
for iin range (0,dimA[0)]): # for rows, here 3 
H=|] 
for j in range (0,dimA[1]): # for columns, here 2 
H.extend([[ A[i]§][0] - ALIGNS] 1) 
certainty.append(H) 
print(‘Certainty Matrix= ', np.array(certainty)) 





3.4. Computing union of two bipolar neutrosophic matrices 


The union of two bipolar neutrosophic matrices A and B is defined as follow: 


AUB=C= [< bis re Cie Cine Ci Clip Pes n 
where 

Cifp > dij, v bi Cig = aij, . bit, 

Ci, = iy, . bij, ci, = ay, : bi, 

Ci, = Gi; A bij. Cit, = aij. - bi, 


To generate the python program for finding the union of two bipolar neutrosophic matrices, 
simple call of the following function Union( A, B ) is defined as follow: 
# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(10) 
import numpy as np 
A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] J, 
[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] ], 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]] ]) 
B=np.array([_ [ [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] J, 
[[0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] |, 
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] | 
}) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 


# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 


union=| | 
def Union( A, B ): 
if A.shape == B.shape: 
dimA=A.shape 
for iin range (0,dimA[0)]): # for rows, here 3 
H=[] 


for j in range (0,dimA[1]): # for columns, here 2 
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H.extend([[ max(A[i][j][O]BEJG][0]) , min(AGGIM)L BHIGIA), min(AL]f[2) 


BEG 2), max(ALIHIS_L BIBS), min(AL G4) BEIGI4D, min(AGHI5], BHIGIS) 1) 
union.append(H) 


print(‘union= ', np.array(union) 





Example 2. In this example we Evaluate the union of the two bipolar neutrosophic matrices C and 
D of order 4X4: 


C= 
10a) Sy = oy = 0 A A, 20S), = 8, HA Sal Dye SH HS 1 bys, 5S 2 8S 
<9 g/t Sal “70.68 SH = Sh 4.6 Ha a | So  °2 i HH 29 
Ay SOT Sl 2 ee eS 9 50) S00, Se S -S9  S 2 e 2 
9.) ey Oy SL “8 Oca ae S25, 4 eh a aS SZ, 48, 9 — 9, = 6 


tical de 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array(| [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]],[[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] }) 


D= 
<— Dao pea: <2 Hb 32, HS. 53 26 SH Be SS, 2-2), 2, 4 HA 
Sy ljh3S3yH 5 S590, 0, AS 26.943 HSS SS <3 ,.44 3, = 5,3 > 
<.5,.3,.1,—.4,-—.2,-4> <.5,.4,.3,-.3,-.8,-.2 > <.5,.8,.6,—.2,—.2,-—4> <.4,.6,.5,—.1,—.6,—.5 > 
< .6,.1,.7,—.7,—.4,-8 > <.4,.6,.4,—4,—.2,-5> <.4,.9,.3,-.5,—.5,-.3 > <.4,.5,.4,—.3,—.7,—4> 


J J J 


~~ 
~~ 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array/({[[0.3,0.4, 0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 
[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 


So, the union matrix of two bipolar neutrosophic matrices is portrayed as follow 


o. 
= 
H 
cS 
S 


BNS 
25420 Soe: SA boa eS Sha Oo HS Zo 2s Se 
SA Soap Sh Sy LS 0, OLS 944 HS 552s aS Kl 
| <.9,.3,.1,-.6,-.2,-.4> <.5,.2,.2,-.4,-.7,-.2> <.9,.5,.5,-.6,-.2,-.2 > <.7,.5,.3,—.4,—.2,-.2 > 
.9).1,.2,-8,—.4,-1> -<.4,.5,.2,-5;- 2),-2> <5,4.3;-5- 5,-2> <4,.4,.4—-5,-—.5,—4 > 


The result of union matrix of two bipolar neutrosophic matrices C and D can be obtained by the call 
of the command Union (C, D): 
>>> Union(C, D) 
Union = 
[0.5 0.4 0.2-0.7-0.3-0.2] [04 0.2 0.5-0.7-0.2-0.3][0.7 0.2 0.5-0.8-0.7-0.6] [0.2 0.1 0.3 -0.5-0.2 -0.4]] 
[0.9 0.2 05-0.7-03-0.1] [0.7 05 06-0.7-0.5-0.1] [09 0.4 0.4-0.3-0.6-0.5] [0.5 0.2 0.4-0.5-0.1-0.3]] 
[[0.9 0.3 0.1 -0.6-0.2-0.4] [05 0.2 0.2-0.4-0.7-0.2] [0.9 05 0.5 -0.6-0.2-0.2] [0.7 0.5 0.3 -0.4 -0.2 -0.2]] 


[[0.9 0.1 0.2-0.8-04-0.1] [04 0.5 0.2-0.5-0.2-0.2] [05 04 0.3-0.5-0.5-0.2] [04 04 0.4 -0.5 -0.5 -0.4]]] 


3.5. Computing intersection of two bipolar neutrosophic matrices 
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The union of two bipolar neutrosophic matrices A and B is defined as follow: 


_ —_ P P P N N N 
A a) B = D = [< dij.» dij, dij,» dij.» dij, di; = oe (11) 
Where 
P _ =p P N _ WN N 
dije = Aij, Dijns dij ie”. bij 


P _ | P \,pP N _.N ,pN 
dij, = aij, V Dijy, dij, = Ajj, A bij, 
P _ oP P N _ ON N 
Gijp = Gijp V Pipe Cijp = Cie A Pifp 
To generate the python program for finding the intersection of two bipolar neutrosophic matrices, 


simple call of the function Intersection ( A, B ) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
(11) 
import numpy as np 
A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] 

[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] 

[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] 

) 
B=np.array([_ [ [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] L 

[0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] |, 

[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] — J) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 


# A.shape[1] = 2 columns 


# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
intersection=| | 
def Intersection( A, B ): 
if A.shape == B.shape: 
dimA=A.shape 
for iin range (0,dimA[0)]): # for rows, here 3 
H=|] 
for jin range (0,dimA[1]): # for columns, here 2 
H.extend([[ min(A[i] 0) BEJGI0) , max(Af G1, BGI), max(Ali G12) 
BUiGI(21), min(ALiJ§](3],BEIGIB)), max(ALIGI4L BEGI4D, max(AfiJ G15), BEIGIS)) 1 1) 
intersection.append(H) 





print(‘Intersection= ', np.array(intersection)) 
Example 3. In this example we evaluate the intersection of the two bipolar neutrosophic matrices C 
and D of order 4X4: 


C= 
<j ely 3) ey ee A A Op 8 A Sy 30 i 6 Ss 7 0) 2, 8 = 
Syed Oy a) aly Ses oe SSO Sa ey OO SS Se. eh Se Se 
<9,A4,.2,=.6,—.3,— 17 >. << 2y2,.2,-4, 3 74> <7 9).8 9, 0H eZ SO. 55.3, — 4, — 2, — 2S 
SD / jal 310) Opel: “SS 2) So eS SG AS a2 ZA Sy) 0S 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 
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C= np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6] ]) 


D= 
<td ae ZF Se S82, 0 Hae Bae So SZ 3) =» A 
Qilylyed io apo 30,20; .0, 2/7, AS = ..6;.5;4 4.3, 68> <5) 43, 5 3 SS 
< Dye l= Ay 2 8 4 3, 3). 8H 2 <5 8, 6,-.2,;— 2-4 < A4,.6,.5,—1,—.6,—5 > 
< .6,.1,.7,—.7,-— .4,-8 > <.4,.6,.4,—.4,—.2,-5> <.4,.9,.3,-.5,—.5,-.3 > <.4,.5,.4,—.3,—.7,—4> 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array/({[[0.3, 0.4, 0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 


[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 
So, the intersection matrix of two bipolar neutrosophic matrices is portrayed as follow 


Cans O Dens 


Adil oy Ae Sly Ae Saye OHA: 586) Sa eS. Sl 7H 2S 8 
Sih Se ee 756) .0, Oj es G6 DB Oa SO 5a, Se 
| <5,.4,.2,-4,-.3,—7 > <.2,.4,.3,-3,-.7,-4> <.5,.8,.6,-.2,-.5,-4> <.4,.6,.5,—.1,—.6,—.5 > 

G0, le Oe 6 ae Se 4 eee 3 2)25).0, = 
The result of intersection matrix of two bipolar neutrosophic matrices C and D can be obtained by 


the call of the command Intersection (C, D): 

>>> Intersection (C, D) 

Intersection = 

[0.3 0.7 03-05-0.4-0.6] [01 04 0.7-0.5-0.8-0.4] [03 0.7 06-04-08-0.7] [01 05 0.7-0.2-0.4 -0.8]] 
[[0.2 0.7 0.7-0.3-0.7-05] [0.3 06 0.8-0.6-0.7-0.4] [06 0.5 06-01-0.7-08] [0.3 04 0.7-0.3-0.5-0.9]] 
[0.5 04 02-04-03-0.7] [0.2 04 0.3-0.3-0.8-0.4] [05 08 06-02-05-04] [04 0.6 0.5-0.1-0.6 -0.5]] 
[[0.6 0.7 0.7-0.7-06-0.8] [0.3 06 0.4-0.4-0.5-0.5] [04 0.9 05-0.1-0.7-0.3] [02 05 0.8-0.3-0.7 -0.6]]] 


3.6. Computing addition operation of two bipolar neutrosophic matrices. 


The addition of two bipolar neutrosophic matrices A and B is defined as follow: 


A @ B= 5 = I< Sie Sify ie Sie Sif) Sif, Pleg n (12) 
Where 

Sijp = Dis as Diy a Dif: Dijys Sip a —(aij,. br) 

Sij, = = Ajj. bi, Si =: —(-a¥, - Die ai bi.) 

Siig = ce Pe Sie = =(=4))2= bij a aa bi) 


To generate the python program for obtaining the addition of two bipolar neutrosophic matrices, 


simple call of the function Addition (A, B) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 





(12) 


S. Broumi, S. Topal, A. Bakali, M. Talea And F. Smarandache, A Python Tool for Implementations on Bipolar 
Neutrosophic Matrices 


Neutrosophic Sets and Systems, Vol. 28, 2019 150 


import numpy as np 
A=np.array([_ [[0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] J, 

[(0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22]], 

[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] ]]) 
B=np.array([  [[0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] ], 

[(0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] J, 

[[0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] J) 
#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuples as usual 
addition=[] 
def Addition( A, B ): 

if A.shape == B.shape: 
dimA=A.shape 
for iin range (0,dimA[0)]): # for rows, here 3 
H=|] 
for j in range (0,dimA[1]): # for columns, here 2 
Hextend(([A [i §]0H BEI GIO]-AGIGNOPBEIGIOL = ALGIE* BEIGIIL 
AGG BEIGIZ] -CAMGIBP BEGINS), -CA GIGI] BEIGIA) -ALIGI4PBEIGIAI ), ~(CABIGIS} 
BEIS-AGIGISPBEIGIS) I) 
addition.append(H) 





print(‘Addition= ', np.array(addition)) 
Example 4. In this example we evaluate the addition of the two bipolar neutrosophic matrices C 
and D of order 4X4: 


C= 
Dye lyuly 113 0S oo 4,45, 7, —.8,—4.> <7 ).7 9,8, —./7,-— 6 > ~-<1).5,.7,—5,—.2,;— 8 > 
dopo pH ee, S668, = eel 4G = Se. 2 Hy Hl 
<9,4,.2, 56-33, —21 OS 2d Aas KAS 9). 5) 6,-3.5. 2 > <.7,.38;0; 42, 2 S 
Da) oly 0 ay SL: 58 Opal ys See SS a eee 4 0 Sp 0 OS 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array(| [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]],[[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 


[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 


[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]]]) 


D= 

<13)43.9, $9, 42> -< .12 7H 5H Ba. 2, SH HBT Oe 2 2 4 HA 
< .2,.2,.7,—.3,-—.3,-.5 > <.3,.5,.6,-.6,—.7,-—4> <.6,.5,.4,—.3,—.6,-.8 > <.3,.4,.4,—.3,—.5,—.3 > 
<0; Op eA aad oS 94 8, 38,182 > S862 2A SS. <.4,.6.5,;—. = 6,59 > 
< .6,.1,.7,—.7,-—.4,-8 > < .4,.6,4,—4,-—.2,-5> <.4,.9,.3,-.5,—.5,-.3 > <.4,.5,.4,—.3,—.7,—4> 
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The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array([[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 


[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 


So, the addition matrix of two bipolar neutrosophic matrices is portrayed as follow 


Cens SP) Dens = 


< .65,.28,.06, —.35,— .58,-.68 > <.46,.08,.35, —.35, — .84,-.58 > V4 
< .92,.14,.35,—.21,—.79,-.55 > <.79,.30,.48, —.42, — .85,—.46 > .96,.20,.24, —.03,— .88,-.90 > <.65,.08,.28, —.15, — .55,-.93 > 
< .6 .95,.40,.30,—.12,—.60,—.52 > < .82,.30,.15, —.04, — .68, —.60 > 

<.5 7 


.70,.36,.15, —.05, — .85,-.44 > <.52,.20,.32,—.15, — .85, —.76 > 


< .65,.12,.02, —.24, — .44, —.82 > 0, .08, .06, —.12, — .94,-—.52 > 


.79, 14, .30,—.32,— .94,-.88 > <.28,.05,.21, -.10, — .52, -—.88 3 
< .96,.07,.14, —.56, — .76, —.82 > 8,.30,.08, —.20, — .60, —.60 > 


< 
< 
< 
< 


The result of addition matrix of two bipolar neutrosophic matrices C and D can be obtained by the 
call of the command addition (C, D): 
>>> Addition(C, D) 


Addition= 


[[[0.65 0.28 0.06 0.35 -0.58-0.68][0.46 0.08 0.35 0.35 -0.84 -0.58][0.79 0.14 0.3 0.32 -0.94 -0.88] [ 
0.28 0.05 0.21 0.1 -0.52 -0.88]] 


[[0.92 0.14 0.35 0.21-0.79-0.55) [0.79 0.3 0.48 0.42-0.85-0.46] [0.96 0.2 0.24 0.03 -0.88 - 
0.9] [0.65 0.08 0.28 0.15 -0.55 -0.93]] 


[[0.95 0.12 0.02 0.24-0.44-0.82] [0.6 0.08 0.06 0.12-0.94-0.52] [0.95 04 03 012-06 - 
0.52] [0.82 0.3 0.15 0.04 -0.68 -0.6 J] 


[[0.96 0.07 0.14 0.56-0.76-0.82] [0.58 03 0.08 02 -06 -0.6] [0.7 0.36 0.15 0.05 -0.85 - 
0.44] [052 0.2 0.32 0.15 -0.85 -0.76]]] 


3.7. Computing product of two bipolar neutrosophic matrices 


The product of two bipolar neutrosophic matrices A and B is defined as follow: 


AOB =R= [< nj “iin? iol ata ae = (13) 
Where 

Viip = Di jp: Dies "in = = —(-aiy Qijr ete aie bi.) 

Vij, = = wi + D5 ij, bij) a r at bi,,) 

Vip = Qijp + Dijp — Aijp-Dijer Tie = — (tip Bij) 


To generate the python program for finding the product operation of two bipolar neutrosophic 


matrices, simple call of the function Product (A, B) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 


(13) 
import numpy as np 
A=np.array([_ [ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] 

[ [0.1,0.12,0,-0.27,-0.44,-0.92], [0.5,0.33,0.58,-0.33,-0.24,-0.22] 

[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32] — JJ) 
B=np.array([_ [ [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,-0.72] 
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[0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22] 
[0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52] JJ) 


#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 


Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
product=[] 
def Product( A, B ): 
if A.shape == B.shape: 
dimA=A.shape 
for i in range (0,dimA[0)]): # for rows, here 3 
H=|] 
for jin range (0,dimA[1]): # for columns, here 2 
H.extend([[ Alf [0BRIGIO), ALIGIGI+ BAIGIA- (AAMMEPBEIGIED, 
AlWHZF BHIGTZ]- AWDZPBHIDIZD, --AGDIS)-BEIDIS | AIDS BRIS), -ALIDIAT 
BEIGI4)), ~(ALGIS)* BEIGIS)) J) 
product.append(H) 
print(' Product = ', np.array(product)) 





Example 5. In this example we evaluate the product of the two bipolar neutrosophic matrices C and 
D of order 4X4: 


C= 
jel ely) ey Se AA. Op pa ee OS 0 0 SS es 7, 0) 3.2, — 8 S 
dyed Oy ad aly See oe SSO, Sly | SO Sa ae a eh ee 
<—9,4,.2,=.6,—.3,—1 >. -<2y.2).2,- 4) tS 9.99, 0 = eH ZS 7,5, 3, — 4, = 2; 2S 
SD) ly 310) Opel “Kas po2 SoS oS SS Ae a2 2,4 .0; 5.0) 0S 


J J J 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] }) 


<.3,4, 0,40; S425. <1,.2,.67, 0 23 > 320,44 38-7 > 2.5.32 — 4-45 
D= SL, 2jilg oy HS S36 6,37, 4 6,4 8, 68S 0 25;-4,.4)-.3, 5,3 
SOS ly 4 a SS 3) BH SS 6S 2 SAS 465, = 6, > 
< .6,.1,.7,—.7,—.4,-.8> <.4,.6,4,—4,—.2,-—5> <.4,.9,.3,-.5,—.5,-.3> <.4,.5,.4,—.3,—.7,-—4> 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array/({[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 


[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 
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So, the product matrix of two bipolar neutrosophic matrices is portrayed as follow 


CensODgns= 


< .15,.82,.44,—-.85,—.12,-—.12 > <.04,.52,.85,—-.85,—1.16,—.12 > <.21,.76,.80,—.88,—.56,—.42 > < .02,.55,.79, —.60, — .008, — .32 > 
: .18,.76,.85, —.79,— .21,-.05 > <.21,.80,.92,—.88,—.35,-.04 > <.54,.70,.76,—.37,—.42,-0.40 > <.15,.52,.82,—.65,—.05,— .27 > 
< .45,.58,.28, —.76,— .06,—.28 > <.10,.52,.44,—.58,—.56,-.08 > <.45,.90,.80,—.68,—.10,-.08 > <.28,.80,.65,—.46,—.12,—.10 > 
< .54,.73,.76, —.94,— .24,-.08 > <.12,.80,.52,—.70,—.10,—.10 > <.20,.94,.65,—.55,—.35,-.06 > <.08,.70,.88,—.65,— .35,—.24> 


The result of product matrix of two bipolar neutrosophic matrices C and D can be obtained by the 
call of the command Product (C, D): 
>>> Product(C, D) 
Product= 
[[[ 0.15 0.82 0.44 -0.85 -0.12-0.12] [0.04 0.52 0.85 -0.85 -0.16-0.12] [0.21 0.76 0.8 -0.88 - 
0.56 -0.42] [0.02 0.55 0.79 -0.6 -0.08 -0.32]] 

[[ 0.18 0.76 0.85 -0.79 -0.21 -0.05] [0.21 0.8 0.92 -0.88 -0.35 -0.04] [0.54 0.7 0.76 -0.37 - 
0.42-04] [015 0.52 0.82 -0.65 -0.05 -0.27]] 

[[0.45 0.58 0.28 -0.76 -0.06 -0.28] [0.1 0.52 0.44 -0.58 -0.56 -0.08] [045 0.9 0.8 -0.68 - 
0.1 -0.08] [0.28 0.8 0.65 -0.46 -0.12 -0.1 ]] 

[[ 0.54 0.73 0.76 -0.94 -0.24 -0.08] [0.12 0.8 0.52-0.7 -0.1 -0.1][0.2 0.94 0.65 -0.55 -0.35 - 
0.06] [0.08 0.7 0.88 -0.65 -0.35 -0.24]]] 


3.8. Computing transpose of bipolar neutrosophic matrix 
To generate the python program for finding the transpose of bipolar neutrosophic matrix, simple 


call of the function Transpose (A) is defined as follow: 


# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 


transpose 
import numpy as np 
A=np.array([[ [0.3,0.6,1,-0.2,-0.54,-0.4], [0.1,0.2,0.8,-0.5,-0.34,-0.7] J, 
[ [0.1,0.12,0,-0.27,-0.44,-0.92],[0.5,0.33,0.58,-0.33,-0.24,-0.22]], 
[ [0.11,0.22,0.6,-0.29,-0.24,-0.52],[0.22,0.63,0.88,-0.28,-0.54,-0.32]] ]) 

#A.shape gives (3, 2, 6) the dimension of A. (row, column, numbers of element (Bipolar 
Neutrosophic Number, 6 elements) ) 
# A.shape[0] =3 rows 
# A.shape[1] = 2 columns 
# A.shape[2] = each bipolar neutrosophic number with 6 tuple as usual 
def Transpose( A ): 

DimA= A. shape 

print (‘ the matrix ', DimA[0],' x ', DimA[1], ' dimension’) 

trA = A.transpose() 

DimtrA= trA. shape 

print (‘\n’) 

print (‘its transpose ', DimtrA[1],' x ', DimtrA[2], ' dimension’) 


print (‘\n' ) 





print(’ Transpose = ', trA) 
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Example 6. In this example we evaluate the transpose of the bipolar neutrosophic matrix C of order 
4X4: 


C= 
<U GOyal jad =), = yO “SA 3 a HRs Sal 8, = 8; Se 5 0 1, SS HK 2 
<9 4/550) SS. 50.0 a= a lk 04. a  S * 42 S S  H S 
<A l= 0,— BS) > S322, 2) Aes Se S95 OOK RZ S19 2 2S 
<q 19} 0) oy Op Oye 80k, SS pa Sey Ss Sa 2 48, = 6 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array(| [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 


[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] ]) 
So, the transpose matrix of bipolar neutrosophic matrices is portrayed as follow 


<0.50, 0.70, 0.20,-0.70, -0.30, -0.60> <0.90, 0.70, 0.50,-0.70, -0.70, -0.10> <0.30, 0.40, 0.20,-0.60, -0.30, -0.70> <0.90, 0.70, 0.20,-0.80, -0.60, -0.10> 


<0.40, 0.40, 0.50,-0.70, -0.80, -0.40> <0.70, 0.60, 0.80,-0.70, -0.50, -0.10> <0.20, 0.20, 0.20,-0.40, -0.70, -0.40> <0.30, 0.50, 0.20,-0.50, -0.50, -0.20> 


<0.70, 0.70, 0.50,-0.80, -0.70, -0.60> <0.90, 0.40, 0.60,-0.10, -0.70, -0.50> <0.90, 0.50, 0.50,-0.60, -0.50, -0.20> <0.50, 0.40, 0.50,-0.10, -0.70, -0.20> 


<0.10, 0.50, 0.70,-0.50, -0.20, -0.80> <0.50, 0.20, 0.70,-0.50, -0.10, -0.90> <0.70, 0.50, 0.30,-0.40, -0.20, -0.20> <0.20, 0.40, 0.80,-0.50, -0.50, -0.60> 





>>> Transpose(C) 

The matrix 4 x4 dimension 

Its transpose 4 x 4 dimension 
Transpose = 
[05 0.9 0.9 O0.9)[04 0.7 0.2 O03] [0.7 0.9 09 O5] [01 0.5 0.7 0.2]] 
[[0.7 0.7 04 0.7])[04 06 0.2 O5)[07 04 05 O4][05 0.2 0.5 0.4]] 
[[0.2 05 0.2 0.2)[05 08 02 O.2)[05 0.6 05 O5][0.7 0.7 03 0.8]] 
[[-0.7 -0.7 -0.6 -0.8] — [-0.7 -0.7 -0.4 -0.5] [-0.8 -0.1 -0.6 -0.1] [-0.5 -0.5 -0.4 -0.5]] 
[[-0.3 -0.7 -0.3 -0.6] [-0.8 -0.5 -0.7 -0.5] [-0.7 -0.7 -0.5 -0.7] [-0.2 -0.1 -0.2 -0.5]] 
[[-0.6 -0.1 -0.7 -0.1] = [-0.4-0.1 -0.4-0.2] = [-0.6-0.5-0.2-0.2] —_[-0.8 -0.9 -0.2 -0.6]]] 


3.9 Computing composition of two bipolar neutrosophic matrices 
To generate the python program for finding the composition of two bipolar neutrosophic 
matrices, simple call of the function Composition () is defined as follow: 
# BNM is represented by 3D Numpy Array => row, column and bipolar number with 6 tuples for 
Composition 
#A.shape and B.shape returns (3, 3, 6) the dimension of A. (row, column, numbers of element 


(Bipolar Neutrosophic Number, 6 elements) ) 


# A.shape[0] =3 rows 
# A.shape[1] =3 columns 


# A.shape[2] = Each bipolar neutrosophic number has 6 tuple as usual 


#One can use matrices with any dimensions but dimensions of two matrices must be the same and 
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import math 
import numpy as np 
A= np.array( [ [ [0.3, 0.6, 1, -0.2, -0.54, -0.4], [0.1, 0.2, 0.8, -0.5, -0.34, -0.7], [0.020,0.021,0.022,-0.023,- 
0.024,-0.025] |, 
[ [0.17,0.19,0.66,-0.87,-0.64,-0.92], [0.25,0.36,0.88,-0.33,-0.54,-0.22], [0.120,0.121,0.122,-0.123,-0.124,- 
0.125] ], 
[ [0.15,0.28,0.67,-0.39,-0.27,-0.55],[0.24,0.73,0.28,-0.26,-0.53,-0.52], [0.220,0.221,0.222,-0.223,-0.224,- 
0.225] |] ]) 
B=np.array([ [0.11,0.22,0.6,-0.29,-0.24,-0.52], [0.32,0.4,0.1,-0.25,-0.54,-0.4], [0.13,0.2,0.11,-0.55,-0.35,- 
0.72] ], 
[ [0.100,0.101,0.102,-0.103,-0.104,-0.105], [1,0.111,0.112,-0.113,-0.114,-0.115], [0.720,0.821,0.152,- 
0.143,-0.194,-0.1] J, 
[ [0,0.73,0.202,-0.203,-0.204,-0.205], [0.22,0.63,0.88,-0.28,-0.54,-0.32], [0.3,0,0.47,-0.223,-0.254,-0.295] 
}]) 
def Composition( A, B ): 
global composition 
composition=| | 
dimA = A.shape 
H=| | 
if A.shape == B.shape and dimA[0] == dimA[1]: 
for iin range (0,dimA[0)]): 
for j in range (0,dimA[0]): 
counter0=0 
for d in range (0, dimA[0]): 
if counter0 ==0: 
maxtt = — [ Afil[d][0],Bld][j][0] ] 
maxT = min(maxtt) 
minii= [A[i][d][1]B[d]§)[1] ] 
minI= max(minii) 
minff =[ Afi][d][2],B[d][][2]] 
minF = max( minff) 
minntt=[ = Afi][d][3], Bld] [j][3] ] 
minNT = max (minntt) 
maxnii = [ Afi][d][4], Bd] [4] | 
maxNI= min( maxnii_) 
maxnif=[ — A[i][d][5], Bd] ][5] | 
maxNF = min (maxnff) 


counter0 =1 


else: 
max!’ =[ Af[i][4][O])Bld]f]l0]  ] 
maxI!11 = min(maxT1) 
maxI112 ={ maxI11, max! | 
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maxT = max(maxI112) 
mini [ALJ[d] Bid ]5)) | 
minIi11 = max(minI1) 
minll12 =[ minI11, minl ] 
minl =min( minl112) 
minF1 = [AI[][2)Bid]p][2] | 
minF11 = max(minF1) 
minF112 =[ minF11, minF] 
minF =min(minF112 ) 
minNTl = [ Afi}l4][S] Bld] ][3] 
minNT11 = max(minNT1 _ ) 
minNT112 = [minNT11, minNT ] 
minNT = min(minNT112_ ) 
maxNl1 =[ Afi [4] [4] Bld] ][4] ] 
maxNI11 =min( maxNiIl1 _) 
maxNI112 =[ maxNIl1,maxNl |] 
maxNl = max(maxNI112) 
maxNF1 = [AI[4][5])Bid]H][5] | 
maxNF11l = min(maxNF!1 ) 
maxNF112= [maxNF11, maxNfF |] 
maxNF = max( maxNF112 _ ) 
H.append( [maxT, minl, minF, minNT, maxNI, maxNF] ) 
composition.extend(H) 
global nested 
nested =[ |] 


for k in range( int(math.sqrt(len(composition))) ): 


nested.append(composition[k:k+int(math.sqrt(len(composition))) | ) 





print('Composition= ', np.array(nested)) 


Example 7. In this example we evaluate the composition of the two bipolar neutrosophic matrices C 
and D of order 4X4: 


C= 
SD ljal a) pO: AA SBA 413, 86S 5G O52 8 > 
Sj) Oy al poe eS - <8 mel 9A OH Sa 5 2 eh 2S 
<9, Ay 6 oy SS 2 SA Se RAS S295 0 0 Se S58 2, = 2 
Sn Djalyel) Oy Oye Ss Zy SS oye. 5) 4H Sa 2 ASH 5, = 20,6 > 


J J J 


The bipolar neutrosophic matrix C can be inputted in Python code like this: 


C= np.array([ [ [0.5,0.7,0.2,-0.7,-0.3,-0.6], [0.4,0.4,0.5,-0.7,-0.8,-0.4], [0.7,0.7,0.5,-0.8,-0.7,-0.6], [0.1,0.5,0.7,-0.5,-0.2,- 
0.8]], [[0.9,0.7,0.5,-0.7,-0.7,-0.1], [0.7,0.6,0.8,-0.7,-0.5,-0.1], [0.9,0.4,0.6,-0.1,-0.7,-0.5], [0.5,0.2,0.7,-0.5,-0.1,-0.9]], 
[[0.9,0.4,0.2,-0.6,-0.3,-0.7], [0.2,0.2,0.2,-0.4,-0.7,-0.4], [0.9,0.5,0.5,-0.6,-0.5,-0.2], [0.7,0.5,0.3,-0.4,-0.2,-0.2]], 
[[0.9,0.7,0.2,-0.8,-0.6,-0.1], [0.3,0.5,0.2,-0.5,-0.5,-0.2], [0.5,0.4,0.5,-0.1,-0.7,-0.2], [0.2,0.4,0.8,-0.5,-0.5,-0.6]] }) 


D= 
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13; Mop Soy Aa Sl 2 SH 2, HO 2G 8 HT SZ = 2, 4 HAS 
<2; 2,01 39, = 13, > <.3).9,.6,—.6,—../, -—4> <.6,.5,.4,—.3;—.6,—.8 > -<.3,.4,4,=.3,—.5,—3 > 
<p op loa 2, SAS <5) 4,33 Be So 5, BO 22) 4> -<4,.6,5,—1,—.6,—5 > 
< .6,.1,.7,—.7,-—.4,-8 > <.4,.6,.4,—4,—.2,-—5> <.4,.9,.3,-.5,—.5,-.3 > <.4,.5,.4,—.3,—.7,—4> 


J J 


~~ 


The bipolar neutrosophic matrix D can be inputted in Python code like this: 


D= np.array/({[[0.3,0.4,0.3,-0.5,-0.4,-0.2], [0.1,0.2,0.7,-0.5,-0.2,-0.3], [0.3,0.2,0.6,-0.4,-0.8,-0.7], [0.2,0.1,0.3,-0.2,-0.4,- 
0.4]], [[0.2,0.2,0.7,-0.3,-0.3,-0.5], [0.3,0.5,0.6,-0.6,-0.7,-0.4], [0.6,0.5,0.4,-0.3,-0.6,-0.8], [0.3,0.4,0.4,-0.3,-0.5,-0.3]], 
[[0.5,0.3,0.1,-0.4,-0.2,-0.4], [0.5,0.4,0.3,-0.3,-0.8,-0.2], [0.5,0.8,0.6,-0.2,-0.2,-0.4], [0.4,0.6,0.5,-0.1,-0.6,-0.5]], 
[[0.6,0.1,0.7,-0.7,-0.4,-0.8], [0.4,0.6,0.4,-0.4,-0.2,-0.5], [0.4,0.9,0.3,-0.5,-0.5,-0.3], [0.4,0.5,0.4,-0.3,-0.7,-0.4]]]) 


So, the composition matrix of two bipolar neutrosophic matrices is portrayed as follow 


CensODgns= 
<.5,.4,.3,-.5,-.4,-5> <.5,.5,.5,-6,—.2,-4> <.5,.5,5,-5,-.5,-6> <.4,.4,.3,-.3,-.4,-4> 
<.5,.5,.5,-.6,-.2, -4> <.5,5.5,-5,-5,-6> <.4,.4,.3,-.3,-.4,-4> <.5,.2,.5,-.5,-.4,-.2 > 
<.5.5,.5,-5,-.5,-6> <.4,.4,.4,-.3,-.4,-4> <.5,.2,.5,-—5,-—.4,-2 > <.5,.4,.6,-.6,—.2,—-.3 > 
<.4,.4,.3,-.3,-.4,-1> <.5,.2,.5,-5,-.4 —.2> <.5,.4,.6,-.6,—.2,-3 > <.6,.6,.6,—.5,—.5,—-.5 > 


J J 


The result of composition t matrix of two bipolar neutrosophic matrices C and D can be obtained by the call of 


the command Composition (CG, D): 

>>> Composition(C, D) 

Composition= 

[0.5 04 0.3-0.5-0.4-0.5}[0.5 05 0.5-0.6-0.2-0.4][0.5 05 05-0.5-0.5-0.6][0.4 04 0.3-0.3-0.4-0.4]] 
[10.5 05 05-0.6-0.2-0.4][05 05 0.5-0.5-0.5-0.6][04 04 0.3-0.3-0.4-0.4][0.5 02 0.5 -0.5-0.4-0.2]] 
[10.5 05 05-0.5-0.5-0.6][04 04 0.3-0.3-0.4-0.4][0.5 0.2 05-0.5-0.4-0.2][0.5 0.4 0.6 -0.6-0.2 -0.3]] 


[0.4 04 0.3-0.3-0.4-0.4][0.5 0.2 0.5-0.5-0.4-0.2][0.5 0.4 0.6-0.6-0.2-0.3][0.6 0.6 0.6 -0.5-0.5 -0.5]]] 


4. Conclusion 

In this paper, we have presented a useful Python tool for the calculations of matrices obtained 
by bipolar neutrosophic sets. The matrices have nested list data type, in other words, multi- 
dimensional arrays in the Python Programming Language. The importance of this work, is that the 
proposed Python tool can be used also for fuzzy matrices, bipolar fuzzy matrices, intuitionistic fuzzy 
matrices, bipolar intuitionistic fuzzy matrices and single valued neutrosophic matrices. This work 
will be extending with the implementation of Bipolar Complex Neutrosophic Matrices in the future. 
We have used Python Numpy module in order to provide convenience for possible users. We hope 
that the tool might be useful in data science, physics, scientific computing, decision making, 


engineering studies and other fields. 
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Abstract. Neutrosophic Continuity functions very first introduced by A.A.Salama et.al.Aim of this 
present paper is, we introduce and investigate new kind of Neutrosophic continuity is called 
Neutrosophic ags Continuity maps in Neutrosophic topological spaces and also discussed about some 
properties and characterization of Neutrosophic ags Irresolute Map. 
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1. Introduction 

Neutrosophic set theory concepts first initiated by F.Smarandache[11] which is Based on K. 
Atanassov’s intuitionistic[6]fuzzy sets & L.A.Zadeh’s [20]fuzzy sets. Also it defined by three parameters 
truth(T), indeterminacy (I),and falsity(F)-membership function. Smarandache’s neutrosophic concept 
have wide range of real time applications for the fields of [1,2,3,4&5] Information Systems, Computer 
Science, Artificial Intelligence, Applied Mathematics, decision making. Mechanics, Electrical & 
Electronic, Medicine and Management Science etc,. 

A.A.Salama[16] introduced Neutrosophic topological spaces by using Smarandache’s Neutrosophic 
sets. [.Arokiarani.[7] et.al., introduced Neutrosophic a-closed sets.P. Ishwarya, [13]et.al., introduced 
and studied Neutrosophic semi-open sets in Neutrosophic topological spaces. Neutrosophic continuity 
functions introduced by A.A.Salama[15]. Neutrosophic ags-closed set[8] introduced by V.Banu 
priya&S.Chandrasekar. Aim of this present paper is, we introduce and investigate new kind of 
Neutrosophic continuity is called Neutrosophic ags Continuity maps in Neutrosophic topological 
spaces and also we discussed about properties and characterization Neutrosophic ags Irresolute Maps 


2. Preliminaries 
In this section, we introduce the basic definition for Neutrosophic sets and its operations. 
Definition 2.1 [11] 
Let E be a non-empty fixed set. A Neutrosophic set A writing the format is 
A = {<e, na(e), oa(e) ~ya(e) >:e€E} 
Where nv(e), oa(e) and ya(e) which represents Neutrosophic topological spaces the degree of member- 
ship function, indeterminacy and non-membership function respectively of each element e € E to the 
set A. 
Remark 2.2 [11] 
A Neutrosophic set A={<e, na(e), oa(e), ya(e) >: e€E} can be identified to an ordered triple <na, oa, ya> in 
]-0,1+[ on E. 


Remark 2.3[11] 
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Neutrosophic set A={<e, na(e),oa(e),ya(e) >:e€E}our convenient we can write A=<e, na, Oa, Ya>. 
Example 2.4 [11] 
we must introduce the Neutrosophic set On and 1n in E as follows: 
On may be defined as: 
(01) On={<e, 0, 0, 1>: e€E} 
(02) On={<e, 0, 1, 1>: e€E} 
(03) ON ={<e, 0, 1, 0 >:e€E} 
(04) ON={<e, 0, 0, O>: e€E} 
1n may be defined as: 
(11) In = {<e, 1, 0, O>: eEE} 
(12) InN = {<e, 1, 0, 1 >: e€E} 
(13) In ={<e, 1, 1, 0 >: eEE} 
(14) 1nN ={<e, 1, 1, 1 >: eEE} 
Definition 2.5 [11] 
Let A=<na, oa,ya> be a Neutrosophic set on E, then AC defined as A@={<e , ya(e) ,1- oa(e), Na(e) >: e EE} 
Definition 2.6 [11] 
Let E be a non-empty set, and Neutrosophic sets A and u in the form 
A ={<e, na(e), cA(e), yA(e)>:eEE} and 
U ={<e, nu(e), On(e), Yu(e)>: eEE}. 
Then we consider definition for subsets (AGu). 
AGu defined as: AGu na(e) < nu(e), oa(e) S$ on(e) and ya(e) = yu(e) for all eEE 
Proposition 2.7 [11] 
For any Neutrosophic set A, then the following condition are holds: 
(1) ONGA, ONE ON 
(ii) AC IN, INE IN 
Definition 2.8 [11] 
Let E be anon-empty set, and A=<e, nu(e),ox(e), ya(e)>, U =<e, Nu(e), On(e), Yu(e)> be two 
Neutrosophic sets. Then 
(i) Anu defined as :Anp =<e, na(e)Ann(e), oa(e)Aou(e),ya(e)Vyu(e)> 
(ii) AU defined as :AUU =<e, na(e)Vnu(e), oa(e)Vou(e), ya(e)AYu(e)> 
Proposition 2.9 [11] 
For all A and pu are two Neutrosophic sets then the following condition are true: 
(i) (Anw)S=ACUS 
(ii) (AU) = ANUS. 
Definition 2.10 [16] 
A Neutrosophic topology is a non-empty set E is a family tn of Neutrosophic subsets in E satisfying 
the following axioms: 
(i) ON, IN ETN, 
(ii) GiNG2Ew for any Gi, G2Etn, 
(iii) UGi€ tn for any family {Gi| i€J}Gt. 
the pair (E, tn) is called a Neutrosophic topological space. 
The element Neutrosophic topological spaces of tn are called Neutrosophic open sets. 
A Neutrosophic set A is closed if and only if Ac is Neutrosophic open. 
Example 2.11[16] 
Let E={e} and 
A= {<e, .6, .6, .5>:e€E} 
A= {<e, .5, .7, .9>:eEE} 
Az= {<e, .6, .7, .5>:e€E} 
Aa= {<e, .5, .6, .9>:eEE} 
Then the family tr={On, 1n,A1, Az, As, Aatis called a Neutrosophic topological space on E. 
Definition 2.12[16] 
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Let (E, ty) be Neutrosophic topological spaces and A={<e, na(e), oa(e), ya(e)>:eE€E} be a Neutrosophic set 
in E. Then the Neutrosophic closure and Neutrosophic interior of A are defined by 
Neu-cl(A)=n{D:D is a Neutrosophic closed set in E and AED} 
Neu-int(A)=U{C:C is a Neutrosophic open set in E and CGA}. 
Definition 2.13 
Let (E, tn) be a Neutrosophic topological space. Then A is called 
(1) Neutrosophic regular Closed set [7] (Neu-RCS in short) if A=Neu-Cl(Neu-Int(A)), 
(ii) Neutrosophic a-Closed set[7] (Neu-aCS in short) if Neu-Cl(Neu-Int(Neu-Cl(A)))SA, 
(iii) Neutrosophic semi Closed set [13] (Neu-SCS in short) if Neu-Int(Neu-Cl(A))&A , 
(iv) Neutrosophic pre Closed set [18] (Neu-PCS in short) if Neu-Cl(Neu-Int(A))GA, 
Definition 2.14 
Let (E, tn) be a Neutrosophic topological space. Then A is called 
(i). Neutrosophic regular open set [7](Neu-ROS in short) if A=Neu-Int(Neu-Cl(A)), 
(ii). Neutrosophic a-open set [7](Neu-aOS in short) if AG Neu-Int(Neu-Cl(Neu-Int(A))), 
(iii). Neutrosophic semi open set [13](Neu-SOS in short) if AG Neu-Cl(Neu-Int(A)), 
(iv). Neutrosophic pre open set [18] (Neu-POS in short) if AG Neu-Int(Neu-Cl(A)), 
Definition 2.15 
Let (E, tn) be a Neutrosophic topological space. Then A is called 
(i). Neutrosophic generalized closed set[9](Neu-GCS in short) if Neu-cl(A)GU whenever ASU and U is 
a Neu- 

OSinE, 
(ii). Neutrosophic generalized semi closed set[17] (Neu-GSCS in short) if Neu-scl(A)GU Whenever AGU 
and U 

is a Neu-O$ in E, 
(iii). Neutrosophic a generalized closed set [14](Neu-aGCS in short) if Neu-acl(A)GU whenever AGU 
and U isa 

Neu-OS in E, 

(iv).Neutrosophic generalized alpha closed set [10] (Neu-GaCS in short) if Neu-acl(A)GU whenever 
ASU and U 

isa Neu-aOSin E. 
The complements of the above mentioned Neutrosophic closed sets are called their respective 
Neutrosophic open sets. 
Definition 2.16 [8] 
Let (E, tn) be a Neutrosophic topological space.Then A is called Neutrosophic a generalized Semi closed 
set (Neu-aGSC$ in short) if Neu-acl(A)GU whenever AGU and U is a Neu-SOS in E 
The complements of Neutrosophic aGS closed sets is called Neutrosophic aGS open sets. 
3. Neutrosophic ags-Continuity maps 
In this section we Introduce Neutrosophic a-generalized semi continuity maps and study some of its 
properties. 
Definition 3.1. 
A maps f:(E1, tN)—>( E2, on) is called a Neutrosophic a-generalized semi continuity(Neu-aG$S continuity 
in short) f(t) is a Neu-aGSCS in (E1, tr) for every Neu-CS u of (E2, on) 
Example 3.2. 
Let E:={a1,a2}, E2={bi,b2}, U=<e1,(.7,.5,.8),(.5,.5,.4)> and V=<ez,(1,.5,.9),(.2,.5,.3)>.Then trn={0n,U,1n} and 
on={0n,V,1N} are Neutrosophic Topologies on E1:and E2 respectively. 
Define a maps f:(E1, tN) —>( E2, on)by f(a1)=b1 and f(a2)=bz. Then f is a Neu-aGS continuity maps. 
Theorem 3.3. 
Every Neu-continuity maps is a Neu-aG$S continuity maps. 
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Proof. 

Let f:(E1, ty) —>( Ez, on) be a Neu-continuity maps. Let A be a Neu-CS in Ez. Since f is a Neu-continuity 
maps, f1(A) is a Neu-CS in E:. Since every Neu-CS is a Neu-aGSCS,f1(A) is a Neu-aGSC$ in Ei. Hence f 
is a Neu-aG5 continuity maps. 

Example 3.4. 

Neu-aG&S continuity maps is not Neu-continuity maps 

Let Ei={a1, a2}, Ex={bi, b2}, U=< e1, (.5,.5,.3), (.7,.5, .8)> and V=< e2,(.4,.5,.3), (.8,.5, .9)>. Then tr={0n,U,1N} and 
on={0n,V,1Nn} are Neutrosophic sets on Ei and Ez respectively. Define a maps f:(E1, tn)—( Ez, on) by 
f(ai)=bi and f(az)=b2 . Since the Neutrosophic set A=<y ,(.3,.5, .4),(.9,.5, .8)> is Neu-CS in E2, f(A) is a Neu- 
aGSCS but not Neu-C$S in E1. Therefore fis a Neu-aGS continuity maps but not a Neu-continuity maps. 
Theorem 3.5. 

Every Neu-a continuity maps is a Neu-aG5 continuity maps. 

Proof. 

Let f:(E1, tN) —>( Ez, on)be a Neu- a continuity maps. Let A be a Neu-CS in Ez. Then by hypothesis 

f(A) is a Neu-aC$S in E1. Since every Neu-aCS is a Neu-aGSCS,f1(A)is a Neu-aGSC$S in Ei. Hence f is a 
Neu-aG5 continuity maps. 

Example 3.6. 

Neu-aG5 continuity maps isnot Neu-a continuity maps 

Let E1={a1,a2}, Eo={b1,b2}, U=< e1,(.5,.5, .6), (.7,.5,.6)> and V=< e2 ,(.3,.5,.9), (.5,.5, .7)>. Then tr={0n,U,1Nn} and 
on={0n, V, Ln} are Neutrosophic Topologies on Ei and E2 respectively. Define a maps f:(E1, tN)—>( Ez, on) 
by f(a1)=b1 and f(az)=bz. Since the Neutrosophic set A=< ez, (.9,.5, .3), (.7,.5, .5)> is Neu-CS in Ez, f(A) is a 
Neu-aGSCs continuity maps. 

Remark 3.7. 

Neu-G continuity maps and Neu-aGS continuity maps are independent of each other. 

Example 3.8. 

Neu-aG5 continuity maps isnot Neu-G continuity maps. 

Let Ei={a1, a2}, Ex={bi, b2}, U=< e1,(.5,.5, .6), (.8,.5,.4)> and V=< e2 ,(.7,.5,.4), (.9,.5, .3)>. Then tr={0n,U,1n} 
and on={0n,V,1N} are Neutrosophic Topologies on Ei and E2 respectively. Define a maps f:(E1, tN)—>( E2, 
On) by f(a1)=b1 and f(az)=bz .Then f is Neu-aGS continuity maps but not Neu-G continuity maps. 

Since A=< e1,(.4,.5, .7), (.3,.5, .9)> is Neu-CS in Ez, f(A)=< e2, (.4,.5, .7), (.7,.5, .3)> is not Neu-GCS in E1. 
Example 3.9. 

Neu-G continuity maps is not Neu-aG$S continuity maps. 

Let E:={a1, a2}, Ex={b1,b2}, U=<e1,(.6,.5,.4), (.8,.5,.2)> and V=<ez,(.3,.5,.7), (.1,.5, .9)>. Then tr={0n,U,1Nn} and 
On={0n,V,1n} are Neutrosophic Topologies on Ei and E2 respectively. Define a maps f:( E1, tn) —( E2, 
on) by f(a1)=b1 and f(az)=bz . Then f is Neu-G continuity maps but not a Neu-aG$ continuity maps. 
Since A=< e2 ,(.7,.5, .3), (.9,.5, .1)> is Neu-CS in Ez, f1(A)=< e1, (.7,.5, .3), (.9,.5,.1)> is not Neu-aGSC$ in Ei. 
Theorem 3.10. 

Every Neu-aG5 continuity maps is a Neu-GS continuity maps. 

Proof. 

Let f f:(E1, tN) —>( Ez, on) be a Neu-aGS continuity maps. Let A be a Neu-C$S in E2.Then by hypothesis 
f(A) Neu-aGSCS in E1. Since every Neu-aGSC$S is a Neu-GSCS, f1(A) is a Neu-GSCS in E1. Hence f is a 
Neu-GS continuity maps. 

Example 3.11. 

Neu-G5 continuity maps is not Neu-aGS continuity maps. 

Let E1={a1, a2}, Ex={bi, b2}, U=< e1,(.8,.5,.4), (.9,.5,.2)> and V=< e2,(.3,.5,.9), (0.1,.5, .9)>. Then trn={0n,U,1N} 
and on={0n,V,1Nn} are Neutrosophic Topologies on Ei and Ez respectively. Define a maps f:(E1, ty) —>( E2, 
on)by f(a1)=bi and f(az)=b2.Since the Neutrosophic set A=< e2,(.9,.5,.3),(.9, .5,.1)> is Neu-CS in Ez, f1(A) is 
Neu-GSCS$ in Ei but not Neu-aGSC$ in E1. Therefore f is a Neu-GS continuity maps but not a Neu-aGS 
continuity maps. 

Remark 3.12. 

Neu-P continuity maps and Neu-aGS continuity maps are independent of each other. 
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Example 3.13. 

Neu-P continuity maps is not Neu-aGS continuity maps Let E1={a1, az}, E2={bi, bz2},U= < e1, 
(.3,.5,.7),(.4,.5,.6)> and V=< e2,(.8,.5,.3), (.9,.5, .2)>. Then tr={0n,U,1N} and on={On, V, 1n } are Neutrosophic 
Topologies on E1 and E2 respectively. Define a maps f:(E1, tN)—>( E2, on)by f(a1)=bi and f(az)=bz.Since the 
Neutrosophic set A=< e2,(.3,.5, .8), (.2,.5, .9)> is Neu-CS in Ez, f(A) is Neu-PCS in E1 but not Neu-aGSCS 
in Ei. Therefore f is a Neu-P continuity maps but not Neu-aGS continuity maps. 

Example 3.14. 

Neu-aG5 continuity maps is not Neu-P continuity maps 

Let Ei={a1, a2}, Ex={bi, b2}, U=< e1,(.4,.5,.8),(.5,.5,.7)> and V=< e1,(.5,.5,.7), (.6,.5, .6)> and W=< e2,(.8,.5,.4), 
(.5,.5,.7)>. Then tr={0n,U,V,1N} and on={0n,W,1n} are Neutrosophic Topologies on E1 and E2 respectively. 
Define a maps f:(E1, tv)—>( Ez, on)by f(a1) = bi and f(az)=b2. Since the Neutrosophic set A=<y ,(.4,.5, .8), 
(.7,.5, .5)> is Neu-aGSCS but not Neu-PCS in Ez, f!(A)is Neu-aGSCS in Ei but not Neu-PCS in Ei. 
Therefore f is a Neu-aGS continuity maps but not Neu-P continuity maps. 

Theorem 3.15. 

Every Neu-aG5 continuity maps is a Neu-aG continuity maps. 

Proof. 

Let f:(E1, tr) —>( Ez, on)be a Neu-aGS continuity maps. Let A be a Neu-CS in Ez. Since f is Neu-aGS 
continuity maps, f!(A) is a Neu-aGSC$ in E1. Since every Neu-aGSC$S is a Neu- aGCS, f(A) is a Neu- 
aGCS in E1. Hence f is a Neu- aG continuity maps. 

Example 3.16. 

Neu- aG continuity maps is not Neu-aGS continuity maps 

Let E1={a1, a2}, Ex={b1, b2}, U=< e1,(.1,.5,.7),(.3,.5, .6)> and V=< e2,(.7,.5,.4), (.6,.5, .5)>.Then tn={0n,U,1Nn} and 
On={0n,V,1n} are Neutrosophic Topologies on Ei and Ez respectively. Define a maps f:(E1, tN)—>( E2, 
on)by f(a1)=bi and f(az)=b2.Since the Neutrosophic set A=< e2,(.4,.5,.7),(.5,.5, .6)> is Neu-CS in Ez, f1(A) is 
Neu-aGC$ in Ei but not Neu-aGSCS$ in E1. Therefore f is a Neu-aG continuity maps but not a Neu-aGS 
continuity maps. 

Theorem 3.17. 

Every Neu-aG5 continuity maps is a Neu-Ga continuity maps. 

Proof. 

Let f:(E1, tr) —>( Ez, on)be a Neu-aGS continuity maps. Let A be a Neu-CS in Ez. Since f is Neu-aGS 
continuity maps, f!(A)is a Neu-aGSC$S in Ei. Since every Neu-aGSC$ is a Neu-GaCs, f1(A) is a Neu- 
GaCsS in E1. Hence f is a Neu-Ga continuity maps. 

Example 3.18. 

Neu-Ga continuity maps is not Neu-aGS continuity maps Let E1={a1, a2}, E2={bi, bz}, U=< e1, (.5,.5,.7), 
(.3,.5, .9)> and V=< e2 ,(.6,.5,.6), (.5,.5,.7)>.Then tn={0n,U,1n } and on={0n,V,1N} are Neutrosophic 
Topologies on Ei and Ez respectively. Define a maps f:(E1, tN) —>( E2, on)by f(a1)=bi and f(az)=b2. Since the 
Neutrosophic set A=<y,(.6,.5,.6), (.7,.5, .5)> is Neu-CS in E2, f(A)is Neu-Ga CS in Ei but not Neu-aGSCS 
in E:. Therefore f is a Neu-Ga continuity maps but not a Neu-aGS continuity maps. 

Remark 3.19. 

We obtain the following diagram from the results we discussed above. 


Neu o@ cts-MM————_ Neu aG cts-M ————— Neu Ga cts-M 


Neu cts-M 





Theorem 3.20. 
A maps f:(E1,tN)—>( E2,on)is Neu-aGS continuity if and only if the inverse image of each Neutrosophic 
set in E2 is a Neu-aGSO$ in E1. 
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Proof. 

first part Let A be a Neutrosophic set in Ez. This implies Ac is Neu-CS in E2. Since f is Neu-aGS continuity, 
f1(AC) is Neu-aGSC$ in Ei. Since f(A =(f(A))S f(A) is a Neu-aGSOS in Ei. 

Converse part Let A be a Neu-CS in Ez. Then AC is a Neutrosophic set in Ex. By hypothesis f1(A°) is 
Neu-aGSOS in E1. Since f(AS)=(f(A))S (f1(A))© is a Neu-aGSOS in E:. Therefore f(A) is a Neu-aGSCS 
in Ei. Hence f is Neu-aGS continuity. 

Theorem 3.21. 

Let f:(E1, ty)—>( Ez, on)be a maps and f1(A) be a Neu-RCS in E:ifor every Neu-CS A in Ez. Then f is a Neu- 
aGS continuity maps. 

Proof. 

Let A be a Neu-CS in E2 and f(A) be a Neu-RCS in Ei. Since every Neu-RCS is a Neu-aGSCS, f(A) is a 
Neu-aGSC$ in E1. Hence f is a Neu-aGS continuity maps. 

Definition 3.22. 

A Neutrosophic Topology (E, tn) is said to be an 

(i) Neu-ogaU12(in short Neu- agaU1/2) space ,if every Neu-aGSC$ in E is a Neu-CS in E, 

(ii) Neu-agbU1/2(in short Neu- agbU1/2) space ,if every Neu-aGSC$ in E is a Neu-GCS$ in E, 

(iii) Neu-agcU12(in short Neu- agcU1/2) space, if every Neu-aGSCS in E is a Neu-GSCS$ in E. 

Theorem 3.23. 

Let f:(E1, tN) —>( E2, on)be a Neu-aG$S continuity maps, then f is a Neu-continuity maps if Ei is a Neu- 
agaU1/2 space. 

Proof. 

Let A be a Neu-CS in Ez. Then f"(A)is a Neu-aGSC$S in E:1, by hypothesis.Since E1 is a Neu-ogaU12,f1(A) is 
a Neu-CS in Ei. Hence f is a Neu-continuity maps. 

Theorem 3.24. 

Let f:(E1, ty) —>( Ez, on)be a Neu-aG$5 continuity maps, then fis a Neu-G continuity maps if Ei is a Neu- 
agbU1/2 space. 

Proof. 

Let A be a Neu-C$S in Ez. Then f(A) is a Neu-aGSC$ in E1, by hypothesis. Since E1 is a Neu- agbU1/2,f (A) 
is a Neu-GCS in E1. Hence f is a Neu-G continuity maps. 

Theorem 3.25. 

Let f:(E1, tt) —>( Ez, on)be a Neu-aGS continuity maps, then f is a Neu-GS continuity maps if E1isa 
Neu-agcU1/2 space. 

Proof. 

Let A be a Neu-C$S in Ez. Then f(A) is a Neu-aGSC$ in E1, by hypothesis. Since Ei is a Neu- agcU1/2,f1(A) 
is a Neu-GSCS in E1. Hence f is a Neu-GS continuity maps. 

Theorem 3.26. 

Let f:(E1, tN)—>( E2, on)be a Neu-aGS continuity maps and g:( E2, on)—>( Es, Qn) be an Neutrosophic 
continuity, then gof :( Ei, ty) —>( Es, en) is a Neu-aGS continuity. 

Proof. 

Let A be a Neu-CS in Es. Then g1(A)is a Neu-CS in Ez, by hypothesis. Since f is a Neu-aGS continuity 
maps, f1(g1(A)) is a Neu-aGSC$ in Ei. Hence gof isa Neu-aGS continuity maps. 

Theorem 3.27. 

Let f:(E1, tN)—>( Ez, on)be a maps from Neutrosophic Topology in Ei in to a Neutrosophic Topology Ez. 
Then the following conditions set are equivalent if E1 is a Neu-agaU 1/2 space. 

(i) fis a Neu-aG$S continuity maps. 

(ii) if uis a Neutrosophic set in Ez then f1(u) is a Neu-aGSOS in E1. 

(iii) f1(Neu-int(u)) @Neu-int(Neu-Cl(Neu-int(f"(u)))) for every Neutrosophic set u in Ez. 

Proof. 

(i)— (ii): is obviously true. 
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(ii)— (iii): Let u be any Neutrosophic set in E2. Then Neu-int(u) is a Neutrosophic set in E2. Then f 
'(Neu-int(u)) is a Neu-aGSOS in Ei. Since Ei is a Neu-agaU12 space, f1(Neu-int(u))is a Neutrosophic set 
in E1.Therefore f!(Neu-int(u))=Neu-int(f1(Neu-int(u)))& Neu-int(Neu-Cl(Neu-int(f"(u)))). 
(iii) (i) Let u be a Neu-CS in Ez. Then its complement uc is a Neutrosophic set in Ez. By Hypothesis f 
1(Neu-int(u°)) ¢Neu-int(Neu-Cl(Neu-int(f!(Neu-int(uS))))).This implies that f1(u°)G&Neu-int(Neu- 
Cl(Neu-int(f!(Neu-int(u))))). Hence f1(uS) is a Neu-aOS in E1. Since every Neu-aOS is a Neu-aGSOS, f 
'(uSjis a Neu-aGSOS in E1. Therefore f(t) is a Neu-aGSC$ in Ei. Hence f is a Neu-aGS continuity maps. 
Theorem 3.28. 
Let f:(E1, ty)—>( Ez, on)be a maps. Then the following conditions set are equivalent if E1 is a Neu- agaUi2 
space. 
(i) fis a Neu-aGS continuity maps. 
(ii) f(A) is a Neu-aGSCS in Ei for every Neu-CS A in Ez. 
(iii) Neu-Cl(Neu-int(Neu-Cl(f(A))))Sf1(Neu-Cl(A)) for every Neutrosophic set A in E2. 
Proof. 
(i)— (ii): is obviously true. 
(ii)— (iii): Let A be a Neutrosophic set in E2.Then Neu-Cl(A) is a Neu-CS in Ez. By hypothesis,f1(Neu- 
Cl(A))is a Neu-aGSC$ in Ei. Since E1 is a Neu-agaUi/2 space, f1(Neu- Cl(A)) is a Neu-CS in E1. Therefore 
Neu-Cl(f!(Neu-Cl(A)))=f1(Neu-Cl(A)). Now Neu-Cl(Neu-int(Neu-Cl(f1(A)))) ¢Neu-Cl(Neu-int(Neu-Cl(f 
1(Neu-Cl(A))))) Sf(Neu-Cl(A)). 
(iii) (i): Let A be a Neu-CS in Ez. By hypothesis Neu-Cl(Neu-int(Neu-Cl(f1(A))))Sf'(Neu-Cl(A))=f 
1(A).This implies f1(A) is a Neu-aCS in E: and hence it is a Neu-aGSC$ in E1. Therefore f is a Neu-aGS 
continuity maps. 
Definition 3.29. 
Let (E, tn) be a Neutrospohic topology.The Neutrospohic alpha generalized semi closure (Neu- 
aGSCl(A)in short) for any Neutrosophic set A is Defined as follows. Neu-aGSCl(A)=n{ K|Kis a Neu- 
aGSC$S in E:and A CK}. If A is Neu-aGSCS, then Neu-aGSCl(A)=A. 
Theorem 3.30. 
Let f:(E1, tN) —>( E2, on)be a Neu-aGS continuity maps. Then the following conditions set are hold. 
(i) f(Neu-aGSCl(A)) SG Neu-Cl(f(A)), for every Neutrosophic set A in Ei. 
(ii) Neu-aGSCl(f"(u))Sf(Neu-Cl(p)),for every Neutrosophic set u in E2. 
Proof. 
(i) Since Neu-Cl(f(A))is a Neu-CS in Ez and f is a Neu-aGS continuity maps, f!(Neu-Cl(f(A)))is Neu- 
aGSCS in 
E1. That is Neu-aGSCl(A)Sf1(Neu-Cl(f(A))). Therefore f(Neu-aGSCl(A)) SNeu-Cl(f(A)),for every 
Neutrosophic set A in E1. 
(ii) Replacing A by f1(u) in (i) we get f(Neu-aGSCl(f"(p))) SNeu-Cl(f(f1(u))) @Neu-Cl(u).Hence Neu- 
aGsCl( 
f(u))Sft(Neu-Cl(u)), for every Neutrosophic set u in E2. 
4. Neutrosophic a-Generalized Semi Irresolute Maps 
In this section we Introduce Neutrosophic a-generalized semi irresolute maps and study some of its 
characterizations. 
Definition 4.1. 
A maps f:(E1, tN)—>( E2, on)is called a Neutrosophic alpha-generalized semi irresolute (Neu-aGS 
irresolute) maps if f1(A) is a Neu-aGSCSin (E1, tn) for every Neu-aGSC$ A of (E2, on) 
Theorem 4.2. 
Let f:(E1, tN) —>( Ez, on)be a Neu-aGS irresolute, then f is a Neu-aGS continuity maps. 
Proof. 
Let f be a Neu-aGS irresolute maps. Let A be any Neu-CS in Ez. Since every Neu-CS is a Neu-aGSCS, A 
is a Neu-aGSC$ in E2. By hypothesis f(A) is a Neu-aGSCS in Ez. Hence f is a Neu-aGS continuity maps. 
Example 4.3. 
Neu-aGS continuity maps is not Neu-aGS$ irresolute maps. 
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Let E1={a1, a2}, Ex={bi, bo}, U=< e1,(.4,.5, .7), (.5,.5,.6)> and V=< e2 ,(.8,.5,.3), (.4,.6, .7)>. Then tr={0n,U,1N} 
and on = {0n,V,1n} are Neutrosophic Topologies on E: and Ez respectively. Define a maps f:(E1, tn) —>( E2, 
on)by f(a1)=b1 and f(a2)=bz. Then f is a Neu-aG$5 continuity. We have u=< e2,(.2,.5, .9), (.6,.5, .5)> is a Neu- 
aGSCS in E2 but f(t) is not a Neu-aGSC$ in E1. Therefore f is not a Neu-aG$ irresolute maps. 
Theorem 4.4. 

Let f:(E1, tr) —>( Ez, on)be a Neu-aGS irresolute, then f is a Neutrosophic irresolute maps if Ei is a Neu- 
agaU12 space. 

Proof. 

Let A be a Neu-CS in Ez. Then A is a Neu-aGSCS in Ez. Therefore f!(A) is a Neu-aGSC$S in E1, by 
hypothesis. Since E1 is a Neu-agaU12 space, f1(A) is a Neu-CS in Ei. Hence f is a Neutrosophic irresolute 
maps. 

Theorem 4.5. 

Let f:(E1, ty)—>( Ez, on)and g:( Ez, on)—>( Es, Qn) be Neu-aGS irresolute maps, then gof:( E1, tN)—>( Es, QN)is 
a Neu-aGS$ irresolute maps. 

Proof. 

Let A be a Neu-aGSCS in Es. Then g(A) is a Neu-aGSCS in Ez. Since f is a Neu-aGS irresolute maps. f 
1((g(A))) is a Neu-aGSCS in Ei. Hence goef is a Neu-aGS irresolute maps. 

Theorem 4.6. 

Let f:(E1, tN) —>( Ez, on)be a Neu-aGS irresolute and g:( Ez, on) —( Es, en) be Neu-aGS continuity maps, 
then gof:(E1, tN)—( E3, Qn) is a Neu-aGS continuity maps. 

Proof. 

Let A be a Neu-C$S in Es. Then g"(A) is a Neu-aGSC$ in Ez. Since f is a Neu-aGS irresolute, 

f1((g(A)) is a Neu-aGSC$ in E1. Hence gof isa Neu-aGS continuity maps. 

Theorem 4.7. 

Let f:(E1, ty) —>( Ez, on)be a Neu-aGS irresolute, then f is a Neu-G irresolute maps if E1 is a Neu-ogpU1/2 
space. 

Proof. 

Let A be a Neu-aGSCS in Ez. By hypothesis, f(A) is a Neu-aGSC$ in E1. Since E1 is a Neu- agbU1/2 space, 
f(A) is a Neu-GCS in E1. Hence f is a Neu-G irresolute maps. 

Theorem 4.8. 

Let f:(E1, tN) —>( Ez, on)be a maps from a Neutrosophic Topology E1 Into a Neutrosophic Topology E2 

. Then the following conditions set are equivalent if E1 and Ez are Neu- agaU1/2 spaces. 

(i) fis a Neu-aGS$ irresolute maps. 

(ii) f'(u) is a Neu-aGSOS$ in E1 for each Neu-aGSOS wu in E2. 

(iii) Neu-Cl(f"(u))Sf(Neu-Cl(u)) for each Neutrosophic set u of E2. 

Proof. 

(i) (ii) : Let u be any Neu-aGSO$S in Ez. Then uo is a Neu-aGSCS in E2.Since f is Neu-aG8$ irresolute, f 
'(u°) is a Neu-aGSCS in E1. But f"(uS)=(f"(u))°. Therefore f1(u) is a Neu-aGSOS in Ei. 

(ii) (ii) : Let u be any Neutrosophic set in Ezand uGNeu-Cl(u). Then f(u)Sf!(Neu-Cl(u)). Since Neu- 
Cl(u) is a Neu-CS in Ez, Neu-Cl(u) is a Neu-aGSC$ in Ez. Therefore (Neu-Cl(u))© is a Neu-aGSOS in E2. 
By hypothesis, f1((Neu-Cl(u))9 is a Neu-aGSOS in E1. Since f1((Neu-Cl(u))9=(f1(Neu-Cl(u)))S£1(Neu- 
Cl(u)) is a Neu-aGSC$ in E1. Since E1 is Neu- agaUi2 space,f!(Neu-Cl(1)) is a Neu-CS in Ei. Hence Neu- 
Cl(f"(u)) SNeu-Cl(ft(Neu-Cl(u)))=f!(Neu-Cl(u)). That is Neu-Cl(f(u))Sft(Neu-Cl(u)). 

(iii) (i) : Let p be any Neu-aGSC& in E2. Since Ez is Neu-agaU12 space, u is a Neu-CS in E2 and Neu- 
Cl(u)=u.Hence f!(u)=f!(Neu-Cl(u)2Neu-Cl(f"(p)). But clearly f4(u)G&Neu-Cl(f"(u)). Therefore Neu-Cl(f 
‘(u))=f"(u). This implies f!(u) is a Neu-CS and hence it is a Neu-aGSC$&S in Ei. Thus f is a Neu-aGS 
irresolute maps. 

Conclusion 

In this research paper using Neu-aGSCS(Neutrosophic ags-closed sets ) we are defined Neu-aGS 
continuity maps and analyzed its properties.after that we were compared already existing 
Neutrosophic continuity maps to Neu-aGSC$&S continuity maps. Furthermore we were extended to this 
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maps to Neu-aG$ irresolute maps , Finally This concepts can be extended to future Research for some 


mathematical applications. 
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Abstract: The intention of this paper is to introduce the concept of GSR-closed sets in terms of 
neutrosophic topological spaces. Some of the properties of NGSR-closed sets are obtained. In 
addition, we inspect NGSR-continuity and NGSR-contra continuity in neutrosophic topological 
spaces. 


Keywords: neutrosophic topology, NGSR-closed set, NGSR-continuous, NGSR-contra continuous 
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1. Introduction 

In 1965, fuzzy concept was proposed by Zadeh [43] and he studied membership function. 
Chang [14] developed the theory of fuzzy topology in 1967. The notions of inclusion, union, 
intersection, complement, relation, convexity, and so forth, are expanded to such sets and several 
properties of these notions are established by various authors. 

Atanassov [10, 11, 12] generalized the idea of fuzzy set to intuitionistic fuzzy set by adding 
the degree of non-membership. The intuitionistic fuzzy topology was advanced by Coker [16] using 
the notion of intuitionistic fuzzy sets. Intuitionistic fuzzy point was given by Coker et.al [15]. These 
approaches gave a wide field for exploration in the area of intuitionistic fuzzy topology and its 
application. Burillo et al.[13]studied the intuitionistic fuzzy relation and their properties. Thakur et.al 
[44] introduced generalized closed set in intuitionistic fuzzy topology. Various researchers [8, 24, 26, 
33, 37, 38] extended the results of generalization of various Intuitionistic fuzzy closed sets in many 
directions. 

The concepts of neutrosophy was introduced by Florentin Smarandache [18, 19, 20] in which 
he developed the degree of indeterminacy. In comparing with more uncertain ideology, the 
neutrosophic set can accord with indeterminacy situation. Salama et.al [34,35,36] transformed the 
idea of neutrosophic crisp set into neutrosophic topological spaces and introduced generalized 
neutrosophic set and generalized neutrosophic topological Spaces. Ishwarya et.al [22] studied 
Neutrosophic semi open sets in Neutrosophic topological spaces. Abdel-Basset et.al [ 1,2,3,4,5,6] gave 
anovel neutrosophic approach. Many researchers [28, 30, 31, 41, 42] added and studied semi open 
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sets, a open sets, pre-open sets, semi alpha open sets etc., and developed several interesting 
properties and applications in Neutrosophic Topology. Several authors [7, 25, 27, 32, 39, 44] have 
contributed in topological spaces. 

Mohana K et.al [29] introduced gsr -closed sets in soft topology in 2017. In this article we tend 
to provide the idea of NGSR-closed sets and NGSR-open sets. Also, we presented NGSR continuous 


and NGSR-contra continuous mappings. 


2 Preliminaries 

Definition 2.1. [20] Let X be anon-empty fixed set. A neutrosophic set (NS) A is an object having the 
form A = {{x,Ha(X), 0,(X), Va(xX)):x © X} where wu,(x),0,(X) andv,(x)represent the degree of 
membership, degree of indeterminacy and the degree of nonmembership respectively of each 
element x € X to the set A. 

A Neutrosophic set A = {(x, Ua(x), 6, (x), Va(x)): x € X} can be identified as an ordered triple 
(Ha (x), 6, (X), Va(X)) in ]70, 1° on X. 

Definition 2.2. [20] Let A =(u,q (x), 04(X), Va(xX)) be a NS on X, then the complement C(A) may be 
defined as 

1. C(A) = {(x, 1 — uy (x), 1 — va (x)): x € X} 

2. C(A) = {(x, va (X), 04 (X), Ha (X)): x € XJ 

3. C(A) = U(x, va (x), 1 — 04 (x), Ha(X)): x € X} 

Note that for any two neutrosophic sets A and B, 

4. C(A UB) = C(A) NC(B) 

5.C(A NB) =C(A)U C(B). 

Definition 2.3. [20] For any two neutrosophic sets A = {(x, a(x), 0,4 (X), Va(x)):x € X} and B = 
{(X, p(X), Op (X), Vg(X)): x © X} we may have 

1.A&BS ua(X) S Up(X), on (X) S Op(X) and va (x) = vp (X)V x € X 

2.A ©BS ua(X) S Up(X), 04 (X) = Op(X) and vy (x) = vp(xX)V x € X 

3.ANB= (x,Ua(X) A Up(X), 04(X) A op(X) and va(x) V vg(x)) 

4.ANB= (x,Ua(x) A Up), O4(X) V op(X) and va(x) V vg(x)) 

5. AUB = (x,Ha(X) V p(X), o,(K) V og(X) and va (x) A vp(x)) 

6.AUB= (x,Ua(X) V Up(X), 04 (X) A Og (X) and va (x) A vp (x)) 

Definition 2.4. [34] A neutrosophic topology (NT) on a non-empty set X is a family t of neutrosophic 


subsets in X satisfies the following axioms: 
(NT,) On, 1y ET 

(NT,) G, NG, € t for any G,,G, ET 

(NT,) UG, ETV{G;:i€ J} St 


Definition 2.5. [34] Let A be an NS in NTS X. Then 

Nint(A) =U {G: Gis an NOS in X andG € A} is called a neutrosophic interior of A 

Ncl(A) = {K: Kis an NCS in X and A € K} is called a neutrosophic closure of A 

Definition 2.6. [18] A NS A of a NTS X is said to be 

(1) aneutrosophic pre-open set (NPOS) if A & NInt(NCI(A)) and a neutrosophic pre-closed(NPCS) if 
NCI(NInt(A)) © A. 
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(2) a neutrosophic semi-open set (NSOS) if A © NCI(NInt(A)) and a neutrosophic semi-closed set 

(NSCS) if NInt(NCI(A)) © A. 

(3) a neutrosophic a-open set (NaOS) if A © NInt(NCI(NInt(A))) and a neutrosophic a-closed set 

(NaCS) if NCI(NInt(NCI(A))) © A. 

(4) a neutrosophic regular open set (NROS) if A = Nint(Ncl(A)) and a neutrosophic regular closed 

set (NRCS) if Ncl(Nint(A)) = A. 

Definition 2.7. [22] Consider a NS A in a NTS (X, T).Then the neutrosophic semi interior and the 

neutrosophic 

semi closure are defined as 

Nsint(A) = U{G: G is a N Semi open set in X and G € A} 

Nscl(A) = N {K: Kis a N Semi closed set in X andA C€ K } 

Definition 2.8. [38] A subset A of a neutrosophic topological space (X, T) is called a neutrosophic a 

generalized closed (Nag-closed) set if Nacl(A) © U whenever A € U and U is neutrosophic a-open 

in (X, T). 

3. NGSR closed sets 

Definition 3.1. A NS A ina NTS X is stated to be a neutrosophic gsr closed set (NGSR-Closed set) if 

Nscl (A) & U for every A © U and U is a NROS (Neutrosophic Regular Open set) in X. 

The complement C(A) of a NGSR-closed set A is a NGSR-open set in X. 

Example 3.2. Let X = {a,b} and t = {0,,G, 1} be NT in which G, (x, (0.4, 0.1), (0.3,0.2), (0.5, 0.5)) and 

G, = (x, (0.4,0,4), (0.4, 0.3), (0.5,0.4)). Here A = (x, (0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR-closed 

set. 

Theorem 3.3. Each NCS is a NGSR-closed set in X. 

Proof. Let A © U wherein U is a NROS in X. Let A be an NCS in X. 

We got Nscl(A) © Ncl(A) & U. Consequently A is a NGSR-closed set in X. 

Example 3.4. Let X = {a, b} and t = {0,,G, 1y} be an NT having G, = (x, (0.4, 0.1), (0.3, 0.2), (0.5, 0.5)) 

and G, = (x, (0.4, 0.4), (0.4; 0.3), (0.5, 0.4)) .Here A = (x, (0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR- 

closed set, however not NCS. 

Theorem 3.5. Each Na — closed set is a NGSR-closed set in X. 

Proof. Let A © U inwhich U is a NROS in X. Let A be an Na — closed set in X. 

Now Nscl(A) © N € cl(A) © U. Consequently A is a NGSR-closed set in X. 

Example 3.6. Let X ={a, b} and t = {0,,G,1y} be an NT in which 

G, = (x, (0.6,0.2), (0.1,0.5), (0.5, 0.4)) and Gz = (x, (0.5, 03), (0.3, 0.2), (0.6,0.4) ) 

Here A = (x, (0.6,0.3), (0.1,0.6), (0.5,0.4) ) is an NGSR-closed set, but not Na-closed set as 
Ncl(Nint(Ncl(A))) = C(A) G&G A. 

Theorem 3.7. Each Nsemi-closed set is a NGSR-closed set in X. 

Proof. Suppose A is an Nsemi-closed set and A © U wherein U is a NROS in X. Now (A) = A U 

Nint(Ncl(A)) © A UA =A. Therefore A is a NGSR-closed set in X. 

Example 3.8. Let X = {a, b} and t = {0;,G, 1y} be an NT in which 

G, = (x, (0.4,0.5), (0.3,0.2), (0.5,0.5)) and G, = (x, (0.4, 0.4), (0.4,0.3), (0.5, 0.4)) 

Then A = (x, (0.4,0.4), (0.3,0.2), (0.4,0.5)) is an NGSR-closed set, however not Nsemi-closed set as 

Nint(Ncl(A)) =G, € A. 
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Theorem 3.9. Each NaG — closed set is a NGSR-closed set in X. 

Proof. Let A © U where U is a NROS in X. Let A be an NaG — closed set in X. Now Nscl(A) © 
Nacl(A) GU. Therefore A is a NGSR-closed set in X. 

Example 3.10. Let X = {a,b} and t = {0,, G, 1y} be an NT where 

G, = (x, (0.6, 0.2), (0.1,0.5), (0.5, 0.4) ) and G, = (x, (0.5, 0.3), (0.3,0.2), (0.6,0.4) ) 

Then A = (x, (0.6,0.3), (0.1,0.6), (0.5,0.4)) is an NGSR-closed set but not NaG-closed set. 

Remark 3.11. The counter examples shows that NGSR-closed set is independent of NPCS. 


Example 3.12. Let X = {a,b} and t = {0,, G, 1y} be an NT where 

G, = (x, (0.6, 0.2), (01, 0.5), (0.5,0.4)) and G, = (x, (0.5,03.), (0.3, 0.2), (0.6,0.4) ) 

Here A = (x, (0.6,0.3), (0.1,0.6), (0.5,0.4)) be an NGSR-closed set, but not NPCS as Nel(Nint(A)) = C(B) 
ZA. 


Example 3.13. Let X ={a, b} and t = {0,,G, 1} be an NT where 

G, = (x,(0:5; 0:4), (0:3; 0:2), (0:5; 0:6)),G, = (x, (0:8; 0:7), (0:4; 0:3), (0:2; 0:3)) and 
G3; = (x,(0:2; 0:1), (0:3; 0:2), (0:8; 0:9)) 

Then A = (x, (0.5,0.3), (0.3,0.2), (0.5,0.7) ) is an NPCS, but not NGSR-closed set. 


Theorem 3.14. Consider a NTS (X, t). Then for each A € NGSR-closed set and for each B € NS in X, 
A © BE Nscl(A) implies B € NGSR-closed in (X, T ) . 

Proof. Assume that B © Uand U is a NROS in (X,t ) which shows that A © B,A CU. Via 
speculation, B S Nscl(A). Consequently Nscl(B) & Nscl(Nscl(A)) = Nscl(A) © U, given that A is an 
NGSR-closed set in (X, t ). As a result B € NGSR-closed in (X, T ). 


Theorem 3.15. Consider a NROS A and a NGSR-closed set in (X, t ), then A is a NSemi-closed set in 
(X, T ). 

Proof. Due to the fact A © A and A is a NROS in (X, Tt ),Via speculation, Nscl(A) © A. 

However A © Nscl(A). Therefore Nscl(A) = A. Consequently A is a Nsemi-closed set in (X, T). 


Theorem 3.16. Let (X, tT) be a NTS. Then for each A € NGSR-open X and for every B € NS(X), Nsint 
(A) SBCA implies B € NGSR-open set in X. 

Proof. Let A be any NGSR-open set of X and B be any NS of X. By means of speculation Nsint € B 
CA. Then C(A) is a NGSR-closed in X and C(A) € C(B) SNscl(C(A)). By using Theorem 3.5, C(B) is a 
NGSRclosed in (X, t ). Thus B is a NGSR-Open in (X, t ). Hence B € NGSR-open in X. 


Theorem 3.17. A NS A is a NGSR-open in (X, t ) if and only if F_ Nsint(A) everytime F is a NRCS in 
(X,t) and FCA. 

Proof. Necessity: Assume that A is a NGSR-open in (X, t) and F is a NRCS in (X, t ) such that F € A. 
Then C(F) is a NROS and C(A) © C(F). Via speculation C(A) is a NGSR-closed set in (X, Tt), we’ve 
Nscl(C(A)) © C(F). Therefore F © Nsint(A). 
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Sufficiency: Let U be a NROS in (X,T) such that C(A) © U. By hypothesis, C(U) © Nsint(A). 
Consequently Nscl(C(A)) & U and C(A) is an NGSR-closed set in (X, t ). Thus A is a NGSR-open set 
in (X, T). 


Theorem 3.18. A is Nsemi-closed if it is both Nsemi-open and NGSR-closed. 
Proof. Considering A is each Nsemi-open and NGSR-closed set in X, then Nscl(A) € A. We 
additionally have A €Nscl(A). Accordingly, Nscl(A) = A. Therefore, A is an Nsemi-closed set in X. 


4 On NGSR-Continuity and NGSR-Contra Continuity 
Definition 4.1. Let f be a mapping from a neutrosophic topological space (X, Tt ) to a neutrosophic 
topological space (Y, a). Then f is referred to as a neutrosophic gsr-continuous(NGSR-continuous) 


mapping if f~*(B) is a NGSR-open set in X, for each neutrosophic-open set B in Y . 


Theorem 4.2. Consider a mapping f : (X,t) — (Y,a). Then (1) and (2) are equal. 
(1) f is NGSR-continuous 
(2) The inverse image of each N-closed set B in Y is NGSR-closed set in X. 


Proof. This can be proved with the aid of using the complement and Definition 4.1. 


Theorem 4.3. Consider an NGSR-continuous mapping f: (X,t) — (Y,o) then the subsequent 
assertions hold: 

(1) for all neutrosophic sets Ain X, f(NGSRNcl(A)) & Nel(f(A)) 

(2) for all neutrosophic sets B in Y, NGSRNcl (f~*(B)) © f7*(Ncl(B)). 

Proof. (1) Let Ncl(f(A)) be a neutrosophic closed set in Y and f be NGSR-continuous, then it follows 
that f~* (Ncl(f(A))) is NGSR-closed in X. In view that A © f~* (Ncl(f(A))), NGSRcI(A) © 
f—* (Ncl(f (A))). Hence, f(NGSRNcI(A)) © Ncl(f(A)). 

(2) We get f(NGSRcl(f~* (B))) & Nelf(f~* (B))) © Ncl(B). 

Hence, NGSRcl(f~* (B)) © f~* (Nel(B)) by way of changing A with B in (1). 


Definition 4.4. Let f be a mapping from a neutrosophic topological space (X, Tt) to a neutrosophic 
topological space (Y,a). Then f is known as neutrosophic gsr-contra continuous(NGSR-contra 


continuous) mapping if f~* (B) is a NGSR-closed set in X for each neutrosophic-open set B in Y . 


Theorem 4.5. Consider a mapping f: (X,t) — (Y,a).Then the subsequent assertions are 
equivalent: 

(1) f is a NGSR-contra continuous mapping 

(2) f~* (B) is an NGSR-closed set in X, for each NOS B in Y. 

Proof. (1) = (2) Assume that f is NGSR-contra continuous mapping and B is NOS in Y. Then Bcis 
an NCS in Y. It follows that, f~*(B*°) is an NGSR-open set in X. For this reason, f~* (B) is an NGSR- 
closed set in X. 


(2) = (1) The converse is similar. 
Theorem 4.6. Consider a bijective mapping f: (X,t) — (Y,o). from an 
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NTS(X, tT )into an NTS(Y, o).If Ncl(f(A)) S f(NGSRint(A)), for each NS B in X, then the mapping f 
is NGSR-contra continuous. 

Proof. Consider a NCS B in Y. Then Ncl(B)=B8 and f is onto, by way of assumption, 
f(NGSRint(f~* (B))) © Nel(f(f (B))) = Ncl(B) = B. Consequently, 
f~* G(NGSRint(f~ (B)))) S f7* (B). Additionally due to the fact that f is an into mapping, we have 
NGSRint(f~* (B)) = f7~* (f(NGSRint(f~* (B)))) © f7* (B).Consequently, = NGSRint(f~* (B)) = 
f~* (B), so fo1(B) is an NGSR-open set in X. Hence, f is a NGSR-contra continuous mapping. 


5. Conclusion and Future work 

Neutrosophic topological space concept is used to deal with vagueness. This paper 
introduced NGSR closed set and some of its properties were discussed and derived some 
contradicting examples. This idea can be developed and extended in the real life applications such as 


in medical field and so on. 
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Abstract: The term topology was introduced by Johann Beredict Listing in the 19 century. Closed 
sets are fundamental objects in a topological space. In this paper, we use neutrosophic vague sets and 
topological spaces and we construct and develop a new concept namely “neutrosophic vague 
topological spaces”. By using the fundamental definition and necessary example we have defined the 
neutrosophic vague topological spaces and have also discussed some of its properties. Also we have 
defined the neutrosophic vague continuity and neutrosophic vague compact space in neutrosophic 


vague topological spaces and their properties are deliberated. 


Keywords: Neutrosophic vague set, neutrosophic vague topology, neutrosophic vague topological 
spaces, neutrosophic vague continuity. 


1. Introduction: 

Zadeh [19] in 1965 introduced and defined the fuzzy set which deals with the degree of 
membership/truth. Topology has become a powerful instrument of mathematical research. Topology 
is the modern version of geometry. It is commonly defined as the study of shapes and topological 
spaces. The topology is an area of mathematics, which is concerned with the properties of space that 
are preserved under continuous deformation including stretching and bending, but not tearing and 
gluing which include properties such as connectedness, continuity and boundary. The term topology 
was introduced by Johann Beredict Listing in the 19" century. Closed sets are fundamental objects in 
a topological space. In 1970, Levine [11] initiated the study of generalized closed sets. 

The theory of fuzzy topology was introduced by Chang [8] in 1967; several researches were 
conducted on the generalizations of the notions of fuzzy sets and fuzzy topology. Atanassov [7] 
in1986 introduced the degree of non-membership/falsehood (F) and defined the intuitionistic fuzzy 
set as a generalization of fuzzy sets. Coker [9] in 1997 introduced the intuitionistic fuzzy topological 
spaces. As an extension of fuzzy set theory in 1993, the theory of vague sets was first proposed by 
Gau and Buehre[10]. Then, Smarandache [15] introduced the degree of indeterminacy/neutrality (I) 
as independent component in 1998 and defined the neutrosophic set. Various methods were 


proposed by Smarandache.et.al [13, 16, 17, 18] and Abdel-Basset.et.al [1, 2, 3] for neutrosophic sets. 
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Salama and Alblowi [12] in 2012 used this neutrosophic set and introduced neutrosophic topological 
spaces. Shawkat Alkhazaleh [14] in 2015 introduced the concept of neutrosophic vague set as a 
combination of neutrosophic set and vague set. Neutrosophic vague theory is an effective tool to 
process incomplete, indeterminate and inconsistent information. Al-Quran and Hassan [4, 5, 6] in 
2017 introduced and gave more application on neutrosophic vague soft. 

In this paper we define the notion of neutrosophic vague topological spaces and their 
properties are obtained. The purpose of this paper is to extend the classical topological spaces to 
neutrosophic vague topological spaces. Also we have defined the neutrosophic vague continuity and 
neutrosophic vague compact spaces which give the added advantage in neutrosophic vague 


topological spaces. 
2. Preliminaries 
Definition 2.1:[14] A neutrosophic vague set Avy (NVS in short) on the universe of discourse X 


written as Any = (xs F Any (x);/ he (x); F he (x));x eX , Whose truth membership, 


indeterminacy membership and false membership functions is defined as: 


ft, @®e=lror' le, @al or le, @=lF oF’ 
Where, 
1) T° =1-F™ 


2) F° =1-T™ and 
3) O<7T 4+17°4+F <2°. 


Definition 2.2:[14] Let Avy and Buy be two NVSs of the universe U . If 


A 


Vu, €U, ie (u,)< f. (u, ); Ties (u,)> ie, (u, ) oe (u,)> Fy (u, ), then the NVS Ayy is 
included by B nv, denoted by Ayes CB nv> Where 1<i<n. 


Definition 2.3:[14] The complement of NVS Ay is denoted by A a and is defined by 


Pe (x)=fl-7* 1-7 |. @)=b-ri-r Fe (x)=[l-Ft-F° | 


Any 


Definition 2.4:[14] Let Avy be NVS of the universe U where Vu, EU ; T es (x)= [1,1 


I (x) = 10, 0|; F Ayy (x) = 10, 0]. Then Age is called unit NVS ( vy in short), where 1<i<n. 


Any 
Definition 2.5:[14] Let Ag be NVS of the universe U where Vu, eU j T a (x)= lo, 0]; 


lo (x) = 1, 1]; aoe (x) = 1, 1]. Then Ayy is called zero NVS (V,yy in short), where 1<i<n. 
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Definition 2.6:[14] The union of two NVSs Ay and Bay is NVS Cy , written as 


Ca a Ane UB nv. , Whose truth-membership, indeterminacy-membership and false-membership 
functions are related to those of Ag and B Nv. given by, 
is 


Cyy 


(x)=[max(7,,, 7, ).max(Tj,, Ts, 

Ic, )=[minU;,, Jz, )smin3,, 75, )] 

F.,, (x)=[min(F;,, .F;,, min; Fs, I. 
Definition 2.7:[14] The intersection of two NVSs Ay, and B avy is NVS Gwe , written as 
Gi a Avy Qe , whose truth-membership, indeterminacy-membership and false-membership 
functions are related to those of Any and B Nv. given by, 

T.,,(x)=[min(T,,, Ts, )-min(T;, .Ts, )] 

I, (x)=[max(Z,, .J;,, maxi ot; DI 

F.,, (x)=[max(F,, Fy; )»max(F; FI. 
Definition 2.8:[14] Let Avy and Byy be two NVSs of the universe U . If VU, EU, 


Ei Mt aT Ah): 1 (i); io ad (u, ), then the NVS Any and Bae: are 


Buy 


called equal, where 1<i<n. 


Definition 2.9: Let 14 hts 1EJ be an arbitrary family of NVSs. Then 


v4, =4(e{maclrs,,, marley, )).(minlr,, Jaminlr,,))-(minle;,,, hmin(es,,, ) ore x 
64, ={(vi(min(rs, min(r, )).(max(r., maxles,..))(maxles,. axle, )))se a} 


Corollary 2.10: Let Asin Diy and oe be NVSs. Then 


a) Any C By and Cyy C Dyy => Avy U Cyy C By UDyy and Any () Cyy C By ODyy 
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b) Ayy CByy and Ay, CCyy > Ayy SC Byy OC yy 
c) Ayy CCyy and Byy CCyy > Ayy U Byy C Cyy 
d) Ayy C Byy and By, CCyy > Ayy C Cyy 
e) (Any U Byy = Any OByy 
f) (Ay O Byy = Any UByy 
g) Agehe = BeeA, 
h) (4, )= Any 
i) Iw =0 ‘ai 
)) Ow = ly 
Corollary 2.11: Let Ayy, Byy, Cy, and A, oo (i eJ ) be NVSs. Then 
a) A, CB, foreachie J >UA, CByy 


b) By, CA, foreachieJ > By COA, 





) UA =OA,, andnda =A, 


L ny 


3. Neutrosophic Vague Topological Space: 
Definition 3.1: A neutrosophic vague topology (NVT) on x wy is a family z,,, of neutrosophic 
vague sets (NVS) in x ny Satisfying the following axioms: 

. O vy olvy € Tuy 

© GAG, ety, forany G,,G, ety 

* UG €t..ViG ieJer. 


In this case the pair (X¥,,,,,z,,,) is called neutrosophic vague topological space (NVTS) and any 


NV ? 


NVSin 7,,, is known as neutrosophic vague open set (NVOS) in x NV - 
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The complement AG of NVOS in NVTS (x ,,,,7,,) is called neutrosophic vague closed set 
(NVCS) in X yy. 
Example 3.2: Let ae 7 'e, f.g} and 


A |: ee ee mea 
~~ |? ({0.1,0.5];[0.6,0.8]; [0.5,0.9}) ’ ([0.2,0.3]; [0.4,0.5]; [0.7.0.8] ’ ([0.2,0.6]; [0.7,0.9]; [0.40.8] |’ 


B -|> ee ee RET 
NV ’ ([0.2,0.4];[0.3,0.7];[0.6,0.8]) ° ([0.5,0.8]; [0.2,0.6];[0.2,0.5]) ’ ([0.1,0.3];[0.1,0.7];[0.7,0.9]}) |’ 


C -|s a pana apes | 
"(| ° ((0.2,0.5];[0.3,0.7]; [0.5,0.8}) ° ([0.5,0.8];[0.2,0.5];[0.2,0.5]) ° ([0.2,0.6];[0.1,0.7];[0.4,0.8]) }’ 


D |: ee pa ETT | 
vv 1°? ([0.1,0.4];[0.6,0.8];[0.6,0.9]) ’ ([0.2,0.3];[0.4,0.6];[0.7,0.8}) ’ ([0.1,0.3]; [0.7,0.9]; [0.7,0.9]) | 


Then the family T yy = Ope Bei ee Dias lies of NVSs in ee is NVT on ies 


Definition 3.3: Let(X,,,,7,) be NVTS and A,, = (x, 7, f, Fy lf be NVS in yy. Then the 


neutrosophic vague interior and neutrosophic vague closure are defined by 
° NV int(A,,)=U{Gy, /Gyy isa NVOSin X,,, and Gy, < Ay, } 
© NVcI(Ay, )= OAK yy /Kyy is a NVCSin X,, and Ay, < Ky, }- 


Note that for any NVS A wv iN (CX yysT ny), We have Nvel (4°, }= (NV int(A,, )y and 
NV int( As, )=(NVel(Ay, ))°. 
It can be also shown that NVc/ ( A ba!) is NVCS and Ny int( A et) is NVOSin X NV: 

a) Arcs is NVCS in 1. if and only if NVcI(A,,,)= Ay,- 

b) Ane is NVOS in ve if and only if NV int(A,,,)= Ay,- 


Example 3.4: Let = ‘e, f} and let Typ = 10 vsG,sGysl yy} be NVT on X , where 


e i 
as . ({0.2,0.4];[0.7,0.9];[0.6,0.8}) ° ([0.3,0.5];[0.6,0.8]; ox07)| - 
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G -} es mapas 
* |’ ((0.4,0.9];[0.1,0.3];[0.1,0.4]} ’ ([0.5,0.7]; [0.2,0.6];[0.3,0.5)) 


It 4 |: ee pana nae band | then 
|"? ([0.3,0.5];[0.4,0.7];[0.5,0.7]) ’ ([0.4,0.6];[0.5,0.8];[0.4,0.6]) 


e 


NVel(A,,,)= Gi = | ssaaoate:maresaay amipsaaeas 


([0.8,0.6];[0.1,0.3]; [0.2,0.4}) ’ ([0.5,0.7]; [0.2,0.4];[0.3,0.5)} 
Proposition 3.5: Let Ayy be any NVSin X yy. Then 
i) NVint(1yp — Ay) =1yy -(NVel(A,, }) ana 
iy NVel (Ly, — Ayy )=1yy —(NV int(A,,, }) 
Proof: (i) By definition NVcI(A,,)= AK yy, /Kyy isaNVCSin X,, and A,, <Ky,}- 


Lig —(NVcI(A,,,))= lies —”K yy /Kyy 18a NVCS in X,, and Ay, Cc Kas 
SU —Kyy/Kyy isa NVCS in X ,, and Ay, cK,,} 
= Gy, /Gy, is an NVOS in X,, and Gy, Ely, — Ayr} 
= NV int(1,,, — Ay, ) 


(ii) The proof is similar to (i). 


Proposition 3.6: Let Ly ) be a NVTS and Avy, B ny. be NVSs in x av. Then the following 


NV > © NV 
properties hold: 
a) NV int(4,,)< Avy? 
a’) Ay, < NVcI(A,,) 
b) Ay, < By, => NV int(4,,,) < NV int(B,, ), 
b’) Ay, < Buy => NVcl(Ay,)<& NVel(By,) 
c) NV int(NV int(A,,, ))= NV int(A,,), 
c’) NVcl(NVcl(A,,, )) = NVel(A,y, ) 
d) NV int(A,, ABy,)= NV int(A,, ) NV int(B,, ), 


d’) NVcl( Ay, U By, ) = NVel(Ayy )U NVel(By, ) 
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e) NI int(1yy)=1yp, 
e') NVel(0 yy) =0y 
Proof: (a), (b) and (e) are obvious, (c) follows from (a) 
d) From NV int(4,,, 0 By,)c NV int(A,,) and NV int(4,,, 0 By, )c NV int(B,, ) we 
obtain NV int(4,,, 0 By, )c NV int(A,,,)O NV int(B,, )- 
On the other hand, from the facts NVint(4,,)c A,, and NV int(B,,)c By, 


=> NV int(Ay, )O NV int(By,)C Any OByy, and NV int(A,,) NV int(By,)eTy, Wwe see 


that NV int(A,,,,)0 NV int(B,,,)< NV int(A,,,, By) , for which we obtain the required 


result. 
(a’)—(e’) They can be easily deduced from (a)—(e). 


Definition 3.7; ANVS A,,, = (x, Pbk ls inNVTS (X,,,,,7,,) is said to be 


NV ? 


i) | Neutrosophic Vague semi closed set (NVSCS) if NV int(NVcI(A,,,)) <A 


NV? 
ii) | Neutrosophic Vague semi open set (NVSOS) if .4.,, < NVcI(NV int(A,, )), 


iii) Neutrosophic Vague pre- closed set (NVPCS) if NVcI(NV int(A,,))< A 


NV? 
iv) Neutrosophic Vague pre-open set (NVPOS) if 4,,, < NV int(NVcl(A,,, )), 

v) Neutrosophic Vague @ -closed set (NV @ CS) if NVcI(NV int(NVc1(A,, ))) < Any s 
vi) Neutrosophic Vague @ -open set (NV @ OS)if A,,, < NV int(NVcl(NV int(A,,, ))), 
vii) Neutrosophic Vague semi pre- closed set (NVSPCS) if NV int(NVcl(NV int(A,,,-))) < Any, 
viii) Neutrosophic Vague semi pre-open set (NVSPOS) if 4,,, < NVcI(NV int(NVc/(A,,, ))), 


ix) Neutrosophic Vague regular open set (NVROS) if .4,,, = NV int(NVcl(A,, )), 


x)  Neutrosophic Vague regular closed set (NVRCS) if A,,,, = NVcI(NV int(A,, )). 


4. Neutrosophic Vague continuity: 
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Definition 4.1: We define the image and preimage of NVSs. Let X yy and Yyy be two nonempty 
setsand f :X yy, — Yyy bea function, then the following statements hold: 
a) If By, = (x37, (x);7, (x); F, (x));.x E De isa NVSin Y yy, then the preimage of Byy 
under # densa yf (Bey) ie heNivoin: A ap saennea by 
Vag Fm or aa (08) re alt CN ca) ee 
b) If A,, = (xf, (x);f,(x):F, (es E a isa NVSin 4 yy, then the image of Ayy 
iden Jf denoted by 7 Awe) Teihe RNS in. Ve Gedned by 


f(Ayy ) = O03 Fp (Pa Hs Fine Ea JO)s Fine a J) 3 ¥ € an 
where, 


1,,(F, ne o ae Eile) if f'(y)#¢ 


ver 
otherwise 
nt a if f '(y)# 
r(7,\y)= y=] 4) i ) g 
otherwise 


Ler 


fall b)- y=] inf Fs) if f'(v)4¢ 


otherwise 
foreach ) € yy. 
Corollary 4.2: Let Ayy,4; (ie J) be NVSs in X yy, ByyB,. G eK) panvcsin. and 
fi Xyy > YVyy a function. Then 
a) Ay, SA, > L(A, JS flog, Biyy S Boy, FB, JS FB, 
b) Ay Cf" (f(Ayy)) Ge fF isinjective, then Ayy =f "(f(Ayy))y, 
Pf "(Bry Buy At fF issurjective then f(f(Byy))=Byy 
te J=0f"(B,,,), 
J=or'(B,,,) 


FB, 
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f) flu, J=Usl4,,, | 


8) fIn4, Jens|4,..) ae fF isinjective then f[94,. J=asl4,_. 


> 


h) f "(ww )= NV? 

) fo (Oy) =Ony, 

j) f (1 £0) =] av, if f is surjective, 

k) f(Onr) =Ony, 

1) f(Ay,) an (Avy if f is surjective, 

m) f"(By,)= f"'(Byy). 
Definition 43: Let (Y¥,,,z7,,) and (Y nv99 ee) be two NVTSs_ and let 
ia (Xx Nya! - > (Y nv39 i) be a function. Then f is said to be neutrosophic vague continuous 
mapping iff the preimage of each neutrosophic vague closed set is in ¥ ny. is neutrosophic vague 
closed set in X NV: 
Definition 4.4: Let (x¥,,,7,,) and (Y nv99 ae) be two NVTSs_ and let 
f (Xx nyo! wh) =e (y wv99 ve be a function. Then f is said to be neutrosophic vague open 
mapping iff the image of each neutrosophic vague open set is in x Nv. is neutrosophic vague open 
setin Y NV - 


5. Neutrosophic Vague Compact Space: 


Definition 5.1: Let to 5 io) be NVITS. 


i) Ifa family (x. (ee ee es ) (ie J | of NVOSs in X satisfies the condition 
LJ fen ee ae aes ) [i € I}= 1,,, then it is called neutrosophic vague open cover of X. A 


finite subfamily of neutrosophic vague open cover (x, Or) Armee cae a ) rte JS | of X, which 
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is also a neutrosophic vague cover of X, is called a neutrosophic vague finite subcover of 
((x.T, 14,,F4,):i€ Jt. 


li) A family (x. Dy ote ols, ) (rE JS | of NVCSs in X satisfies the finite intersection 


property iff every finite subfamily (x, i ee Gee oe } i ee nf of the family satisfies 


the condition A(x, te wir \\ Oy ‘ 


i=l 


Definition 5.2: A NVTS (Xx Na a is called neutrosophic vague compact iff every neutrosophic 


vague open cover of X has a neutrosophic vague finite subcover. 


Corollary 5.3: A NVTS (X bates) is neutrosophic vague compact iff every family 


(x, Tp ole Pe ) bed | of NVCSs in X having the FIP has a nonempty intersection. 


Corollary 5.4: Let (X wow) (Y ow be NVTSs and ff: (x eae) = (Y ere a 
neutrosophic vague continuous surjection. If (X nV & os is neutrosophic vague compact, then so 
is ( wv>9 nv ). 

Definition 5.5: Let (X nyo & a) be NVTS and 4 nv aNVSin X. 


i) Ifafamily (x. i es ee ee ) wed | of NVOSs in X satisfies the condition 
Aes LJ (x, i ree Wee coe ) Fie J ? then it is called neutrosophic vague open cover of 
A nv. A finite subfamily of neutrosophic vague open cover (x, | ee ee ae ) a | of 


A nv, Which is also a neutrosophic vague cover of A ny, is called a neutrosophic vague 


finite subcover of {ena ieee eee ) Le Tt. 
li) ANVSinaNVTS (Xx nyo’ =) is called neutrosophic vague compact iff every 


neutrosophic vague cover A ny. of has a neutrosophic vague finite subcover. 
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Corollary 5.6: Let eae) P YA Gigs) be NVTSs and I aoe > (reer a 
neutrosophic vague continuous function. If A ny is neutrosophic vague compact in (Xx nyo & e). 


then so if fA) in Vane 


Conclusion: Thus we have given the definition for neutrosophic vague topological spaces and 
suitable examples are also given. Along with those definition neutrosophic vague continuity and 
neutrosophic vague compact spaces where also discussed. Further, we can compare with all the 
neutrosophic vague sets and neutrosophic vague continuous functions in neutrosophic vague 


topological spaces. 
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Abstract: Many problems in life are filled with ambiguity, uncertainty, impreciseness ...etc., 
therefore we need to interpret these phenomena. In this paper, we will focus on studying 
neutrosophic Weibull distribution anditsfamily, through explaining its special cases,and_ the 
functions’ relationship with = neutrosophic Weibull such as Neutrosophic Inverse Weibull, 
Neutrosophic Rayleigh, Neutrosophic three parameter Weibull, Neutrosophic Beta Weibull, 
Neutrosophic five Weibull, Neutrosophic six Weibull distributions (various parameters).This study 
will enable us to deal with indeterminate or inaccurate problems in a flexible manner. These 
problems will follow _ this family of distributions. In addition, these distributions are applied in 
various domains, such as reliability, electrical engineering, Quality Control ..... etc. Some properties 
and examples for these distributions are discussed. 


Keywords: Weibull distribution, Neutrosophic logic, Neutrosophic number, Neutrosophic Weibull, 
Neutrosophic inverse Weibull, Neutrosophic Rayleigh, Neutrosophic Weibull with (three, four, 
five, six) parameters. 


1. Introduction 


The real world is overstuffed with vague, unclear, fuzzy (problems, situations, ideas). The classical 
probability ignores extreme, aberrant, unclear values, and therefore a new adequate tool had to 
emerge. Neutrosophic logic was introduced by Smarandache in 1995, as a generalization for the fuzzy 
logic and intuitionistic fuzzy logic [5, 6]. Smarandache [3, 7, 8] and Salamaa.et.al [3, 4] were 
presented the fundamental concepts of neutrosophic set. Smarandache extended the fuzzy set to the 
neutrosophic set [1, 3], introducing the neutrosophic components T, I, F which represent the 
membership, indeterminacy, and non-membership values respectively, where]-0, 1+[ is the non- 
standard unit interval. Smarandache presented the neutrosophic statistics, which the data can be 
enigmatic, vague, imprecise, incomplete, even unknown. 

The extension of classical distributions according to the neutrosophic logic means that the parameters 
of classical distribution take undetermined values[1,2,3,10], which allows dealing with all the 
situations that one may encounter while working with statistical data and especially when working 
with vague and inaccurate statistical data, such as the sample size may not be exactly known. The 
sample size could be between 50 and 70; the statistician is not sure about 20 sample persons if they 
belong or not to the population of interest; or because the 20 sample persons only partially belong to 


the population of interest, while partially they don’t belong. This mean, in classical statistics all data 
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are determined, while in neutrosophic statistic the data or a part of it are indeterminate in some 
degree. The neutrosophic researchers presented studies in objects different in neutrosophic statistic, 
such as Salama, Rafief [29], Abdel-Basset and others, see [20-28]. For more than a decade, Weibull 
distribution has been applied extensively in many areas and particularly used in the analysis of 
lifetime data for reliability engineering or biology (Rinne, 2008). However, the Weibull distribution 
has a weakness for modeling phenomenon with non-monotone failure rate. In this paper, we will 
define and study the Neutrosophic Weibull distribution, Neutrosophic family Weibull distribution 
for varies cases as Neutrosophic Weibull, Neutrosophic beta Weibull, Neutrosophic inverse Weibull, 
Neutrosophic Rayleigh, Neutrosophic with (three, four, five, six) parameters, and discuss some 


properties of these distributions, illustrated through examples and graphs. 


2. Terminologies 

In this section, we present some basic axioms of neutrosophic logic, and in particular, the work of 
Smarandache in [3, 7, 8] and Salama et al. [3, 4]. Smarandache introduced the neutrosophic 
components T, I, F which represent the membership, indeterminacy, and non-membership values 
respectively, where | 0-,1+[ is nonstandard unit interval. 


2.1 Some definitions 
Definition 1 [1, 2, 3] "Neutrosophy is a new branch of philosophy which studies the origin, nature, 
and scope of neutralities, as well as their". 
Definition 2 [1, 2, 3] Let T, I,F be real standard or nonstandard subsets of ] 0-,1+[, with 
Sup_T=t_sup, inf_T=t_inf 
Sup_lI=i_sup, inf_I=i_inf 
Sup_F=f_sup, inf_F=f_inf 
n-sup=t_supt+i_sup+f_sup 
n-inf=t_inf+i_inf+f_inf, 
T, I, F are called neutrosophic components. 
Definition 3 [4, 5] Let X be a non-empty fixed set. A neutrosophic set ( NS for short) A is an object 
having the form {x, (u4(%), 64(«), Y4(x)): x © X} , where u,(x), 64(x) and y,(x) which represent 
the degree of member ship function , the degree of indeterminacy , and the degree of non-member 
ship , respectively of each element x € X to the set A. 
Definition 4 [4,5] The NSS On and 1nin Xas follows: 
Oy may be defined as: 
0, = {x 0,0,1:x € X} 
0. = {x 0,1,1:x € Xx} 
03 = {x 0,1,0:x € X} 
0, = {x 0,0,0:x € X} 
1y may be defined as: 
1, = {x 1,0,0:x € x} 
1, = {x 1,0,1:x € X} 
1, = {x 1,0,0:x € Xx} 
1, = {x 1,1,1:x € X} 
2.2 Neutrosophic probability 
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Neutrosophic probability is a generalization of the classical probability in which the chance that event 
A = { X,A,,A2,A3} occurs is P(AI1 ) true, P(A2 ) indeterminate , P(A3 ) false on a space X, then 
NP(A) = {X, P(A,), P(Az), P(Az)} 

Definition 5 [3,4] 

Let A and B be a neutrosophic events on a space X, then NP(A) = { X, P(A,), P(Az), P(A3)} 

And NP(B) = {X,P(B,), P(B2), P(B3)} their neutrosophic probabilities. 

Definition 6 [3,4] 

Let A and B be a neutrosophic events on a space X, andNP(A) = { X, P(A,), P(A2), P(A3)}, and 
NP(B) = {X, P(B,), P(B2), P(B3)} are neutrosophic probabilities. Then we define 

NP(ANB) = {X, P(A, N By), P(Az N Bz), P(A3 N B3)} 

NP(A UB) = {X, P(A, U B,), P(Az U Bz), P(A3 U B3)} 

NP(A‘) = {X, P(Ay*), P(A2*) , P(A3")} 


3 Weibull Distribution 


Weibull distribution is one of most important distributions because it is widely used in reliability 
analysis, industrial and electrical engineering, in distribution of life time, in extreme value theory, ... 
etc.; this distribution has various cases dependent on number of parameters such as two or three or 
five parameters a is the scale parameter, 6 is the shape parameter and y is the location parameter. 
Also, it can be used to model a state where the failure function increases, decreases or remains 
constant with time. 


4 Neutrosophic Weibull Distribution 


A neutrosophic Weibull distribution (Neut-Weibull) of a continuous variable X is a classical Weibull 

distribution of x, but such that its mean a or £6 or y are unclear or imprecise. 

For example, a or 8 or y can be an interval (open or closed or half open or half close) or can be set(s) 

with two or more elements. Then, the probability density function (p.d.f.) is: 

fu@) = NX By-te-(X/aw)’N | y > 0 Where By: is the shape parameter of distribution Net-Weibull, 
Nn 


Qy: is the scale parameter of distribution Net- Weibull, such that N is a neutrosophic number. 
4.1 Properties of Neutrosophic Weibull Distribution 


e The distribution function (c.d.f.) is: 


Fy(X) = 1— e7&/anPN 





+1 
En (X) = ay? ex ), 


vu) = ay (P22) fr (Pa) 








e The hazard function is: 
hy = ByX8N-1X Bn-Van)PN 


e The moment rth about mean is: 
T T 
ay' T (by + Bn ) 
N 


e So, the reliability or survival function is: 
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Fy(X) = e7&/an)Pn 

Now, we put 6y=1 in the formula (1), and we get the neutrosophic exponential distribution [13]. 
4.2 Example of Neutrosophic Weibull distribution 
Let the product be an electric generator produced with high capacity of trademark that has a Weibull 
distribution with parameter a=1, B=[1.5,2]. Compute the probability of electric generator fails before 
the expiration of a five years warranty. 

Solution : 
In this example, we note that the shape parameter is indeterminate. 


The electric generator can work through to one year: 


fv(X) = 





al yl15,.2]-19-(X/ay) >) 
If we take 8B =1.5 ,and a=1 
fy (X = 1) = 0.5518 
the probability of electric generator fails before the expiration of a five years warranty: 
P(X <5) =1-e-&/D" = 0.999986 
If we take B =2,and a=1 
fy (X = 1) = 0.7357 
P(X <5) =1-—e-&/)" = 0.999999 
Thus, the probability that the electric machine fails has the range between [0.5518, 0.7357]. 
Now, suppose f = 2 and = [1,2], i.e the scale parameter a is indeterminate. 
We take a=1and BP =2 


fy(X = 1) =~ = 0.7357 


el 


Wetake a=2 and B=2 
1 


In this case, the probability that the electric machine fails has the range between [0.7357, 0.3894]. 
Also, we can take more values of X, showed in Figure (1). 

Now, we can compute 

Fy(X) =1-—1/e = 0.6321, ifa=1 

Fy(X) =1—e /12840 = 0.2212, ifa=2. 
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Figure 1: Neutrosophic Weibull distribution. 


4.3 Comparison between Neutrosophic Weibull distribution and Weibull distribution 


1- In classical Weibull, we noted that if the 6 = 3.6 or more, the probability distribution 
function (p.d.f) takes value error because it is greater than one, and this contradicts with law 
of probability,consedered Extreme values, while in neutrosophic Weibull this is applicable. 
See Figure (2). 

2- In classical Weibull distribution, when X is increasing, the p.d.f. is decreasing, while in 
Neutrosophic Weibull distribution the p.d.f is unpredictable because of the aberrant values. 

3- Many values that are larger than one are neglected in Weibull distribution, meanwhile in 
Neutrosophic Weibull these values are considered. 

4- When a=f = 1, the p.d.f. will equal zero when X=701,while in neutrosophic Weibull X can 
be of other values such as X={701,100} or [701,100] in this case p.d.f can be of different values. 

4 


oes. 
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Figure 2: p.d.f of neutrosophic Weibull more than one. 
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5 The Family of Neutrosophic Weibull 


In this section, we study the various types of Net-Weibull, such as  neutrosophic Rayleigh 
distribution, neutrosophic inverse Weibull distribution, neutrosophic Beta-Weibull distribution and 


(three, four, five, six)-parameters Weibull distributions. 
5.1 Neutrosophy Rayleigh Distribution 


A Rayleigh distribution is often observed when the total size of a vector is linked to its 
directional components. Considering this distribution is important in the error analysis of various 
systems or individuals. It is also considered as a model for testing life failure/expiration. Rayleigh 
distribution is used in the study of the event of sea wave rise in the oceans and the study of wind 
speed, as well as in the information of the strength of signals and radiation at peak time of 


communications. The distribution is widely applied: 


e In communications theory, to model multiple paths of dense scattered signals getting to a 
receiver; 


e Inthe physics, to model wind speed, wave heights and sound/light radiation; 


e Inengineering, to measure the lifetime of an object, since the lifetime depends on the object’s age 
(resistors, transformers, and capacitors in aircraft radar sets); 


e Inmedical imaging examination, to study noise variance in magnetic resonance imaging. 


Now, we define the probability density function of neutrosophic Rayleigh distribution as follows: 


XxX = 2 
Ry (X) = By2 © x* /28 , X >0, On is the scale parameter. 


this parameter 6y can take the values of an interval or a set: 
2 
cumulative distributionis Fy(X)=1-—e7* /26n’, 


the mean of Neutrosophic Rayleigh distribution is 


EX) =6y IE 


the variance: var(x) =2-m/2 Sy’. 


5.2 Neutrosophic Weibull with 3 Parameters 


We can obtain the neutrosophic Weibull with 3-parameters by relaying on Weibull with 2- 
parameters and adding the third parameter, namely the location parameter (y), this is in classical 
probability . Now, we define the neutrosophic Weibull with three parameters (an indeterminacy 
may exist in one parameter or in all parameters). Neutrosophic Weibull with 3-parameters is defined 
as follows: 


(xX-yn)PN7*) (cx B 
fur(X) = [By SP ela yy x X 


N 
e The distribution function is: 
Fy(X) =1—e7(@-ym/an?N yc 
e The hazard function is: 
hy(X) =By (X—yw)PXCA /ay)Pr , Yn 


e The survival function is 


IA 
S< 


Fy(X) = e7 (yn) /an)PN 


e The variance 
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Vy(X) = ay [i (2822)] — [rr (284)]° 


Bua), 


e The expected value FEy(X) = yy + ay! ¢ r 
N 





5.3 Four-Parameter Neutrosophic-Beta-Weibull 
The Beta-Weibull was first proposed by Famoye et al. (2005) [11,12, 15]. We now define the new 


density function of neutrosophic-Beta-Weibull distribution (NBW) in neutrosophic logic with 


indeterminacy points for random variable or parameters as follows: 


_ Tlewtyw) an (X\°N* 4 (x /By)®N yen—-15-YN(X/BNON 
F(X) ~ T(ew)l' (yn) Bn je) [1 . i 


xX > 0, Yn Pn &n > 0 
where these parameters Yy,6y,@y can be set(s) or interval (closed or open or half): 


: , T(cntyn) an ( X an-1 ~(x/ ay yeN-1 _ an 
B lim f(X) = lim ————=— = (| — = Bn) yn(X/Bn) 
peer lim f ( ) ears r (cn (vn) PN (~) | q | < 


an-1 
ssi Set UN) BN ( as eWVN(X/BW)N [4 — @~Ck/BuyeN TON? 


l (cy) F(vy) By \Pn 
a | 2 3 Cn-1 
_ cere. on yn(X/By)8N E _ =(*)" : aon) 7 a) ar -| 
l (cy) Tn) By \Pn 2! \Bu 3! \By 4! \Bn 
Then the probability of density function is equal to 
as 1 
a. an PCewtyn) eas ay Tevtyw) ON 7 ; 
~ x50 Bw TU (cw) (yw) \Bn ~) Bn Vew)l yw) NON 
0 An Cn > 1 


where By,Cy, Yn, Ay, are Neutrosophy numbers. 
e When cy = Yy = 1, then the (NBW) is reduced to neutrosophic Weibull distribution. 
e When By = ay =1,cy =2,Vy = OV2, the NBW is reduced to neutrosophy Rayleigh. 


e In(1958) Kies defined the survival function to Weibull with four parameters in classical 
distribution. 


Here we define Neutrosophic survival function in Neutrosophic distribution as follows: 


xX-aAy K 


N 
Crna) Vy > 0, ky > 0, O< dy <X < By < ©. 


Fy (X) =e 


5.4 Neutrosophic Weibull Distribution with 5 Parameters 


Phani in (1987) [14] suggested model with survival function has five parameters. We define the 


neutrosophic Weibull with 5-parameters: 


— = = b 
Fy(X) = ee, Yn. b,,b2 > 0, O<ay <X < py < ©. 


5.5 Neutrosophic Weibull Distribution with 6 Parameters 


T, W, and Uraiwan in (2014) [15] proposed a mixed distribution is Beta exponential Weibull Poisson 


distribution. We define the neutrosophic Beta exponential Weibull Poisson distribution as follows: 


Let x be the neutrosophic random variable with parameters Yy,ky, dy, By, by, b2; 
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PNONYN 8B 


f(x) = a 


iy b1n-1 
XBN-1 y(a—wtN-1eYN (AW) ON pacemate =)" eYN(-u)PN _4 


B(bi,b2)(e YN -1) (e YN -1) (e YN -1) 


where u = e7~Xkn)PN | 


5.6 Neutrosophic Inverse Weibull Distribution 


Keller et al. (1985) used the inverse Weibull distribution for reliability analysis of commercial vehicle 
engines. Here, we define Neutrosophic inverse Weibull distribution as follows: 


aN t-Bu-te-(an/t)N 


fu(t) = pea” t-PN-1e-(an/t)PN t > 0, So the Hazard function is hy(t) = an EAA 
—e\@ 


6 Applications 


Many applications of Weibull families distributions are suitable for modeling and analysis of 
floods, rainfall, sea, electronic, manufacturing products, navigation and transportation control. The 
theories and tools of reliability engineering are applied into widespread fields, such as electronic and 
manufacturing products, aerospace equipment, earthquake and volcano forecasting, communication, 
navigation and transportation control, medical processor to the survival analysis of human being or 
biological species, and so on [14]. So the neutrosophic has the multi-applied in Decision-making, 


introduced by Abdel-Basset and others. 
7 Conclusions 


The study of neutrosophic probability distributions gives us a more comprehensive space in the 
applied field, as it takes into account more than the value of the distribution parameters and not only 
one value as in the classical distributions, and thus we will be able to solve and explain many of the 
issues that have been hindering us or we tended to ignore in classical logic. In this paper, we defined 
th new neutrosophic clasical distribution, the neutrosophic Weibull distribution and neutrosophic 
family Weibull (neutrosophic inverse Weibull, Neutrosophic Rayleigh distribution, Neutrosophic 
Weibull distribution with (3, 4, 5, 6)-parameters, and give clear examples. Because the weibull 
distribution has many applications in different fields.such as control system, relability and others. 
Wealso_ study some properties of these distributions (mean, variance, failure function and reliability 
function). In the future, we will apply these distributions to many problems and we will examine 


other distributions in neutrosophic logic. 
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Abstract: In this research article we actually deals with the conception of pentagonal Neutrosophic 
number from a different frame of reference. Recently, neutrosophic set theory and its extensive 
properties have given different dimensions for researchers. This paper focuses on pentagonal 
neutrosophic numbers and its distinct properties. At the same time, we defined the disjunctive cases of 
this number whenever the truthiness, falsity and hesitation portion are dependent and independent to 
each other. Some basic properties of pentagonal neutrosophic numbers with its logical score and 
accuracy function is introduced in this paper with its application in real life operation research problem 
which is more reliable than the other methods. 


Keywords: Neutrosophic set, neutrosophic number, Pentagonal Neutrosophic number; Score and Ac- 
curacy function. 





1. Introduction 


Recently, handling the uncertainty and vagueness is considered as one of the prominent research topic 
around the world. In this regard, mathematical algebra of Fuzzy set theory [1] has provided a well- 
established tool to deal with the same. Vagueness theory plays a key role to solve problems related with 
engineering and statistical computation. It is widely used in social science, networking, decision making 
problem or any kind of real life problem. Motivating from fuzzy sets the Atanassov [2] proposed the 
legerdemain idea of an intuitionistic fuzzy set in the field of Mathematics in which he considers the 
concept of membership function as well as non-membership function in case of intuitionistic fuzzy set. 
Afterwards, the invention of Liu F, Yuan XH in 2007 [3], ignited the concept of triangular intuitionistic 
fuzzy set, which in reality is the congenial mixture of triangular fuzzy set and intuitionistic fuzzy set. 
Later, Ye [4] introduced the elementary idea of trapezoidal intuitionistic fuzzy set where both truth 
function and falsity function are both trapezoidal number in nature instead of triangular. The uncer- 
tainty theory plays an influential role to create some interesting model in various fields of science and 
technological problem. 


Smarandache in 1995 (published in 1998) [5] manifested the idea of neutrosophic set where there are 
three different components namely i) truthiness, ii) indeterminacies, iii) falseness. All the aspect of neu- 
trosophic set is very much pertinent with our real-life system. Neutrosophic concept is a very effective 
& an exuberant idea in real life. Further, R. Helen [7] introduced the pentagonal fuzzy number and A. 
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Vigin [8] applied it in neural network. T.Pathinathan [9] gives the concept of reverse order triangular, 
trapezoidal, pentagonal fuzzy number. Later, Wang et al. [10] invented the perception of single typed 
neutrosophic set which so much useful to solve any complex problem. Later, Ye [11] presented the con- 
cept of trapezoidal neutrosophic fuzzy number and its application. A.Chakraborty [12] developed the 
conception of triangular neutrosophic number and its different form when the membership functions 
are dependent or independent. Recently, A.Chakraborty [13] also developed the perception of pentag- 
onal fuzzy number and its different representation in research domain. Christi [14] applied the concep- 
tion of pentagonal intuitionistic number for solving a transportation problem. Later, Chen [15, 16] 
solved MCDM problem with the help of FN-IOWA operator and using trapezoidal fuzzy number 
analyse fuzzy risk ranking problem respectively. Recently, S. Broumi [17-19] developed some important 
articles related with neutrosophic number in different branch of mathematics in various real life prob- 
lems. Moreover, Prem [20-25] invented some useful results in neutrosophic arena, mainly associated 
with computer science engineering problem and networking field. Chakraborty A. [26, 27] applied the 
idea of vagueness in mathematical model for diabetes and inventory problem respectively. Recently, 
Abdel-Basset [28-34] introduced some interesting articles co-related with neutrosophic domain in 
disjunctive fields like MCDM problem; IoT based problem, Supply chain management problem, cloud 
computing problem etc. K . Mondal [35,36] apply the concept of neutrosophic number in teacher 
recruitment MCDM problem in education sector. Later, different types of developments in decision 
making problems, medical diagnoses problem and others in neutrosophic environment [37-49] are al- 
ready published in this impreciseness arena. Recently, the conception of plithogenic set is being 
developed by Smarandache and it has a great impact in unceairty field in various domain of research. 


1.1 Motivation 


The perception of vagueness plays a crucial role in construction of mathematical modeling, engi- 
neering problem and medical diagnoses problem etc. Now there will be an important issue that if some- 
one considers pentagonal neutrosophic number then what will be the linear form and what is the geo- 
metrical figure? How should we categorize the type-1, 2, 3 pentagonal neutrosophic numbers when the 
membership functions are related to each other? From this aspect we actually try to develop this re- 
search article. Later we invented some more interesting results on score and accuracy function and other 
application. 


1.2 Contribution 

In this paper, researchers mainly deal with the conception of pentagonal neutrosophic number in 
different aspect. We introduced the linear form of single typed pentagonal neutrosophic fuzzy number 
for distinctive categories. Basically, there are three categories of number will comes out when the three 
membership functions are dependent or independent among each other, namely Category-1, 2, 3 pen- 
tagonal neutrosophic numbers. All the disjunctive categories and their membership functions are ad- 
dressed here simultaneously. 
Researchers from all around the globe are very much interested to know that how a neutrosophic num- 
ber is converted into a crisp number. Day by day, as research goes on they developed lots of techniques 
to solve the problem. We developed score and accuracy function and built up the conception of conver- 
sion of pentagonal neutrosophic fuzzy number in to a crisp number. In this current era, researchers are 
very much interested in doing transportation problem in neutrosophic domain. In this phenomenon, 
we consider a transportation problem in pentagonal neutrosophic domain where we utilize the idea of 
our developed score and accuracy function for solving the problem. 


1.3 Novelties 


There are a large number of works already published in this neutrosophic fuzzy set arena. Re- 
searchers already developed several formulations and application in various fields. However there will 
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be many interesting results are still unknown. Our work is to try to develop the idea in the unknown 
points. 


e Introduced the distinctive form of pentagonal neutrosophic fuzzy number and its definition 
for different cases. 

e The graphical representation of pentagonal neutrosophic fuzzy number. 

e Development of score and accuracy function. 

e Application in transportation problem. 


1.4 Verbal Phrase on Neutrosophic Arena 

In case of daily life, an interesting question often arises: How can we connect the conception of vague- 
ness and neutrosophic theory in real life domain and what are the verbal phrases in case of it? 
Example: Let us consider a problem of vote casting. Suppose in an election we need to select some 
number of candidates among a finite number of candidates. People have different kind of emotions, 
feelings, demand, ethics, dream etc. So according to their viewpoint it can be any kind of fuzzy number 
like interval number, triangular fuzzy, intuitionistic, neutrosophic fuzzy number. Let us check the ver- 
bal phrases in each different case for the given problem. 


Table 1.3.1: Verbal Phrases 


Voter will select according to their first prior- 
Interval Number [Low, High] ity within a certain range like [2™4, 3rd] candi- 
date. 
Taeneuiser aes Voter will select according to their first prior- 
[Low, Median, High] ity containing an intermediate candidate like 
[itt 208 Bra 
Voters will select some candidate directly and 


Number 


Intuitionistic [Standard,Median,High; 


ject others i diatel ding to thei 
(Triangular) Very Wow Voor ou reject others immediately according to their 


view. 
[VeryLow,Low,Me- 
dian,High, 
Very High; 
VeryLow,Low,Me- 
dian,High, 
Very High; 
VeryLow,Low,Me- 
dian,High, 
Very High] 


Some Voters will select directly some candi- 
dates, some of them are in hesitation in cast- 


Neutrosophic 


(Pentagonal) ing vote and some of them directly reject vot- 


ing according to their own viewpoints. 





It can be observed that,in 1st coloum of the above table which contains distinct parameters like interval 
number, triangular fuzzy number, triangular intuitionistic fuzzy number and neutrosophic number, 
obviously neutrosophic concept gives us a more reliable and logical result since it will contain truth,false 
as well as the hesitation information absent in the other parameters. Also it is a key question why we 
take pentagonal neutrosophic instead of triangular or trapezoidal? Now, if we observe the verbal phrase 
section we can observe that, in case of triangular it will contain only three phrase like low,median,high 
and trapezoidal contains four like low, semi median, quasi median,high. Suppose some voters choose 
truth part very strongly and reject the other two sections because these are very low or someone chooses 
truth part in an average way since he/she thought that rest of the portions are very low. That means we 
need to develop the verbal phrase such that it will contain much more distict categories. Pentagonal 
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shapes give us atleast five disjunctive verbal categories like very low, low, median, high, very high 
which is much more logical, strong and it also contains more sensitive cases than the rest sections. 


1.5 Need of Pentagonal Neutrosophic Fuzzy Number 


The pentagonal neutrosophic fuzzy number stretches us superfluous opportunity to characterize flawed 
knowledge which leads to construct logical models in several realistic problems in a new way. Pentag- 
onal neutrosophic represents the data and information in a complete way and the truth, hesitation and 
falsity can be characterized in more accurate and normal technique. The info is reserved throughout the 
operation and the full material can be utilized by the decision maker for further investigation. It can be 
finding its applications in different optimization complications, decision making problems and eco- 
nomic difficulties etc. which need fifteen components. In case of transportation problem, if the numbers 
of variable are five for each of the three components then it is problematic to signify by using Triangular 
or Trapezoidal neutrosophic Fuzzy numbers. Therefore, pentagonal neutrosophic fuzzy number can 
invention its dynamic applications in resolving the problem. 


1.6 Structure of the paper 


The article is developed as follows: 
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2. Mathematical Preliminaries 

Definition 2.1: Fuzzy Set: [1] A setB, defined asB = {(x, Up (x)): x € X, ug(X) € [0,1]} and generally de- 
noted by the pair(x, ng(x)), x belongs to the crisp set X and yg (X) belongs to the interval[0, 1], then set 
B is called a fuzzy set. 


Definition 2.2: Intuitionistic Fuzzy Set (IFS): An Intuitionistic fuzzy set [2] S in the universal discourse 
X which is denoted generically by x is said to be a Intuitionistic set if S = {(x; [t(x), p(x)]) : x € X}, 
where T(x): X — [0,1] is named as the truth membership function which indicate the degree of assur- 
ance, p(x):X — [0,1] is named the indeterminacy membership function which shows the degree of 
vagueness. 


T(x), p(x) parades the following the relation 0 < t(x) + p(x) < 1. 


2.3 Definition: Neutrosophic Set: Smarandache[5] A set NeA in the universal discourse X, symbolically 
denoted by x, it is called a neutrosophic set if NeA = {(x; [aweq(x), Brea (x), Ywea(x)]) : x © X}, where 
Anea(x):X — [0,1] is said to be the truth membership function, which represents the degree of assur- 
ance, Byeq(x):X — [0,1] is said to be the indeterminacy membership, which denotes the degree of 
vagueness, and yyeq(x):X — [0,1] is said to be the falsity membership, which indicates the degree of 
skepticism on the decision taken by the decision maker. 
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Anea(X), Prea(*) &Y nea (x)exhibits the following relation: —0 < ageq(x) + Brea(X*) + Ynea(X) S 3 +. 


2.4 Definition: Single-Valued Neutrosophic Set: A Neutrosophic set NeA in the definition 2.1 is said 
to be a single-Valued Neutrosophic Set (SNeA) if x is a single-valued independent variable. SNeA = 
(x; Laswea(x), Bswea(%), Vewea (x) |) i x € X}, where Asyea(X), Bswea (x) &Yswea(x) denoted the concept of 
accuracy, indeterminacy and falsity memberships function respectively. 


If there exist three points dg, by&cy, for whichadsyea (ao) = 1, Bswea (bo) = 1 &¥swealCo) = 1, then the 
SNeA is called neut-normal. 


SnSis called neut-convex, which implies that SnS is a subset of a real line by satisfying the following 


conditions: 


1. Asnea(OQ, + (1 — 6)az) = min(asnea(G1), AsNea(A2)) 

li. PBsyea(Oa, + (1 — 6)an) S max (Bsyeq (G1), Bswea(2)) 

iil. Yswea(Oa, + (1 — d6)az) S max(yYsyea(1), Yswea(G2)) 
Wherea,&a, € Rand 6 € [0,1] 


2.5 Definition: Single-Valued Pentagonal Neutrosophic Number: A Single-Valued Pentagonal Neu- 
trosophic Number (S) is defined as s= 
([(m*, nt, o*, p*,q*); 1], [(m?, n*, 07, p*, q7); pl, [(m?, n°, 0%, p®, q*); o]), where , p, 0 € [0,1]. The accuracy 
membership function(ts): R > [0,7], the indeterminacy membership function (1g): R > [p,1] and the 
falsity membership function (¢): R > [o,1] are given as: 


Ta (x)m' <x<n!' lag) m2 <x <n? 
T(x) n' <x <0? las(x) n> =x <0" 
BO eo a OE a 
Ta(x)o'<x<p*’ ° leo (x) 0? <x <p? 
Ts (x)p* sx <q’? l= (x)p? <x <q? 
0 otherwise 1 otherwise 


Em (x)m3 <x <n3 
- 3 3 
Eqa(x) n° <x <o 
9 x=0? 
Ego (x) 0° Sx <p® 
Eg (x) p* <x< q° 
1 otherwise 


Es(x) = 


3. Linear Generalized Pentagonal Neutrosophic number: 

In this section, we introduce the linear and generalized neutrosophic number. 

3.1 Pentagonal Single Typed Neutrosophic Number of Specification 1: When the quantity of the 
truth, hesitation and falsity are independent to each other. 


A Pentagonal Single typed Neutrosophic Number (PTGNEU) of specification 1 is described asApigyeu = 
(D1) P2» P3» Par Ps} V1» F2» 93» Var V5} M1 2113, 14,15; T), Whose truth membership; hesitation membership and 
falsity membership are specified as follows: 
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xX — Pi 


P2 — me 
1-(1- ae 
P3 





T ifp, $x <p2 





sea) Sy ae 
ifp2 <x < Pz 
— P2 
1 ee 
a) ers Pa Xifp3 Sx <p 


D4 — P3 
Pps —%x 
Ps — Pa 
0 Otherwise 
qd2 — 
q2 — o 
1-(1- ee 
q3 — 


Vaptgneu (x) = 





T ifp, SX SDs 





T ~ ify Sx <a 





ee aa 
ifqz Sx < qs 
2 


0 ifx= ie 
li = 
Aptgneu*) 43 ifqg Sx Sq% 


oe ees G4 — 43 


ate fda <x < 

ifqd4sx<q 
Gage : 
1 Otherwise 





DoS 





x 
T iff, <x<1% 
r. 


ma 

1-a-n= 

0 x= 
Pa) 


x—1N% 





~ift <x<Pr 
Fapegneu) ~ 13 iff3 <xsn 
'% — 13 

iffy <x <7; 





T 
Ts — 71% 


1 Otherwise 


Where —0 = tL Ae piaas (x) a 1 Apeaneu (x) a EA pe iiai (x) S 3 T, x€ Aptgneu 


The parametric form of the above type number is 


Tptgneu1L (1), Trtgneu2L(W), Tptgneu1R (11), Tptgneu2R (11); 
(Aprgvew), 9,0 = IptgNeu1L (9), Iptgneuz.(Y), IptgNeu1R (9), IptgNeu2R (9); 
FptgneuiL (~), Fptgneu1L (~), Fptgneu1L (~), Fptgneu1L (~) 


where, Trtgneuit (4) =P, + - (p. — Pp) for u € [0,7], Trtgneu2t (HL) = P2 + — (ps — p2)forp € [t, 1] 
Trtgneuzr(L) = D4 — —(p D4 — p3)foru € [t,1], Tpegnewrrn() = Ps — ~ (Ds — p4)forp € [0,T] 
Iptgneuit (9) = 42 -=(q; —qi)ford € [1,1],  Ipegneu2,() = 43 - — (43 — qz)ford € [0,T] 
Ipegneuzr (9) = 43 + — (qa — qs)for9 € [0,1], Ipegneuar(9) = G4 + = (4s — q4)ford € [t, 1] 


1-— 
FetgneuiL(P) = 12 -=(% —7,)forp € [1,1], Fetgneu2zr(P) = 3 — — ("3 — r2)forg € [0,T] 


1- 
Fetgneuzr(P) = 13 + — (% —13)form € [0,T], Frrgneuir(Q) =% + = (rs =1,)torg e:(7,1] 


Here. O<us1,0<9<1,0<@<siand-O<ypt+0+Q9<34+ 


Avishek Chakraborty, Said Broumi and Prem Kumar Singh, Some properties of Pentagonal Neutrosophic Numbers and It’s 


Applications in Transportation Problem Environment 


Neutrosophic Sets and Systems, Vol. 28, 2019 206 











Figure 3.1: Graphical figure of Linear Pentagonal Neutrosophic Number. 


Note 3.1 - Description of above figure: In this above figure we shall try to address the graphical repre- 
sentation of linear pentagonal neutrosophic number. The pentagonal shaped black marked line actually 
indicate the truthiness membership function, pentagonal shaped red marked line denotes the falseness 
membership function and pentagonal shaped blue marked line pointed the indeterminacy membership 
function of this corresponding number. Here, t is a variable which follows the relation0 <1t<1.Ift = 


0 or 1 then the pentagonal number will be converted into triangular neutrosophic number. 


3.2 Pentagonal Single Typed Neutrosophic Number of Specification 2: If the sections of Hesitation 


and Falsity functions are dependent to each other 


A Pentagonal Single Typed Neutrosophic Number (PTGNEU) of specification 2 is described as 
Aptgneu = (Pr Pa P3» Par Psi I1 421 13» V4 155 Fptgnew Sptgveu) Whose truth membership; hesitation mem- 
bership and falsity membership are specified as follows: 











X— Pi, 
T L{[ p <x<p 
ees ° 
iG — ifp2 SX Sp 
P3 — P2 
1 ifx=pz3 
Tz — 
Aptgneu\*) 1-(1-7) Pa Xifpz <x < py 
P4 — P3 
Ps —x , 
T ifp4 SX <p 
Ps — P4 , 


0 Otherwise 
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dz —x+ Optgneu(X _ q1) 

d2— 1 
q3 — X + Optgneu(X — 42) 

q3 — q2 
leas (x) = Optgneulf x = 43 . 
X — q3 + Optgneu(4 _ X)if qs <xXx<q4 

da — 43 

X— 4+ Optgneu(Ys az x) 


d5 — 4 
1 Otherwise 


if qd <x <q 


ifd2 <x < q3 


ifd4 SX <5 


and 
dz —xX+ Optgneu(X = q1) 


d2— 41 
q3 —x + Optgneu(X _ q2) 
d3 — {2 
Optgneulf x = 43 


if a Sx <q 


ifqz <x < qs 


Fin raney(X) = 
aoe xX — q3 + Optgneu(G4 = x)if q3 <xX<q4 
d4 — 43 
x-—g,t6 —x 
4 PtgNeu(s ) if ds <x ds 
ds — 44 
1 Otherwise 


where, 0 = Treas (x) + LA pane (x) ac FAS piney (x) S Z T; xE€ Aptgneu 


The parametric form of the above type number is 
Tptgneu1L (1), Tptgneu2L (1), Tptgneu1R (11), Tptgneu2R (11); 


(Aregnen) . 9 = Iptgneuic 9), [pegneuze ), Iptgneurr (©), Iptgneu2r (9); 
FptgneuiL (~), Fptgneu1L ((p), Fptgneu1L ((), Fptgneu1L (Pp) 


1- 
TptgNeu1L (u) =p, + - (p2 — px )forpu € [0,T], TrtgneuzL (HL) = P2+ — (p3 — p2)forp € [t, 1] 


1- 
Tpegnewzr(H) = Pa — = (Pa — Ds) forp € [1,1], Tregneurr(#) = Ps — — (Ps — Pa) form € [0,7] 


6 PtgneuI1—9(a2- =e Ge 
piesa 1G Seat Ca LO APE ee teen) = Sse A BroNe te Ee 10,4] 


I v0) = 
pegneurt ) 1—OptgNeu 1—OptgNeu 
— 943-9 ptgneud4t (q4—93) — 94—-9PtgneuIstY (ds5s— a4) 
IptgNneu2R (9) = =a goatee, ford € [0,7], Iptgneu2L) eee ford € [t, 1] 
PtgNeu PtgNeu 
F _ q2~OptgneuI1~ P(42~ 11) ¢ 1F = 13 OptgNewd2— P(I3~ 92) ¢ 0 
ptgneurn(p) = 2 Peaheute OME forp € [t, 1]Fregneuzs (p) = 2 Penente POS forgy € [0,7] 
1 PtgNeu 1 PtgNeu 
F _ I3~ Optgneudat P(44~ 13) 6 0 F = q4~OptgneuIst P(45~ 14) 6 1 
pegneuan (P) = 2 Potente Ps) for & [0, tT], Freqneuan(~) = Petes ONS hor € [1,1] 
1 PtgNeu 1 PtgNeu 


Here,O <u <1, Opignen < VS 1, Opignen < P SL and—O<V+@si1t+and -O<u+90+Q9<s2+ 


4. Arithmetic Operations: 
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Suppose we consider two pentagonal neutrosophic fuzzy number as = Apigneu = 
(P1,P2) P3, Pa, Psi Ha Ya, 9q) aNd Borgneu = (9192) 93» 14 Is; Hp» Mp, Op) then, 

i) Aptgneu + Botgnew = [P1 + G1» P2 + 92) Ps + 93,P4 + Fas Ps + Fs; Max{Ug, Up}, Min{J,, 9,},min{G,, 9p }] 

ii) Apigneu — Bregneu = [Pi — Is» P2 — V4. P3 — 93) Pa — Ia, Ps — 91; Max{Ug, Uy}, min{Vg, 9,}, min{Og, 4,3] 
iii) kApegneu = [kpi, kz, kpz, kpy, kPsi la Va al if k > 0, =[kps, kpy, kpz, ko, kp; Ua Va, 9a] if k < 0 


" ~ —1 
1V)Aptgneu = (1/ps,1/p4,1/p3,1/p2,1/P1; Ua, Vas Ga) 


5. Proposed Score and Accuracy Function: 


Score function and accuracy function of a pentagonal neutrosophic number is fully depend on the value 
of truth membership indicator degree, falsity membership indicator degree and hesitation membership 
indicator degree. The need of score and accuracy function is to compare or convert a pentagonal neu- 
trosophic fuzzy number into a crisp number. In this section we will proposed a score function as follows. 


For any Pentagonal Single typed Neutrosophic Number (PTGNEU) 


Aptgneu = (P1, P2, P31 Pas P5> 91) F2> 935 Was W553 4512,73,%, rs) 


Pitp2tp3tPp4tDPs 


We consider the beneficiary degree of truth indicator part as = : 


Non- beneficiary degree of falsity indicator part as SEA ARE BAL BALD 


d1+42+93+q441+95 


And the hesitation degree of indeterminacy indicator as = : 


. i P1+P2t+P3+Datp ditq2+q3+qat+q rytretrstrsztr 
Thus, we defined the score function as SCpigneu = =(2 ae ee ee 5), 


PitP2tP3tPatPs _ 


Where, SCpegneu € [0,1] and the Accuracy function is defined as ACptgney =i : 


Ty +12 +T3 +14, +15 
5 vA 


Where, ACpignveu € [—1,1], Now we conclude that 
If Aptgneu =< (1,1,1,1,1; 0,0,0,0,0; 0,0,0,0,0) > then, SCprgney = 1 and ACpigney = 1 
If Apegneu =< (0,0,0,0,0; 1,1,1,1,1; 1,1,1,1,1) > then, SCpigney = Oand ACs, = —1 
5.1 Relationship between any two pentagonal neutrosophic fuzzy numbers: 
Let us consider any two pentagonal neutrosophic fuzzy number defined as follows 
Aptgneu1 = Cire Iptgneurp Foegneun) and Aptgneu2 = Ce oe Iptgneu2> Fergneie) if, 
1) DC Ape iea— > CApEg Nea then Apigneusr > Aptgneu2 
2) OAs Neue = > Apignewe? then Aptgneur < Aptgneu2 


3) SCA pia neu a SCAp Neus t then 


itt) AC Ape eis = OApeyNeus? then Aptgneui~Aptgneu2 


6. Application in Neutrosophic Transportation Environment: 
6.1 Mathematical Formulation of Model-I 
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In this section we consider a transportation problem in pentagonal neutrosophic environment where 
there are “p” sources and “q” destinations in which the decision makers need to choose a logical allot- 
ment such that it can start from “mth source and it will went to “n’’ th section in such a way where the 
cost become the minimum once in presence of uncertainty, hesitation in transportation matrix. We also 


consider the available resources and required values are real number in nature. 


Assumptions; 
‘m’ is the source part for all m=1,2,3...... p 
‘n’ is destination part for all n=1,2,3....... q 


Xmnis amount of portion product which can be transferred from m-th source to n-th destination. 


Nmnis the unit cost portion in neutrosophic nature which can be transferred from m-th source to n-th 
destination. 

Umis the total availability of the product at the source m. 

Vyis the total requirement of the product at the source n. 


q 


nonin. = Um, tor allan. 


Here, supply constraints )) 


p 


HiaG i = UAlOr all a: 


Demand constraints ); 
Also, yeah = eer Un Xmn 2 9 


So, the mathematical formulation is, Min Z = ¥1_,. 9 Xmn-Nmn, Subject to the constrain, 4") Xmn = 
Um Vn=o Xmn = Vn, Where, Xmn = 0 for all m,n. 


Proposed Algorithm to find out the optimal solution of Model-I: 


Step-1: Conversion of each pentagonal neutrosophic numbers into crisp using our proposed score func- 
tions and creates the transportation matrix into crisp system. 


Step-2: Calculate the non-negative difference for each row and column between the smallest and next 
smallest elements row and column wise respectively. 


Step-3: Take the highest difference and placed the availability or demand into the minimum allocated 
cell of the matrix. In case of tie in highest difference take any one arbitrarily. 


Step-4: The process is going on unless and until the final optimal matrix is created. Lastly, check the 
number of allocated cells in the final matrix; it should be equal to rowt+column-l. 


Step-5: Now, calculate the minimum total cost using the allocated cells. 
Illustrative Example: 


A company has three factories A, B, C which supplies some materials at D, E and F on monthly basis 
with pentagonal neutrosophic unit transportation cost whose capacities are 12,14,4 units respectively 
and the transportation matrix is defined as below and the requirements are 9, 10, 11 respectively. The 
problem is to find out the optimal solution and the minimum transportation cost. 


Po COA Baila te 
<(10,15,20,25,30; <(1,1,1,1,1; <(10,20,30,40,50; 
0,3,5,7,10; 0,0,0,0,0; 1,4,7,8,10; 
0,0,0,0,0)> 0,1,1.5,2,2.5,3)> 





<(2,3,4,7,9; <(5,10,15,20,25: | <(0,0.5,1,1.5,2.5; 
0,0.5,1,1.5,2; 1,2,3,4,5; 0,0.5,1,1.5,2; 
1,1.5,2,2.5,3)> 0,0,0,0,0)> 
<(5,9,11,12,13; <(15,20,25,30,50; ee, 
0,1,2,2.5,4.5; 0,2,4,6,8; 0,3,7,10,15; 4 
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[Required | 9 | ud oS 
Step-1 
Table-1: We convert this pentagonal neutrosophic transportation problem in to a crisp model using the 


concept of score and accuracy function. 








Step-2 
Table-2: 


Step-3 


Table-3: After processing the same operations finite number of times finally we get the final optimal 





solution matrix as, here number of allocation = row + column —1=5 





Thus, the total cost of this transportation problem is Min Z = Y3_) Y3,-0 Xmn-Nmn 


=2*(10,15,20,25,30;0,3,5,7,10;0,1,2,3,4)+3*(1,2,3,6,8;0,0.5,1,1.5,2;-3,-2,1,0,1)+ 
4*(1,3,5,7,9;-5,-4,0,1,3;-5,-3,0,1,2)+10*(1,1,1,1,1,0,0,0,0,0;0,0,0,0,0)+11*(1,0,1,2,3; 


0, 0.5, 1, 1.5, 2; 0, 0, 0, 0, 0) 
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= < (26,58,90,128,163; —20, —3,24,39,60; —20, —16,1,10,19) > 


= 25.4 Units. 


6.2 Mathematical Formulation of Model-II 


Mathematical formulation is, Min Z = yy. yg Sm -Nmn 


Subject to the constrain, 1. Xmn = Um 


p 
> Xmn = Vy 


m=0 


Also, 1-5 0, = Yn<o Um, Where, Xmn = 0 for all m,n. 
Here Ninn» Um, Un are all pentagonal neutrosophic numbers. 


In formulation of Model-II with the help of pentagonal neutrosophic number cost, demand and supply 
formulated in the following table 1,First, we calculate the score value of individual neutrosophic cost to 
get crisp cost and consider the rest terms that is demand and supply as it is in neutrosophic nature. 
Now, for the allocation we first consider the score values of availability and demand and take the min- 
imum value for the allocation. Then, we use the arithmetic operations in pentagonal neutrosophic do- 
main to run the iteration process. Following the same above algorithm finally we get the optimal solu- 
tion table where number of allocation=row+column-1 and finally we need to compute the final cost. 


Table-1: 


Po OA Balai 
<(10,15,20,25,30; <(1,1,1,1,1; <(10,20,30,40,50; | <(20,30,40,50,60; 
0,3,5,7,10; 0,0,0,0,0; 1,4,7,8,10; 3,5,6,10,12; 
0,1,2,3,4)> 0,0,0,0,0)> 0,1,1.5,2,2.5,3)> 5,10,15,20,25)> 


<(2,3,4,7,9; <(5,10,15,20,25; | <(0,0.5,1,1.5,2.5; | <(15,20,25,30,35; 
E 0,0.5,1,1.5,2; 1,2,3,4,5; 0,0.5,1,1.5,2; 5,10,15,20,30; 


0,0,0,0,0)> 1,1.5,2,2.5,3)> 0,0,0,0,0)> 2,4,6,8,10)> 

<(5,9,11,12,13; <(10,15,20,25,30; | <(15,20,25,30,50; | <(10,20,30,40,50; 
0,1,2,2.5,4.5; 0,2,4,6,8; 0,3,7,10,15; 4,6,8,10,12; 
0,0.5,1,1.5,2)> 0,0,0,0,0)> 1,2,4,5,8)> 1,4,7,10,13)> 





Required <(30,40,50,60,70; <(10,20,30,40,50; | <(5,10,15,20,25; 
4,8,11,17,26; 4,6,8,10,12; 4,7,10,13,16; 
4,8,12,16,20)> 3,6,9,12,15)> 1,4,7,10,13)> 


Step-1 
Table-2: 






3,9,6,10,12; 


5,10,15,20,25)> 
<(15,20,25,30,35; 
5,10,15,20,30; 
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<(10,20,30,40,50; 
4,6,8,10,12; 
1,4,7,10,13)> 





<(30,40,50,60,70; <(10,20,30,40,50; <(5,10,15,20,25; 


4,8,11,17,26; 4,6,8,10,12; 4,7,10,13,16; 
4,8,12,16,20)> 3,6,9,12,15)> 1,4,7,10,13)> 
After the iteration process according to the proposed algorithm finally we get the allocations in the 


allocated cell as, 


a4, =< (—30, —10,10,30,40; —9, —5, —2,4,8; —10, —2,6,14,22) > 
Az, =< (—10,0,10,20,30; —11, —3,5,13,26; —11, —6, —1,4,9) > 
A427 =< (10,20,30,40,50; 4,6,8,10,12; 3,6,9,12,15) > 
dy, =< (5,10,15,20,25; 4,7,10,13,16; 1,4,7,10,13) > 
a3, =< (—40, —10,30,70,110; —30, —9,8,25,46; —27, —10,7,24,41) > 
Thus, the optimal solution of this model-II system is, Min Z = Y3-9 3,20 Xmn-Nmn 
~ < (—30, —10,10,30,40; —9, —5, —2,4,8; —10, —2,6,14,22) >x< (10,15,20,25,30; 0,3,5,7,10; 0,1,2,3,4) >+ 
<(-10,0,10,20,30; -11,-3,5,13,26;-11,-6,-1,4,9)>x<(2,3,4,7,9;0,0.5,1,1.5,2;0,0,0,0,0)> + 
< (10,20,30,40,50; 4,6,8,10,12; 3,6,9,12,15) >x<(1,1,1,1,1;0,0,0,0,0;0,0,0,0,0)> + 
< (5,10,15,20,25; 4,7,10,13,16; 1,4,7,10,13) >x<(0,0.5,1,1.5,2.5;0,0.5,1,1.5,2;0,0,0,0,0)> + 
<(-40,-10,30,70,110;-30,-9,8,25,46; -27,-10,7,24,41)>x<(5,9,11,12,13;0,1,2,2.5,4.5;0,0.5,1,1.5,2)> 
= < (—510, —215, 615,1800,3012.5; 0, —22,21,129.5,371; 0,—7,19,78,170) > 
=263.53 units. 


6.3 Discussion: In section 6.1, in model -I we observe that if we take pentagonal neutrosophic fuzzy 
number as a member of feasible solution then we get the Min Z = 25.4 units, whereas, if we take crisp 
number in this computation procedure then we get from table 3, Min Z= (2x5) + (3x2) + (4x 3) + 
(10 x 1) = (11 X 0) = 38 units. Thus we can observe that pentagonal neutrosophic number give us bet- 
ter results. So, we follow the same technique in section 6.2 where we consider both availability and the 
demand as a pentagonal neutrosophic number. 


The conception of pentagonal neutrosophic number is totally a new idea and till now, in this domain 
anyone doesn’t considered the transportation problem so fur. Thus in future study, we can compare our 
work with the other established methods. Also, we can do comparative analysis in pentagonal neutro- 
sophic arena whenever researchers from different section could develop some interesting and useful 
algorithm in this transportation domain. 


7. Conclusion 


In this current era, the conception of neutrosophic number plays a paramount role in different fields of 
research domain. There is a proliferating popularity for the conundrum concept of neutrosophic number 
presenting before the world a vibrant spice of logic and innovation to reach the zenith of excellence. The 
world is driven into a paradigm of brilliance as well as expertise with the formation of the corresponding 
number which assists the researcher dealing with uncertainty and also with the transportation problem. 
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Neutrosophic set conception is a generalization of intuitionistic fuzzy set which actually contains truth- 
iness, falseness and indeterminacy concept. In this article, we developed a new concept of pentagonal 
neutrosophic fuzzy number, introduced its graphical representation and its properties. We also in- 
vented logical score and accuracy function which has a strong impact in conversion and ranking in this 
domain of research. Transportation problem is a very important application in operation research do- 
main and we build up two different models in this article within neutrosophic environment. We also 
employed the arithmetic operations to find the solution which gives us better result than the general 
conception. Thus, it can be concluded that the approach for taking the pentagonal neutrosophic single- 
valued number is very helpful for the researchers who are involved in dealing the mathematical 
modelling with impreciseness in various fields of sciences and engineering. It reveals very realistic 
results in both mathematical points of view. There is still a massive amount of work in this field; hence 
much spectacular study can be explored with pentagonal neutrosophic parameters. Further, we can 
compare our research work with other established methods in pentagonal neutrosophic domain related 
with transportation problem. 


In future, this article can be extended into multi criteria decision making problem. Also, researchers can 
apply this conception in various fields like engineering problem, pattern recognition problem, mathe- 
matical modeling etc. 
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Abstract: This paper studies about the definition of MBJ — Neutrosophic set in B — algebra, and introduce 
the concept of MBJ — Neutrosophic B — subalgebra. Homomorphic image and inverse image of MBJ - 
Neutrosophic B — subalgebra is provided. Also, Cartesian product of MBJ —- Neutrosophic f — subalgebra 
is studied. 
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1 Introduction 

Zadeh [35, 36] introduced the fuzzy set to discuss uncertainty in many real requitals and as a 
generalization, the intuitionistic fuzzy set on an universe X was brought by Atanassov [8, 9]. The 
concept of Neutrosophic set is given by Smarandache [28, 29] with truth, indeterminate and false 
membership function and is explored to various dimensions by the authors of [10,16,17,18,32]. M. A. 
Basset et.al [1, 2, 3, 4, 5, 6] studies various topics in Neutrosophic set and its applications. As an extension 
the idea of MBJ — Neutrosophic structures was introduced in [34] where the BCK/BCI - algebra deals 
about a single binary operation (*). 

The fuzzy sets have been connected in algebraic structure begins from Rosenfeld [27]. BCK - 
algebra is introduced by Iseki and Tanaka [8] and it has been analysed with several branches of fuzzy 
settings. As a generalization of BCK — algebra, Huang [11] and Iseki [14] discussed the notion of BCI - 
algebra. The structure of 8 — algebra was introduced by Neggers and Kim [25]. Also Jun and Kim [19] 
dealt some related topics on 6 — subalgebra. Later many researchers [7, 12, 33] developed to study B — 
algebra by relating with different fuzzy concepts. And as generalization of that, this paper applies the 
MBJ — Neutrosophic set in B-algebra and some results are given. The major difference of this work is 
handling an algebra with binary two operations (+ and —) whereas the existing other works involved 
single operation. This paper also provides a homomorphic image and pre-image of MBJ — Neutrosophic 
8 — subalgebra and the cartesian product of MBJ — Neutrosophic 6 — subalgebra are also disputed. 


2 Preliminaries 

This part provides the essential definition and examples of 6 — algebra and some definitions of fuzzy 
sets. 

2.1 Definition [7] A 6 — algebra is a non-empty set X with a constant 0 and binary operations + and — 
satisfying the following axioms: 

i) x-O=x 

ii) (O-—x)+x=0 

ili) (x -—y)-z=x-(y+2), forallx,y,z €X. 

2.2 Example Let X = {0, 1, 2, 3} be a set with constant 0 and two binary operations + and — are defined on 
X with the Cayley’s table, then (X, +,-, 0) is a 6 — algebra. 
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2.3 Definition [7] A non — empty subset 5 of a 6 — algebra (X, +, -, 0) is called a B — subalgebra of X, if 
1). KaPsy ES. 
Wx=y €S,V xv E35. 


2.4 Example [33] Let X = {(0, 1, 2, 3),+,-,0} be a 8 — algebra with Cayley’s table given above. Consider h 
= {0, 2} and b= {0, 1}. Then his a 6 - subalgebra of X, whereas lb does not satisfy the conditions to be an 
a 6 — subalgebra of X. 


2.5 Definition [33] Let (X , +, -, Ox) and ( Y, +, -, Oy ) are 8 —- algebras. A mapping f : X — Y is said to be 
a 8B — homomorphism if 

i)faty)=fat+fo) 

i)fa@-y)=fe%)-fO)Vxy EX. 


2.6 Definition A fuzzy set in a universal set X is defined as un: X — [0,1]. For each x € X, u(x) is called 
the membership value of x. 

2.7 Definition [9] An Intuitionistic fuzzy set in anon — empty set X is defined by 

A={<x,u(x),v(x) >/ x € X} where uw, : X — [0,1] isa membership function of A and 

v4: X — [0,1] isanon- membership function of A satisfying 0 < wy(x) + vy(x) <1, 

VEX. 


2.8 Definition [12] An Interval valued fuzzy set on X is defined by A = { (x, Ly (x))}, Vx € X where 
ii, : X > D[0,1] and D[0,1] denotes the family of all closed subintervals of [0,1]. Here fy(x) = 
[ a” (x), Ma’ (x) ], Vx € X and wy", uy” are fuzzy sets. 


Remark: Let us define refined minimum (briefly, rmin) and refined maximum (briefly, rmax) of two 
elements in D[ 0,1]. We also define the symbols =, <, = in case of two elements in D[ 0,1]. Consider D, = 
[a,,b,] and D, =[a,,b,] € D[0,1] then rmin (D,,D,) = [min(a,,a,),min(b,,b,)], rmax (D,, D2) = 
[max(a,,az),max(b;,bz)| D, = Dz if and only if a, = az, by = by. Likewise, D, < Dz and D, = D3. For 
D; = [a;,b;| € D[ 0,1], fori=1,2,3... 

We define rsup;(D;) = [sup;(a;), sup;(b;)| and rinf;(D;) = [inf;(a,), inf,(b,)]. 

Now, D, = D, if and only if a, => az, b, = bz. Similarly, D, < Dz and D, = Dy. 


2.9 Definition [8] An Interval valued Intuitionistic fuzzy set A on X is defined by A = {< x, f(%), V(x) > 
/ x €X}. Here ff, : X — D[0,1] and vy, : X — D[0,1] and D[0,1] is denoted as the set of all subintervals 
of [0,1]. 

Here f(x) = [ wy"(x), wa (xX), W4(x) = [ v4"(x), v4" (x)] with the condition 

0 < wyh(x) + vyr(x) <1and0 < w,%(x) 4+ v2 (x) < 1. 


2.10 Definition [28, 29] An Neutrosophic fuzzy set A on X is defined by 
A={<x, Ar(x), A;(x), Ar(x) >/ x € X}, where A; : X > [0,1] is a truth membership function, A, : 
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X — [0,1] is an indeterminate membership function and A; : X > [0,1] is a false membership function. 


2.11 Definition [34] Let X be anon - empty set. MBJ — Neutrosophic set in X, is a structure of the form 
A={<x, M,(x), By(x), J4(x) >/x € X} where M,and J, are fuzzy sets in X and M,is a truth 
membership function, J, is a false membership function and B, is an interval valued fuzzy set in X and 
is an Indeterminate Interval Valued membership function. 


2.12 Definition [12] the supremum property of the fuzzy set y for the subset T in X is defined as p(x) = 
sup u(x) , if there exists x,x%) ET. 
x €T 


2.13 Definition [33] An Intuitionistic fuzzy set A with the degree membership u,:X ~— [0,1] and the 
degree of non —- membership function v, : X — [0,1] is said to have sup — inf property if for any subset 
T of X there exists x) € T such that wy(%)) = sup Uy(x) and v,4(xo) = inf v,4(x) 

x €T x €T 


2.14 Definition 
An Interval valued intuitionistic fuzzy set A in any set X is said to have the rsup — rinf property 
if for subset T of X there exists x) €T such that f,(x%)) = rsuppu,(x) and vV,(%) = rinf V,4(x) 
x eT x eT 


respectively. 

In fuzzy theory, subsets are assumed to satisfy sup property, in intuitionistic fuzzy theory 
subsets are assumed to satisfy sup — inf property and in interval valued intuitionistic fuzzy subsets are 
assumed to satisfy rsup — rinf property. Analogously, in the following we define the notion of sup — 
rsup — inf for an MBJ — Neutrosophic set. 

2.15 Definition 

An MBJ — Neutrosophic fuzzy set A in any set X is said to have the sup — rsup — inf property 

if for subset T of X there exists x) € T such that M,(x,) = sup M,(x), Ba(xo) = rsup B,(x) and J,4(Xo) = 
x ET xET 


inf J,(x) respectively. 
x €T 


3 MBJ — Neutrosophic Structures in 6 — Subalgebra 
This division frames the structure of MBJ — Neutrosophic B — subalgebra of 6 — algebra and some 
relevant results are discussed. 
3.1 Definition 
Let Xbe a 8 — algebra. An MBJ — Neutrosophic set A = (M,,B,,J,) in X is called an MBJ - 
Neutrosophic 8 — subalgebra of X if it satisfies: 
1) M,(x + y) 2 min( My (x),Ma(y));. and ii) M4(x — y) = min( My (x), May); 

By(x + y) = rmin( By (x), Baty); Baw —y) = rmin( By(x), By(y)); 

Ja(x + y) S max (Jy (*),JaQ)) = Jae — y) S max (J, (4), Jay) 
3.2 Example 


1) Consider a 6 - algebra X = ({ 0,1,2}, +, — ) by the following cayley’s table 





and the MBJ — Neutrosophic set on X is defined by 
04 ,x=0 ie = 
Ma(x) = los , otherwise PA) eee 


[0.3,0.8] , x =0 


, otherwise 
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0.1 ,x=0 
Jax) = ee , otherwise 
Thus, A satisfy the terms to be an MBJ - Neutrosophic B - subalgebra of X. 


2) Let X = { (0,a,b,c),+,—} be a 6 -algebra with the following cayley’s table. 





Here, the MBJ — Neutrosophic set A = { < x, M,(x), Ba(x), Ja(x))>/ x € X} on X is defined by 


0.8, x=0 [0.4,0.7], x=0 
M,(x) = os x=b B,(x) = [0.3,0.5], x=b 
0.3, OP 6 [0.1,0.2], C= AC 


0.2, x=) 
Ja(x) = | O05; =D is an MBJ Neutrosophic B - subalgebra of X. 
0.7, x =a,c 
3.3 Theorem 
If A, and A, are two MBJ Neutrosophic 6 - subalgebras of X, then 
A, M A, is an MBJ —- Neutrosophic £ - subalgebra of X. 
Proof: 
Let A, and A, be two MBJ — Neutrosophic B - subalgebra of X. 
Now, M ana: (x+y) =min{ M,, (x + y), Mg, (x + y)} 
> min{{Mg, (x), Ma, (v)}, min{My, (x), Ma, 
= min{{M4,(x),Ma,(x)}, (Ma, 07), Ma, 
2 min{M,, ,,, (x), Masa, (y)} 
Maina, (x+y)= min{M,, ,,, (x), Maina, (y)}. 
Similarly, Mien: (x-y)= min{Ma,w4, (x), Maina, (y)}. 
Bana +y) = [Bhing +H), Bey +N 
= [min (Bi, (« + y), Bi, + y)),min (BY, (@ +y), BL@ +y))) 
> [min(Ba, a4, (0), Barna, (7))-min( Bay yg, 0), Barna, 0] 
= rmin{ By na, (x), Bigs (y)} 
Barna, (x+y)2 rmin{By, na, (x), Bias (y)} 
Similarly, Bags (x—y) => rmin{By na, (*), Bana, )} 
Jaana, (x+y)= max{ J4, (x + V) JA, (x+y)} 
< max{{/4,(x),Ja,0)},maxUa, Ja, 
= max{{/a, (~),Ja,)}, Ua, Ja, OH 
< max{J4,.4, (©) Jaina, 3 
Jaana, & +9) SmMaxUang, Jaina, 
Similarly, eens (x-y)< max{Ja,,4, OO), Jaina, (y)}. 
Thus, A, MN Az is an MBJ — Neutrosophic 6 - subalgebra of X. 
3.4 Lemma 
Let A be an MBJ — Neutrosophic 6 - subalgebra of X, then 
i) M,(0) = M,(x),B,(0) = B,(x) and ],(0) = Ja(x), 
ii)M,(0) = M,(x*) = M,(x), B,(0) = By(x*) = By(x) and J,(0) S Ja(x*) S Ja(x), where x* = 0-—x, 
Vx EX. 
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Proof: 
i) For any x € X. 
M,(0) = M,(x-x) = min(M, (x), M4(x)) 
= M,(x) 
Therefore, M,(0) > M,(x). 
B,(0) = [ Bx (0), By (0)] 
> | Ba(x), Ba )] 
= By (x) 
Ja(O) = Jax — x) S max(Ja(x),Ja@)) = Ja(x) 
Thus, J4(0) < J,(x). 
ii) Also for x € X, 
M,(x*) = M,(0-x) = min(M,(0), M,(x)) 
= M,(x) 
Hence, M,(x*) > M,(x). 
B,(x*) = [ By (x*), Ba (x*)] 
= [Bx(0 — x), By (O—x)] 
= [min(B4 (0), By (x)), min(Bj (0), By (x))] 
> [ Bi (x), Ba ()] 
= B, (x) 
» B40) = Bax") = Ba) 
Ja(x*) = Ja(O— x) S< max(J,(0),Ja(x)) = Ja) 
Thus, J4(0) S Ja(x") S Jax). 
3.5 Theorem 
If there exists a sequence {x,,} in X such that lim M,(x,) = 1, lim Bec) = [at lim Ja(x,) = 0. And 
A be an MBJ — Neutrosophic £ - subalgebra of X. Then 
M,(0) = 1,8,(0) = [1,1], and J,(0) = 0. 
Proof: 
Since, M,(0) => M,(x),Vx €X, 
M4(0) 2 Man). _ 
Similarly, B,(0) = By(x,) and J,(0) < J,(%,) for every positive integer n. 
Note that, 1 > M,(0) = lim M,(x,) = 1,. 
Hence M,(0) = 1. 
[1,1] > B,(0) = lim By(x,) = [1,1] 
Implies B,(0) = [1,1] 
AlsoO < J,(0) < lim Jan) =0, 
Therefore, J,(0) = 0. 
3.6 Theorem 
Given A = (Mu ID id y) in X such that (M,,J,) is an intuitionistic fuzzy subalgebra of X and Bx,B, are 
fuzzy subalgebra of X, then A = (M,,B,,J,) is an MBJ — Neutrosophic £ - subalgebra of X. 
Proof: 
To prove this it’s enough to verify that B, satisfies the conditions: 
Vx,y EX. 
By(x + y) = rmin{B, (x), B,0)} 
By(x — y) = rmin{B,(x), Ba} 
For any x,y € X, we get 
B(x +y) =[Bi(x+y), Bi (xt+y)] 
> [min{ By (x), Bx (y)}, min{ By (x), By (3) 
= rmin{[ By (x), Ba (x), [ Ba), Ba OI} 
= rmin{ B,(x), Ba(y)} 
By(x + y) 2 rmin{ B,(x), Ba(y)} : 
Similarly, B,(x — y) = rmin{ B,(x), Bac} 
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B, satisfies the condition 
a= (Mu Bal oy is an MBJ — Neutrosophic 6 - subalgebra of X. 


3.7 Theorem 
If A= (M ns Bal a) is an MBJ - Neutrosophic 6 - subalgebra of X. Then the sets 
Xu, = {x €X/M,(x) = M,(0)}; Ap, = eae = X/B,(x) = B,(0)} and Aigo {x EX/J,(x) = J,(0)} are 
subalgebra of X. 
Proof: 
For any x,y € XM a 
Then M,(x) = M,(0) = MaWy) 
M(x +y) = min(M, (x), Ma(y)) 
= min(M,(0),M,(0)) = M,(0) 

And M,(x — y) = min(M, (x), M4(v)) 

= min(M,(0),M,(0)) = M,(0) 
x+yandx—y € Xy, 
Therefore, Xy,, is a subalgebra of X. 
Let x,y € Xg,, then B,(x) = B,(0) = By(y). 
Now, B,(x + y) = rmin{B, (x), B,(y)} 

= rmin{B,(0),B,(0)} = B,(0) 

~ Bax t+ y)2 B,(0) ; 
Similarly, B,(x —y) = B,(0) 
-. Xg, is a subalgebra ot X. 
Letx,y € X), 
Jax) = Ja) = Ja) 
Now, Ja(x + y) S max(U/4(X),JaQ)) 

= max(J,4(0),J4(0)) 

= J,(0) 
Ja(x —y) S maxV,(x),JaQ)) 

= max(J,(0),J4(0)) 
= J,(0) 

“ xtyandx—y € X,, 
X,, is a subalgebra of X. 


3.8 Definition 

A={<x, M,(x), Ba(x), J4(x) >/ x € X} be an MBJ — Neutrosophic set in X and f be mapping 
from X into Y then the image of A under f, f(A) is defined as, 
f(A) = {< x; Soup (Ma), Ff sigl Ba) fing Va) >/ XE y } where 


M,(x), i a Q 
foup Ma)QV) = [rere (x), if FO) + 
0 otherwise 


: rsup B,a(x), if f(y) # @ 
ior asyal@e = ,xef-*(y) 


: otherwise 
fing IQ) = eco see 
inf UA = 
1 


3.9 Definition [34] 
Let f : X ~ Y bea function. Let A and B be the two MBJ -— Neutrosophic B- subalgebra in X 
and Y respectively. Then inverse image of B under f is defined by 


f-0(B) = &, f-1(Mp(x)), f7 (Be), f-*Ue@)) /x © X} such that 
f-*(Ma(x)) = Me(f@)) if (Bs@)) = Bo(f@)) and fe) = Jo(f 9). 


otherwise 
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3.10 Theorem 

Let (X,+,—,0) and (Y, +, —,0) be two 6 — algebras and f: X — Y be an homomorphism. If A 

is an MBJ — Neutrosophic 6 — subalgebra of X, define 

f(A) ={< x,M,(x) = M(f(x)), BO) = BUF @)), JQ) =I @)) >/ x € X}. Then f(A) is an MBJ - 
Neutrosophic 8 — subalgebra of Y. 


Proof: 
Letx,y €X. 
Now, Mr(x + y) =M(f(x + y)) 
= M(f(x) + f)) 
> min{M(f(x)), M(fO))} 


= min{M;(x), M;(y)} 
M,(x +y) = min{M,(x), M;(y)} 
Similarly, Mp(x —y) = min{M; (x), My (y)} 
Bex +y) =BF(x+y)) 
Bf (x) + FO) 
rmin{B(f(x)), BF O))} 
= rmin{B,(x), By (y)} 
B(x +y) = rmin{B-(x), By (y)} 
Similarly, By(x — y) = rmin{B,(x), By (y)} 
Tee ty) =SF&+y)) =SFEO) + £0) 
< maxi (f(x) JO) 
= maxi (f(x), JF O))} 
I(x ty) < maxt{J;(x),J-(y)} 
Similarly, J>(x —y) < max{J pO), Sp (y)} 
Hence f(A) is an MBJ — Neutrosophic B — subalgebra of Y. 
3.11 Theorem 
Let f : X — Y bea homomorphism of 6 — algebra X into a 8 — algebra Y. If 
A={<x, M,(x), By(x),Ja(x) >/ x € X} is an MBJ — Neutrosophic 6 — subalgebra of X, then the image 
fA)={< x, foup (Ma); frsup (Ba), fing Jad >/ x € X } of A under f is an MBJ - 
Neutrosophic 8 — subalgebra of Y. 
Proof: 
A={<x,M,(x),By(x), J4(x) >/ x € X} be an MBJ — Neutrosophic 6 — subalgebra of X. 
Let y1, V2 © Y 
o {y+ XQ1%1, © f~* (1), X2 © f* O2),} S [x EX: x © f*(Y, + y2)} 
Now, 
feup{MaQ1 + y2)} = sup{M,(x) /x € f"(n + y2)} 
> sup{M, (x, + x2)/x, € f~* (1), %2 © f-* O2)}3 
> sup{min{M, (x1), My(%2)}/x1 € f~* 01), %2 © f* (y2)} 
= min{sup{M,(x,)/x, € f~* (y1)},sup { Ma(x2)/x2 € f7* O2)P 
= min{fgup (My (1), fsup (Ma (y2))} 
Similarly feup(Ma (V1 —Y2)} = min{foup (M, Op) tan (M,(72))} 
frp (BaOn + yz)} = rsup{B,(x)/x € f-*(y, + y2)} 
= rsup{B, (x, + X2)/X4 E f~* (1), X%2 © f-* G2)3 
> rsup{rmin{B, (x1), Ba(x2)}/x1 © f~* 01), x2 © f7* O2)} 
= rmin{rsup{B,(x,)/x, € f~* (vi) hr sup { By(x2)/x2 € f~* (2) 3 
= rmin{f-sup (By (v1), ip (By (y2))} 
Fin Bai + V2)3 = rmin{fpsup (Ba (y1)), feup(Bal2))} 
Similarly, fae. (v1 + Y2)} = rmint{fesup (By (v1), ee (B, (y2))} 
fing a1 + Y2)} = inf a(x) /x € f-*01 + y2)3 
< inf{/,(%, + x2)/x, € f~* 01), x2 © F* O2)3 
< inf{max{J4(%1),Ja(%2)}/%1 © f~* (1), %2 € f* 2)} 


| WV i 
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= max{inf{J,(x,)/x, € f~* (1) pinf a2) /x2 © f7* OB 
=max{fing Va)» fing Ja 2))3 
Similarly, fins JaQ1 + ¥2)} S max{fing Ja01))> fing JaO2))3. 
3.12 Theorem 
Let f : X — Y beahomomorphism of f - algebra. If B = (Mz, Bz Jz) is an MBJ-Neutrosophic 
8 — subalgebra of Y. Then f~*(B) =< (f~*(Msz), f-* (Bz), f-*Ug)) > is an MBJ — Neutrosophic B - 
subalgebra of X, where f~*(Mp(x)) = Mp (f(x); f* (Ba) = Ba(f@)) and f(g) = Je(F OO), 
for allx € X. 
Proof: 
Let B be an MBJ — Neutrosophic 8 — subalgebra of Y and let x,y € X 
Then f~*(Mg)(x + y) = Mg(f(@+y)) 
- M,(f (x) + f(y)) 
> min{Mef(x)) + Mef)} 
= min{f~*(Mp(x)) + f-*(Ma(y))} 
f~*(Mp)(x + y) = min{f~*(Mp(x)) + f-*(Ma0))}. 
Similarly, f-*(Mg)(x — y) = min{f~1(Mg(x)) + f7*(Mg(0))} 
f-1(Bp ) +y)= Ba(f(x a y)) 
Ba(f(@) ide f(v)) 
rmin{Bs (f (x)),Ba(f))} 
= rmin{f—? ( B(x), 1 (B20) )} 
f-*(Bp)(« +y) = rmin{f-* ( Bp(x)),f-* (B20) )} 
Similarly, f~1(B,)(x — y) = rmin{f~? ( B, (x)) Pe ie ( B, (y))} 
f-*Gp)(x + y) = GRE: 5 y)) 
as Ip(f@) a f(y) 
< max{/pf (x) + Jef} 
= max{f~*(UJ(x)) air f-*Ue))} 
f"Up)(x ty) s min{f~*Us(x)) + Ff Ue0)} 
Similarly, f~* Ug) (x -y)< min{f~*(UJp(x)) a f-*Ue0))}. 
Hence f~1(B) = (f~1(Mz), f-*(Bz), f-*Ug)) is an MBJ - Neutrosophic 
8 — subalgebra of X. 


Veil 


4 Product of MBJ — Neutrosophic Subalgebra 

In this section the Cartesian product of the two MBJ — Neutrosophic 6 - subalgebra A and B of X and Y 
respectively is given. 

4.1 Definition [12,33] 

Let A ={<x, Ma(x), B(x), Ja(x) >/x € X}and B={<y, Ma(y), Bay), Ja(y))>/y € Y} be two MBJ - 
Neutrosophic sets of X and Y respectively. The Cartesian product of A and B is denoted by A x B is 
defined asAX B= {< (yy), Mgxp(% Vv), Baxp(%,¥), Jaxp(% V) >/ (Xv) © X XY} where 

Myxp: XXY—> [0,1], Bayg :X XY > D[0,1], Jaxg i: X XY - [0,1]. 

Maxp (x,y) = min{ M4(x), Ma(y)}, Baxe (x,y) = rmin{ B,(x), B4(y)} and 

Jaxe(% y) = maxi J4(x), Jay}. 

4.2 Theorem 


Let A and B be two MBJ — Neutrosophic £ - subalgebra of X and Y respectively. Then A x B is also an 
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MBJ — Neutrosophic £ - subalgebra of X x Y. 
Proof: Let A and B be an MBJ — Neutrosophic 6 - subalgebra of X and Y respectively. 
Take x = (x1,X%2) and y = (y,,y2) EX XY. 
Now, Maxa(x +¥) = Maxe (2) + (2) 
Maxp((x1 + ¥1), 1 + Ya) 
= min{M,((%1 + ¥:)),Ma(O1 + y2))} 
> min{min(M,(x,), M; (y,)) : min(M,(x3), Mz (y2))} 
= min{min(M,(x,), M; (x)) ; min(M,(y,), Mp (y2))} 
min{(Maxe )(%1,%2), Maxe )1¥2)5 
= min(Myxe) (x), Max )(y)} 
Maxe(x + y) 2 min{(M, X Mg) (x), (Ma x Mp)(y)}- 
Similarly, Maxe (x —y) > min{(My x Mg) (x), (Ma X Mg)(y)} 
Baxp (x +¥) = Baxp(C1%2) + 1,92)) 
= Baxo((% +1), 01 + ¥2)) 
= rmin{ B,(x, + yz), Ba(x2 + ¥2)} 
= rmin{ rmin(B,(x1), Bg (x2)}, rmin (By(1), Bg (v2)} 
= rmin{Baxp(%1,%2), Baxa (V1 Ya)} 
> rmin{ Baye (x), Baxely)} 
Baxp(x + y) 2 rmin{Baxp (x), Baxa(v)} 
Similarly, Baya (x —y) = rmin{Byxe(x), Baxa)} 
Jaxe(® + ¥) = Jaxp( 1 %2) + 1,92)) 
= Jaxe (1 + 71), 1 + ¥2)) 
= max{/((x1 + ¥1))Je(Or + y2))} 
> max{max(J(x1),J(1)),max(J4(x2),J (v2))} 
= max{max(J4(%1),Jp(%2)),maxUJ4(1),Je(v2))} 
=max{Ja X Je)Q1,%2),Ua X Je) Or ¥2)3 
= max(/, X Je) (), Ja X Jad} 
Jaxe (x + y) S maxUy X Je) (X), Ua XJB)O)3 
Similarly, = Jaxp (x — y) S maxVy X Je) (X), Va X Ja) ()}. 
Thus, A x B is also an MBJ — Neutrosophic 6 - subalgebra of X x Y. 


4.3 Theorem 

Let Aj ={x © X;: M,,(x), By, (x), Ja,00)} be an MBJ — Neutrosophic 6 - subalgebra of X;, 

i=1,2,...n. Then []j_, A; is called direct product of finite MBJ — Neutrosophic 6 - subalgebra of []j_, X; 
if 


i) WViz4 Ma, (x; + y,) 2 min{] TfL, Ma, (xj), Tis Ma, (vi)3 
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Mei Ba, + vi) = rmin {TE Ba, i), Mie1 Ba, 01} 
MizJa,i + vi) S max{ Ties 4,0, Tier, 3 
ti) []i=1Ma,Qu — vi) 2 min{]]f1 Ma, ), Mis Ma, 0%i)3 
Wes Ba, (i — yi) = rminT TL, Ba, (4), Tks Ba, 013 
isi Ja,Qi — vi) S max{T Tey Ja, 0), Ties 4, 005- 
Proof: The prove is clear by induction and using Theorem 4.2. 
4.4 Theorem 
Let A; = {x € X;: My,(x), By, (x), J'4,(*)} be an MBJ — Neutrosophic £ - subalgebra of X;, respectively for 
i=1,2,...n. Then [|/~, A; is an MBJ — Neutrosophic 6 - subalgebra of |]j_, Xj. 
Proof: Let A be an MBJ — Neutrosophic £ - subalgebra of X; 
Let (%1, Xz, .--X_) and (1, V2,+-Yn) © eX: 
Take a = (X4,X,...X,) and b = (44, V2, + Vy) 
Then 
ITi=1 Ma,(a + b) = min{M,, (a FD) pions Mg (OE b)} 
= min{min{M,, (a), Ma, (bn)} jai anectenss min{M,, (a), M,,, (b)} 
= min{min{M,, CG) aacaxs M,,, (a)} ; min{M,, CD )ciaces M,,, (b)} } 
= min{] Tj Ma;(@), Hiz1 Ma;(4)3 
Tika Ma,(a + b) > min{{T1 Ma, (), Tis Ma,(6)} } 
Similarly, []j-; M,,(a — b) 2 min{]]iL, M,,(@), [Ti=1 Ma, (5)3 } 
Mi. B4,(a + b) = min{B,, (a + b),....... By, (a + b)} 
= rmin{r min{B,, (a), By, (b)},..........min{B, (a), By (b)} 
= rmin{rmin{B,, (a), ...... B, (a)},min{B, (b),..... B, (b)}} 
= rmin{IT, By,(a), 1 B,,(b)} 
Tt, Ba,(a + b) = rmin{[]", B4,(a), TI" Ba, (b)} } 
Similarly, [TL B4,(a — b) = rmin{[TL, Ba,(@), 11 Ba,(b)} } 
IiziJ4,(a +5) max{J4, (AFD), ccceJa (ar b)} 
= max{max{J4, (a), Ja, (b)}, ‘ateiteaees max{J,,, (a), Ja, (b) } 
= max{max{J4, CO) dwar Tan (a)} ; max{J,, (D), wee vee Jae (b)} 
= max{]Ti21Ja;(@), Misi J4,(0)3 
Mika Jaa + b) < max{IT1Ja;(@), Mf J4;(0)} } 
Similarly, [Tf Ja,(a — b) S$ max{IT?1Ja,(@), 1 Ja,()}} 


Thus, | ]j~, A; is an MBJ — Neutrosophic 6 - subalgebra of [[j_, Xj. 


Conclusion 
Here, the MBJ — Neutrosophic substructure on £6 —- algebra was introduced in double 
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operations+ and —. Further, the study analysed the MBJ — Neutrosophic 8 — subalgebra using 


Homomorphic image, inverse image and Cartesian product. The same ideas can be extended to some 


other substructures like ideal, H- ideal and filters of a 8 — algebra for a future scope. 
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Abstract: The soft set theory is a mathematical tool to represent uncertainty, imprecise, and 
vagueness is often employed in solving decision making problem. It has been widely used to identify 
irrelevant parameters and make reduction set of parameters for decision making in order to bring 
out the optimal choices. This manuscript is designed with the concept of neutrosophic soft graph 
structures. We introduce the domination number of neutrosophic soft graphs and elaborate them 
with suitable examples by using strength of path and strength of connectedness. Moreover, some 
remarkable properties of independent domination number, strong neighborhood domination, 
weights of a dominated graph and strong perfect domination of neutrosophic soft graph is 


investigated and the proposed concepts are described with suitable examples. 


Keywords: Domination Number, Neutrosophic graphs, Strong neighborhood domination, Strong 


perfect domination, Soft graph. 


1 Introduction 

Fuzzy graph theory was introduced by Azriel Rosenfied in 1975. Still it is very young, it 
has been growing very fast and has crucial applications in various domain. Fuzzy set was introduced 
by Zadeh [8] whose basic components is only a membership function. The generalization of Zadeh’s 
fuzzy set, called intuitionistic fuzzy set was introduced by atanassov [16] which is characterized by a 
membership function and a non membership function. According to Atanassov, the sum of 
membership degree and a non membership degree does not exceed one. A. Somasundaram and S. 
Somasundaram [33] presented more concept of independent domination, connected domination in 
fuzzy graphs, R. Parvathi and G. Thamilzhendhi [23] introduced domination in intuitionistic fuzzy 
eraphs and discussed some of its properties. 

The soft graphs represents need any addition information about the data such as the 
probability in statistic or possibility value in fuzzy graphs and give the accurate value. The theory 
use parameterization as its main vehicle in developing theory and its applications. The crucial model 
of parameter reduction and decision making is developing fascinating in dealing with uncertainties 
that making problems in soft set theory are interesting field. Molodtsov [25] introduced the concept 
of soft set theory as anew mathematical tool for dealing with uncertainties. Molodtsov’s soft sets give 


us new technique for dealing with uncertainty from the view point of parameters. It has been revealed 
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that soft sets have potential applications in several fields. In [7], author studied the fuzzy soft 
eraphs. Operations of fuzzy soft graphs are studied in [8]. Recently, Akram M [9] introduced an 
idea about neutrosophic soft graphs and its application. Recently, the author Smarandache [29, 30, 
13, 14, 31, 32, 17, 18, 19, 20, 35] introduced and studied extensively about neutrosophic set and it 
receives applications in many domains. The neutrosophic set has three completely independent parts, 
which are truth-membership degree, indeterminacy-membership degree and falsity-membership 
degree with the sum of these values lies between 0 and 3. Akram [9] established the certain notions 
including neutrosophic soft graphs, strong neutrosophic soft graphs, complete neutrosophic soft 
eraphs. Motivation of the above, we introduced the concept of domination number in neutrosophic 
fuzzy soft graphs, strong neighborhood domination and strong perfect domination in neutrosophic 
fuzzy soft graphs. The major contribution of this work as follows: 
e The domination set of neutrosophic soft graphs is established by using the concept of 
strength of a path, strength of connectedness and strong arc. 
e The necessary and sufficient condition for the minimum domination set of 
neutrosophic soft graph is investigated. 
e Some properties of independent domination number of neutrosophic soft graph are 
obtained and the proposed concepts are described with suitable examples. 
e Further we presented a remarkable properties of independent domination number, 
strong neighborhood domination and strong perfect domination of neutrosophic soft graph. 
2 Preliminaries 
Definition 2.1 [30] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) A&C if 
Vx € X, Ta (xX) S Tp(x), I, (X) S Ip(x)and F(x) = Fp(x). 
Definition 2.2 [35] Let X be a space of points (objects), with a generic elements in X denoted by x. 
A single valued neutrosophic set (SVNS) A in X is characterized by truth-membership function 
T, (x), indeterminacy-membership function I,(x) and falsity-membership-function F, (x). 
For each point x in X, Ta(x), Fa(x), Ia(x) € [0,1]. 
A = {x, Ty (Xx), Fa(x), In(x)} and 0 < Ty (x) + I, (x) + Fa(x) S 3 
Definition 2.3 [17, 18] A neutrosophic graph is defined as a pair G* = (V,E) where 
(i) V = {Vy,V2,-.,Vn} such that T, = V > [0,1], , =V— [0,1] and F,; = V > [0,1] denote the degree 
of truth-membership function, indeterminacy function and falsity-membership function,respectively 
and 
O < Ta(x) + Ig(X) + Fa(X) S 3 
(ii) EC VXV where T, = E > [0,1],I, = E > [0,1] and F, = E > [0,1] are such that 
T,(uv) < min{T, (u), T,()}, 
I,(uv) < min{l,(u), 1,(v)}, 
F,(uv) < max{F,(u), F,(v)}; 
and 0 < T,(uv) + I,(uv) + F,(uv) < 3,Vuv EE 
Definition 2.4 Let (H,A) and (G,B) be two neutrosophic soft sets over the common universe U. 
(J, A) is said to be neutrosophic soft subset of (G,B) if ACB, if Tye)(K) S Tere) (X), lyre) (X) S Tere) (X) 
and Fye)(x) 2 F¢ey(x) for all e € M,x € U. 
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Definition 2.5 Let (H,A) and (G,B) be two neutrosophic soft sets over the common universe U. The 
union of two neutrosophic soft sets (H,A) and (G,B) is neutrosophic soft set (K,C) = (H, A) U (G,B), 
where C = AUB and the truth-membership, indeterminacy-membership and falsity-membership of 
(K,C) are defined by Txe)(X) = Tyre) (X), ife € A — B, Tee) (x), ife € B — A, max(Ty(e)(X), Tee) (x) ife € 
ANB. 
Definition 2.6 Let U be an initial universe and P be the set of all parameters. p(U) denotes the set 
of all neutrosophic sets of U. Let A be a subset of P. A pair (J,A) is called a neutrosophic soft set 
over U. Let p(V) denotes the set of all neutrosophic sets of V and p(E) denotes the set of all 
neutrosophic sets of E. 
Definition 2.7 [9] A neutrosophic soft graph G = (G*,J, K, A) is an ordered four tuple, if it satisfies the 
following conditions: 
(i)G* = (V,E) is asimple graph, 
(ii)A is anon-empty set of parameters , 
(iii)J, A) is a neutrosophic soft set over V, 
(iv)(K, A) is a neutrosophic soft set over E, 
(v)(J(e), K(e)) is aneutrosophic graph of G*, then 
Tke) (XY) S {Tey ) A Trey 5, 
Ikce) (XY) S {yrey(X) A Tey (Wh. 
Fxcey (XY) S {Fyey(X) V Frey) 
such that 
0 < Txce) (xy) + Ike) (XY) + Fxcey (ky) S$ 3 forall e€ A and xyeV. 
The neutrosophic graph (J.,K.) is denoted by H(e) for convenience. A neutrosophic soft graph is a 
parametrized family of neutrosophic graphs. The class of all neutrosophic soft graphs is denoted by 
NS(G*). Note that Tye) (xy) = Ike) (xy) = 0 and Fxce) (xy) = 1Vxy EVXV—E,e EA. 
Definition 2.8 [9] Let G, = (F,,K,,A) and G, = (Fz, Kz,B) be two neutrosophic soft graphs of G’. 
Then G, is aneutrosophic subgraph of G, if 
(i)A CB. 
(ii)H,(e) is a partial subgraph of H2(e) forall e EA. 
3 MAIN RESULT 
Definition 3.1 Let G = (G’*,J,K,A) be aneutrosophic soft graph. Then the degree of a vertex u € G is 
a sum of degree truth membership, sum of indeterminacy membership and sum of falsity 
membership of all those edges which are incident on vertex u denoted by d(u) = 
(drycey(U), Arye) (U), Arye) (U)) Where 
dty(e)(U) = Neea Qhuevev Txce)(u,v)) called the degree of truth membership vertex 
dyey(U) = Neea Quevev Ixce)(u, V)) called the degree of indeterminacy membership vertex 
dpyce)(U) = Yeea (Huevev Fxcey(u,v)) called the degree of falsity membership vertex for all 
e€A,u,veE V. 
Definition 3.2 Let G = (G’,J, K,A) be a neutrosophic soft graph. Then the total degree of a vertex u € 
G is defined by td(u) = (tdyye)(u), tdy¢e)(U), tdpy(e)(u)) where 
tdryey(U) = Meea Quuevev Txey(u, V) + Tye)(u, v) called the degree of truth membership vertex 
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tdyycey(U) = Yeea Quuevev Ixey(u, V) + Iyey(u,v)) called the degree of indeterminacy membership 
vertex 

tdryce)(U) = Meea (Huevev Fxcey(u, Vv) + Fyey(u, v)) called the degree of falsity membership vertex for 
alle E€ A, uve V. 


a(0.5,0.6,0.4) — (0.5,0.5,0.4) b(0.7,0.6,0.5) a(0.6,0.7,0.8) (0.5,0.6,0.8)  b(0.5,0.6,0.7) 


(0.6,).5,0.7) 





c(0.6,0.5,0.7) d(0.8,0.9,0.4)  (0.7,0.6,0.4) c(0.7,0.6,05) 


H (e,) H(e,) 


Figure 1 


Example 3.3 Consider a simple graph G*=(V,E) such that V= {a,b,c,d} and E= 
{(ab), (bc), (cd), (ad)}. Let A = (J, A) be a neutrosophic soft over V with the approximation function 
J:A > p(V) defined by 
J(e,) = a(0.5,0.6,0.4), b(0.7,0.6,0.5), c(0.6,0.5,0.7), d(0.6,0.5,0.7) 
J(e2) = a(0.6,0.7,0.8), b(0.5,0.6,0.7), c(0.7,0.6,0.5), d(0.8,0.9,0.4) 

Let (K,A) be a neutrosophic soft over E with neutrosophic approximation function K:A — p(E) 
defined by 

K(e,) = ab(0.5,0.5,0.4), bc(0.6,0.5,0.7), cd(0.5,0.5,0.6), ad(0.5,0.4,0.6) 

K(e,) = ab(0.5,0.6,0.8), bc(0.5,0.5,0.5), cd(0.7,0.6,0.4), ad(0.5,0.6,0.7) 
Clearly, H(e,) = (Jj(e1), K(e,)) and H(e,) = J(ez), K(e2)) are neutrosophic graphs corresponding to 
the parameters e, and e, respectively as shown in Figure 1. 
For the graph H(e,) degree of vertices as _ follows, deg(a) = (1,0.9,1.0), deg(b) = 
(1.1,1.0,1.1), deg(c) = (1.1,1.0,1.3), deg(d) = (1.0,0.9,1.2) 
For the graph H(e2) degree of vertices as follows, deg(a) = (1.0,1.2,1.5) , deg(b) = 
(1.0,1.1,1.3), deg(c) = (1.2,1.1,0.9), deg(d) = (1.2,1.2,1.1) 
Definition 3.4 A simple graph G is said to be a regular if each vertices has a same degree for all e € 
A, x%y €V. Let G* = (V,E) be a neutrosophic graph then G is said to be a regular neutrosophic 
eraph if H(e) is a regular graph for all e € A, if H(e) is a regularr neutrosophic graph of degree r 
forall e € A, then G isa r— regular fuzzy graph. Let G* = (V,E) be aneutrosophic graph then G is 
said to be a totally regular neutrosophic graph if H(e) is a totally regular graph for all e € A, if H(e) 
is a totally regular neutrosophic graph of degree r for all e € A, then G is a r—totally regular 


neutrosophic fuzzy graph. 
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Example 3.5 Consider a simple graph G* = (V,E) such that V = {a,b,c,d} and 
E = {(ab), (bc), (cd), (ad)}. Let A = {e,,e,}. Let J, A) be a neutrosophic soft over V with its 
approximation function J = A — p(V) defined by 
J(e,) = a(0.4,0.3,0.3), b(0.3,0.3,0.4), c(0.4,0.4,0.4), d(0.5,0.5,0.5) 
J(e2) = a(0.5,0.4,0.4), b(0.4,0.4,0.5), c(0.5,0.5,0.5), d(0.6,0.6,0.6). 
Let (K,A) be a neutrosophic soft over E with neutrosophic approximation function K:A > 
p(E) defined by 
K(e,) = ab(0.2,0.2,0.2), bc(0.1,0.1,0.1), cd(0.2,0.2,0.2), ad(0.1,0.1,0.1) 
K(e,) = ab(0.2,0.2,0.2), bc(0.3,0.3,0.3), cd(0.2,0.2,0.2), ad(0.3,0.3,0.3). 
Obviously, H(e,) = (F(e,),K(e,)) and H(ez) = (F(e2),K(e2)) are neutrosophic graphs 
corresponding to the parameters e,; and e, respectively as shown in Figure 2 
For the graph H(e,) degree of vertices as follows, deg(a) = (0.3,0.3,0.3) , deg(b) = 
(0.3,0.3,0.3), deg(c) = (0.3,0.3,0.3), deg(d) = (0.3,0.3,0.3) 
For the graph H(ez,) degree of vertices as follows, deg(a) = (0.5,0.5,0.5) , deg(b) = 
(0.5,0.5,0.5), deg(c) = (0.5,0.5,0.5), deg(d) = (0.5,0.5,0.5) 
Here, H(e,) and H(ez) all the vertices degree are same so neutrosophic soft graph G is regular 


neutrosophic graph. 


a(0.4,0.3,0.3)  (0.2,0.2,0.2) b(0.3,0.3,0.4) a(0.5,0.4,0.4) (0.2,0.2,0.2) b(0.4,0.4,0.5) 


(0.1,0.1,0.1) 





c(0.4,0.4,0.4) d(0.6,0.6,0.6)  (0.2,0.2,0.2) c(0.5,0.5,05) 


H (e;] H (e,] 


Figure 2 


Definition 3.6 A graph G* = (V,E) is said to be a totally regular neutrosophic graph if each vertex 
has a same total degree for all e€ A, uv EV. 
Example 3.7 Consider a simple graph G* = (V,E) such that V = {a,b,c,d,i,j,k} and 
E = {(ab), (bc), (cd), (ad), (ij), Gk), (kj)}. Let A = {e,,e2} parameter set. Let (J,A) be a neutrosophic 
soft over V with its approximation function J = A > p(V) defined by 

J(e,) = {a(0.5,0.6,0.4), b(0.4,0.7,0.6), c(0.4,0.6,0.7), d(0.5,0.5,0.5)} 

J(e2) = {i(0.6,0.7,0.5), j(0.5,0.7,0.9), k(0.6,0.6,0.7) } 

Let (K,A) be a neutrosophic soft over E with neutrosophic approximation function K:A > p(E) 
defined by 
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K(e,) = ab(0.4,0.3,0.5), bc(0.4,0.3,0.3), cd(0.5,0.4,0.3), ad(0.3,0.4,0.5) 
K(ez) = ij(0.5,0.5,0.4), jk(0.6,0.5,0.4), ik(0.4,0.5,0.6), 

clearly, H(e,) = (J(e1), K(e,)) and H(ez) = J(ez), K(e2)) are neutrosophic graphs corresponding to 
the parameters e, and e, respectively as shown in Figure 3. For the graph H(e,) total degree of 
vertices as follows, 
tdeg(a) = (1.2,1.3,1.4), tdeg(b) = (1.2,1.3,1.4), tdeg(c) = (1.2,1.3,1.4), tdeg(d) = (1.2,1.3,1.4) 
For the graph H(ez) degree of vertices as follow, tdeg(i) = (1.5,1.6,1.5), tdeg(j) = (1.5,1.6,1.5), 
tdeg(k) = (1.5,1.6,1.5) 
Here H(e,) and H(e,) all the vertices total degrees are same so neutrosophic soft graph G is totally 


regular neutrosophic soft graph. 


a(0.5,0.6,0.4)  (0.4,0.3,0.5) b(0.4,0.7,0.6) i(0.6,0.7,0.5) 






(0.4,0.5,0.6) 





c(0.4,0.6,0.7) k(0.6,0.6,0.7) — (0.5,0.5,0.2) j (0.5,0.7,0.9) 
H (e,) H (@,] 


Figure 3 


Definition 3.8 The order of a neutrosophic soft graph G is 

Ord(G) = Yeea Quxev Tye) (€i) X), Lexev Ince; (C1) ), Lxev Fyre; (ei) ()). 
Definition 3.9 The size of a neutrosophic soft graph G is 

S(G) = Lejea ( dxyev Tk,; (Ci) XY), Lxyevlk,; (ei) KY), Lxyev Fx,; (ei) (xy), 
Example 3.10 In example Figure 1, we consider the order of neutrosophic soft graph is 

OrdG)= ) () Tens) Inep(CO >. Frey (G9), 

ej€A xeV KEV KEV 
Ord(G) = (5.0,5.0,4.7). Similarly S(G) = (4.3,4.2,4.7) 

Definition 3.11 Let G = (G"*,J,K,A) be an neutrosophic soft graph. then cardinality of G is defined 
to be 


1 + Tye) (X) + Wyre) (&) — Fyre (X) re yy 1 + Tye) (Xy) + Tye (XY) — Frey (xy) 


Isi= 1D. 2 2 


eE€A vyEV VpvjEV 


Example 3.12 Consider the above Figure 3, here H(e,) and H(ez) are neutrosophic soft graph of G 
corresponding to the parameter e,, the cardinality is G = 5.60 and corresponding to the parameter 


e,, the cardinality is G = 4.60 
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Definition 3.13 Let GG = (G’,J,K,A) be an neutrosophic soft graph, then vertex cardinality of G is 
defined to be 


1+T ye) (X) t+] ey CX) —Fryey Cx) 
V| = Dees | Lvjev a = KS | 


Example 3.14 For the above Figure 3, H(e,;) and H(ez) are neutrosophic soft graph of G 
corresponding to the parameter e, cardinality is V=0.85+ 0.75 + 0.65 + 0.75 = 3.0 
corresponding to the parameter e,, the cardinality is V = 2.30. Then G(V) = 5.30 

Definition 3.15 Let G = (G",J,K,A) be an neutrosophic soft graph, Edge cardinality of E is defined 


to be 
E| = y | . 1 + Txce) (XY) + Tkey &Y) — Fixcey XY) | 


Z 
e€A xyceE 


Example 3.16 For the above Figure 3, H(e,) and H(ez) are neutrosophic soft graph of G 
corresponding to the parameter e, cardinality is E = 2.6 corresponding to the parameter ez, the 
cardinality is E = 2.30 then G(E) = 4.90. 
Definition 3.17 The sum of weight of the strong edges incident at v is means to be dg(v). in 
neutrosophic soft graph. The minimum deg(G) is 6(G) = min{d,(v)/v € V,e€ A.} 
The maximum deg(G) is A(G) = max{d,(v)/v € V,e € A. } 
Definition 3.18 Two vertices x and y are said to be neighbors in neutrosophic soft graph if either 
one of the following conditions hold. 

(1) Tce) XY) > 9, Ike) XY) > 0, Fey (xy) > 0, 

(2) Tce) (XY) > 0, Ike) XY) = 9, Fxcey (XY) > 9, 

(3) Tce) XY) > 9, Ike) XY) > 0, Fey (xy) = 9, 

(4) Txce) (xy) = 0, Ike) (xy) > 0, Fxcey (xy) > 0, forall x yEV,e EA. 
Definition 3.19 A path in an neutrosophic is a sequence of distinct vertices v,,V2,...,Vp, Such that 
either one of the following conditions are satisfied. 

(1) Te) (XY) > 0, Ike) XY) > 9; Fxcey XY) > 9, 

(2) Tce) XY) > 9, Ike) XY) = 0, Fey (xy) > 9, 

(3) Tce) XY) > 90, Ike) XY) > 0, Fey (xy) = 9, 

(4) Txce) (xy) = 0, Ike) (xy) > 0, Fxcey (xy) > 0, forall x yEV,e EA. 
Definition 3.20 The length of a path P = vj,V2,...,Vn41(n > 0) in Neutrosophic soft graph is n. 
Definition 3.21 If v;,v; are vertices in G and if they are connected means of a path then the strength 
of that path is defined as (min; jTxe) (Vi. Vj), MIN; IK ce) (Vi, Vj), MAX; jFK(e) (Vi, Vj) Where 
min; jTke) (Vi Vj) is the Txce)- strength of weakest arc and minjjIx¢e)(Vi, Vj) is the Ix;e)- strength of 
weakest arc and max; ;Fxe)(Vj, Vj)) is the Fx(e)- strength of strong arc. 
Definition 3.22 If vi.v;j;EVEOG, the Tye) -strength of connectedness between vi and v, is 
Tx(e) (Vi Yj) = sup{T Ke) (vi, Vj)/K = 1,2,...n,e € A} and Ix;e) — strength of connectedness between v; 
and v, is Ike)(ViVj) = sup{lk(e) (v,,vj)/k = 1,2,...n,eE A} and Fyey(vivj) = inf{F Ke) (vj, V;)/k = 
1,2,...n,e € A}. 


If u,v are connected by means of path of length k then Te) (vj, V;) is defined as 


sup{Tke)(U, V1) A Tkce) (V1, V2) A Tk¢e) (V1) V3)- +s Txcey Vk-1) Vk) /U V, Va) -+» Vk V E Vi, 
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Ice) (vi, Vj) is defined as 

sup{Ix(e)(U, V1) A Ike) (V1, V2) A Ike) (V1 V3)+« ) Ik¢ey (Vk-1 Vk) /UL V, V4,++»V-1, V © V} and 

Fe) (vj, V;) is defined as 

inf{FK¢e)(U, V1) V Fxcey (V1, V2) V Fey (V1, V3)- ++) Fey Vk-1) Vk) /W V, V5» Vk-1 V E VEE EA. 
Definition 3.23 Two vertices that are joined by a path is called connected neutrosophic soft graph. 
Definition 3.24 Let u be a vertex in an neutrosophic soft graph G* = (V,E), then N(u) = {v:v € V} 
and (u,v) isa strong arc is called neighborhood of u. 
Definition 3.25 A vertex u € V of an neutrosophic soft graph G = (V,E) is said to be an isolated 
vertex if Tke)(u,v) = 0, Ixce)(uyv) and Fxe)(u,v) = 0, thus an isolated vertex does not dominated 
any other vertex in G. 
Definition 3.26 An arc (u,v) is said to be strong arc, if Tx;e)(u,v) = Tx(e) (u,v) and Ixie)(u,v) = 
Ixey(v) and Fxcey(u, Vv) = Fxe)(u, V). 
Definition 3.27 Let G=(V,E) be an neutrosophic soft graph on V. Let u,v € V, we say that u 
dominates v in G if there exists an strong arc between them. 
Note: 

1) For any u,v € V,if u dominates v then v dominates u and hence domination is a 

symmetric relation on V. 
2) For any v € V,N(v) is precisely the set of all vertices in V which are dominated by v. 
3) If Tkey(Uv) < Tyey(v) and Ixe)(uyv) < Ike (uv) and Fxe)(u,v) < Fx(ey(u, v), for all 
u,v € V and e €A, then the only dominating set of G is V. 
Definition 3.28 Given S c V is called a dominating set in G if for every vertex v € V—S there exists 
a vertex u € S such that u dominates v. forall e€ A,u,v E V. 
Definition 3.29 A dominating set S of an Neutrosophic soft graph is said to be minimal domiating 
set if no proper subset of S is a dominating set. for all e € A,u,v € V. 
Definition 3.30 Minimum cardinality among all minimal dominating set is called lower domination 
number of G, and is denoted by Yieca (dns(G))Ve € A,u,v € V. 
Maximum cardinality among all minimal dominating set is called upper domination number of G, 
and is denoted by Dieca (Dns(G))Ve € A, u,v € V. 
Example 3.31 Consider an neutrosophic soft graph G = (V,E), such that V = {a,b,c,d} and E= 
{(ab), (bc), (cd), (da), (ac)}. Let A = {e,,e2} be a set of parameters and let neutrosophic soft over V 
with neutrosophic approximation function J:A > p(v) defined by 
J(e,) = a(0.5,0.5,0.6), b(0.5,0.6,0.7), c(0.4,0.3,0.6), d(0.4,0.5,0.7) 
J(e2) = a(0.6,0.6,0.7), b(0.6,0.7,0.8), c(0.5,0.4,0.7), d(0.5,0.6,0.7) 
Let (K,A) be aneutrosophic approximation function K:A —> p(E) is defined by 
K(e,) = ab(0.4,0.5,0.6), bc(0.4,0.3,0.6), cd(0.4,0.3,0.6), ad(0.4,0.5,0.6), bd(0.4,0.5,07) 
K(e2) = ab(0.5,0.6,0.7), bc(0.5,0.4,0.7), cd(0.5,0.4,0.7), ad(0.5,0.6,0.7), ac(0.5,04,06) 
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a(0.5,0.5,0.6)  (0.4,0.5,0.6) b(0.5,0.6,0.7) a(0.6,0.6,0.7)  (0.5,0.6,0.7) b(0.6,0.7,0.8) 






(0.4,0.5,0.6) (0.4,0.3,0.6) 





Figure 4 
Here, corresponding to the — parameter H(e,), the dominating set is 
{(a, b), (b, c), (c, d), (d, a), (a, b, c), (d, c, a), (b, d, a), (d)} 
Corresponding to the parameter e,, the minimum dominating set {d}. 
Corresponding to the parameter e,, the maximum dominating set {a, b}. 
Corresponding to the parameter e,, the minimum dominating number 0.6. 
Corresponding to the parameter e,, the maximum dominating number 1.4. 
Here, corresponding to _ the parameter H(e,), the dominating set is 
i(a, b), (b,c), (c,d), (a,b,c), dc, a)j 
Corresponding to the parameter ez, the minimum dominating set {c, d}. 
Corresponding to the parameter ez, the maximum dominating set {a, b}. 
Corresponding to the parameter e2, the minimum dominating number 1.3. 
Corresponding to the parameter e, the maximum dominating number 1.5. 
For Figure 4, domination number is 


a GHe\ S06 iH 49 


ecA 
> (Due) S14 hi 5] 20 
ecA 
Definition 3.32 Two vertices in an neutrosophic soft graph, G = (V,E) are said to be independent if 
there is no strong arc between them. 
Definition 3.33 Given SCV is said to be independent set of G if Tye)(Uyv) < Ty(e)(uv) and 
Ikcey(v) < Icey v) and Fxey(u,v) < Fx(e) (uv) Ve € A, u,v ES. 
Definition 3.34 An indepentent set S of G in an neutrosophic soft graph is said to be maximal 
independent, if for every vertex v € V —S, the set S U {v} is not independent. 
Definition 3.35 The minimum cardinality among all maximal independent set is called lower 
independence number of G, and it is denoted by )ieca (ins(G)). The maximum cardinality among all 
maximal independent set is called lower independence number of G, and it is denoted by 
deca (Uns (G)). 
Example 3.36 Consider an above example for an neutrosophic soft graph G = (V,E), such that V = 
{a,b,c,d} and E = {(a,b), (bc), (cd), (da), (ac)}. Let A= {e,,e,} be a set of parameters and let 


neutrosophic soft over V with neutrosophic approximation function J:A — p(v) defined as follows: 
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we have corresponding to the parameter ez arc (ac) is weakest arc us does not dominated by {c} 
and {a}. 
J(e,) = a(0.5,0.5,0.6), b(0.5,0.6,0.7), c(0.4,0.3,0.6), d(0.4,0.5,0.7) 
J(e2) = a(0.6,0.6,0.7), b(0.6,0.7,0.8), c(0.5,0.4,0.7), d(0.5,0.6,0.7) 
Let (K,A) be a neutrosophic approximation function K:A —> p(E) is defined by 
K(e,) = ab(0.4,0.5,0.6), bc(0.4,0.3,0.6), cd(0.4,0.3,0.6), ad(0.4,0.5,0.6), bd(0.4,0.5,07) 
K(e2) = ab(0.5,0.6,0.7), bc(0.5,0.4,0.7), cd(0.5,0.4,0.7), ad(0.5,0.6,0.7), ac(0.5,04,06). 
For the Corresponding to the parameter e,, the minimum Independent Dominating Det (IDS) is 
{a, C}. 
For the Corresponding to the parameter e,, the maximum (IDS) is {a,c}. 
For the Corresponding to the parameter e,, the minimum independent dominating number is 1.25. 
For the Corresponding to the parameter e,, the maximum independent dominating number is 1.25. 
For the Corresponding to the parameter e2, the minimum (IDS)is {c, a}. 
For the Corresponding to the parameter e,, the maximum (IDS)is {d, b}. 
For the Corresponding to the parameter ez, the minimum independent dominating number is 1.35. 
For the Corresponding to the parameter ez, the maximum independent dominating number is 1.45. 
Independent domination number is Yieca (ins(G)) = 2.60 and deca (Ins(G)) = 2.70 
Theorem 3.37 A dominating set S of an NSG, G = (G",J, K,A) isa minimal dominating set if and only 
if foreach d € D one of the following conditions holds. 
(i) d is not a strong neighbor of any vertex in D. 
(ii) There is a vertex v € V — {D} such that N(u) ND = d. 
Proof. Assume that D is a minimal dominating set of G = (G’,J,K,A). Then for every vertex d € D, 
D — {d} is not a dominating set and hence there exists v € V — (D — {d}) which is not dominated by 
any vertex in D — {d}. If v=d, we get, v is not a strong neighbor of any vertex in D. If v # d,v is 
not dominated by D — {v}, but is dominated by D, then the vertex v is strong neighbor only to d in 
D. That is, N(v) ND =d. Conversely, assume that D is a dominating set and for each vertex d € D, 
one of the two conditions holds, suppose D is not a minimal dominating set, then there exists a vertex 
dé D, D— {d} isa dominating set. Hence d is a strong neighbor to at least one vertex in D — {d}, the 
condition one does not hold. If D — {d} is a dominating set then every vertex in V — D is a strong 
neighbor at least one vertex in D — {d}, the second condition does not hold which contradicts our 
assumption that at least one of thse conditions holds. So D is a minimal dominating set. 
Theorem 3.38 Let G be an NSG without isolated vertices and D is a minimal dominating set. Then 
V —D isa dominating set of G = (G’,J,K, A). 
Proof.D be a minimal dominating set. Let v be a any vertex of D. Since G = (G’*,F,K,A) has no 
isolated vertices, there is a vertex d € N(v).v must be dominated by at least one vertex in D — v, that 
is D—v is a dominating set. By above theorem, it follows that d € V — D. Thus every vertex in D is 
dominated by at least one vertex in V — D, and V — D is a dominating set. 
Theorem 3.39 An independent set is a maximal independent set of NSG, G = (G",J, K, A) if and only 


if it is independent and dominating set. 
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Proof. Let D be a maximal independent set in an NSG, and hence for every vertex v € V — D, the set 
D Uv is notin dependent. For every vertex v € V—D ,there isa vertex u € D such that u isastrong 
neighbor to v. Thus D is a dominating set. Hence D is both dominating and independent set. 
Conversely, assume D is both independent and dominating. Suppose D is not maximal 
independent, then there exists a vertex v€V—D, the set DUv is independent. If DUv is 
independent then no vertex in D is strong neighbor to v. Hence D cannot be a dominating set, which 
is contradiction, Hence D is a maximal independent set. 

Theorem 3.40 Every maximal independent set in an NSG, G = (G’,J, K, A) is a minimal dominating 
Set. 

Proof. Let S be a maximal independent set in a NSG, by previous theorem, S is a dominating set. 
Suppose S is not a minimal dominating set, then there exists at least one vertex v € S for which S — 
v is a dominating set, But if S—v dominates V — S — (v), then at least one vertex in S —v must be 
strong neighbor to v. This contradicts the fact that S is an independent st of G. Therefore, must be a 
minimal dominating set. 

4 STRONG NEIGHBORHOOD DOMINATION 

Definition 4.1 Let G = (V,E) be a neutrosophic soft graph and u € V. Then u € V is called a strong 
neighbour of u if uv isastrong arc. the set of strong neighbor of u is called the strong neighborhood 
of u and is denoted by N,(u). The closed strong neighborhood of u is defined as N,[u] = N,(u) U 
u.for all uE V,e EA. 

Definition 4.2 Let G.= (V,E) be a strong neutrosophic soft graph and v € V. 

(i) The strong degree and the strong neighborhood degree of v are defined, respectively 


d=) Cd Trev), D  Ikes(tv) Fee (uv)) 


e€A_ u€N(s)(V) uEN(s)(V) uEN(s)(V) 
aANWM=) (> Tow), Y ho) ) Fe) 
e€A u€N(s)(V) uEN(s)(V) uEN(s)(V) 


Definition 4.3 The strong degree cardinality and the strong neighborhood degree cardinality of v 
are defined by 


1+T Ke) (UV) +I Ke) (UVv)—-F Ke) (uv) 
\ds(v)| = Neea (Lueng(vy — 


1+Tye)(U)+1](e)(U)—F ye) (U) 
Id;N(v)| = Deea QLuengvyy — 


The minimum and maximum strong degree of G are defined, respectively as 
5,(G) =A |d,(v)| Vv € V and 
A,(G) =V |d,(v)| VuveE V,eE A. 
The minimum and maximum strong neighborhood degree of G are defined by 
5,N(G) =A |d,N(v)|Vv € V and 
A;N(G) =V |d,N(v)|Vu,v € V,e € A. 
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Example 4.4 Consider a neutrosophic soft graph G = (V,E) in figure we see that 


a(0.5,0.6,0.7) (0.5,0.6,0.8) b(0.5,0.6,0.8) a(0.6,0.7,0.8)  (0.6,0.5,0.9) b(0.6,0.5,0.9) 


(0.5,0.4,0.8) 





(0.5,0.6,0.6) (0.4]0.5,0.9) 


c(0.5,0.4,0.3) 





(0.4,0.5,0.7) 


Figure 5 
Corresponding to the parameter H(e,) = (ab), (bc), (cd), (de) are strong arc also for corresponding 
to the parameter H(e2) all arcs are strong. 
Here for corresponding parameter H(e,), d,(a) = (0.5,0.6,0.8),d,(b) = (1.0,1.0,1.6) , d,(c) = 
(0.8,0.8,1.4), d,(d) = (0.6,0.9,1.2), d,(e) = (0.3,0.5,0.6) 
|ds(a)| = (0.65), |ds(b)| = (1.2), |ds(c)| = 4.1), |ds(d)| = (1.15), Ids (e)] = (0.6) 

Here 6,(G) = 0.6 and A,(G) = 1.2 and also corresponding to the parameter H(e2) we get, d,(a) = 
(0.9,1.0,1.7), d,(b) = (1.0,1.0,1.8), d,(c) = (0.7,1.0,1.6), d,(d) = (0.6,1.0,1.5) 

|d;(a)| = (4.1), |ds(b)| = (1.1), |ds(c)| = (1.05), |ds(d)| = (1.05) 
Here 6,(G) = 1.05 and A,(G) = 1.1 and also corresponding to the parameter H(e,) we get, 

d,N(a) = (0.5,0.6,0.8), d,N(b) = (1.0,1.0,1.0), d;N(c) = (0.8,1.1,1.4), d,N(d) = (1.0,1.0,0.7), d,N(e) 
= (0.3,0.5,0.6) 
|d,N(a)| = (0.65), |d,N(b)| = (1.5), |d;N(c)| = (1.25), |d,N(d)| = (1.50), |d,N(e)| = (0.6) 

Here 6,N(G) = 0.6 and A,N(G) = 1.50 and also corresponding to the parameter H(e2), we get 
d,N(a) = (0.9,1.0,1.5), d;N(b) = (1.0,1.2,1.5), d;N(c) = (0.9,1.0,1.5), d,N(d) = (1.0,1.2,1.5) 
|d,N(a)| = (1.2), |d,N(b)| = (1.35), |d;N(c)| = (1.2), |d;N(d)| = (1.35), 

Here 6,N(G) = 1.2and A,N(G) = 1.35. 
Definition 4.5 The strong size and the strong order of neutrosophic soft graph of G are defined by 


1 +TK(e) (uv)+ Ike) (uv)— FK(e) (uv) 
2 


1+ Tye)(u) + I u) — Fyrey(u 
Ons(G) = > >. Seen ones uv is a strongarc} 


Sns(G) = (Meena Duvek / uvisastrongarc} and 


e€A ueEV 
Example 4.6 Consider above Figure 5 neutrosophic soft graph G for astrong arc H(e,) is 


L34+LiAtiaei2 
2 


(ab), (bc), (cd), (de) in H(e,) we get for corresponding parameter e,Sys(e,) = = 2.35. 


Corresponding parameter e, all arcs are strong we get 


124+1.0+1.14+1.0 


Sns(€2) = 7 = 2.15 


SNs (G) — 4.5. 
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1.441.341.641.241.7 _ 
= 


Corresponding parameter e;Oys(e,) = 3.6. 


Loti.2Fi ZZ 


Corresponding parameter e, all arcs are strong we get Oys(e2) = = 2.55. 


Definition 4.7 Let D be a dominating set in a neutrosophic soft graph. The arc weight and the node 


weight of D are defined as follows, respectively, 
1 +A Tkce) (uv) +A Ike) (uv) —V Fe) (wv), 


We(D) = {). : 


e€A u€D,veENs(u) 
1+A Tye) (u) +A Ihe) (u) =V Fie) (u) 


W,(D) = ; 


e€A ueD,vENs(u) 

The strong domination number and the strong neighborhood domination number of G are 
defined as the minimum arc weight and the minimum node weight of dominating sets in G are 
denoted by N6<(G) and Ndsn(G) respectively. 

Example 4.8 Consider the neutrosophic soft graph G in Figure 5. The dominating set in G are, 
corresponding to the parameter e, sets are 
D, = {a,d}, D2 = {b, d}, D3, = {b, e}, D, = {a, b, d}, D. = {b,d, e} 
W,(D,) = 1.20,W,.(D2) = 1.1, W.(D3) = 1.15, W,(D,) = 1.75, W.(D;) = 1.70 
Here corresponding to the parameter e, minimum dominating set Nd,(e,) = {b,d} and domination 
number N6é<(e;) = 1.1 
Similarly, for corresponding to the parameter ez, the domination sets are 
D, = {a,b}, D2 = {b,c}, D3 = {c,d}, D, = {a,c}, D, = {a,d}, D, = {b, d}, D7 = {a,b,c}, Dg = {b, d, cc}, Do 
= {c,d,a} 
W,(D,) = 0.95, W.(D2) = 0.95, W.(D3) = 0.95, W.(D,) = 0.9,W.(D;) = 0.95, W,(D,) = 1.0, W.(D7) 
= 1.45,W,(Dg) = 1.45,W,.(Do) = 1.4 
Here corresponding to the parameter ez, the minimum dominating set Nd<s(e2) = {b,d} and 
domination number N6é<(e,) = 0.95 
In addition ,we have Corresponding to the parameter e,, the dominating set 
D, = {a,d}, D2 = {b, d}, D3, = {b, e}, D, = {a, b, d}, D. = {b,d, e} 
W,(D,) = 1.40, W, (D2) = 1.35, W,(D3) = 1.2,W,(D,) = 1.95, W, (Do) = 1.95 
Here corresponding to the parameter e,; minimum dominating set Ndsy(e,) = {b,e} and 
domination number Nécy(e;) = 1.2 
similarly, corresponding to the parameter e, domination sets are 
D, = {a,b}, D2 = {b,c}, D3 = {c,d}, D, = {a,c}, D, = {a,d}, D, = {b, d}, D7 = {a,b,c}, Dg = {b,d,c}, Do 
= {c,d,a} 
W,(D,) = 1.15, W,(D2) = 1.0,W,(D3) = 1.0,W,(D,) = 1.05, W,(D;) = 1.15, W,(D,) = 1.1, W,(D7) 
= 1.60, W,(Dg) = 1.55, W,(D.) = 1.60 
Here corresponding to the parameter e, minimum dominating set Ndsyj(e2) = D2,D3 and 


domination number Nécn(ez) = 1.0. 
5 STRONG PERFECT DOMINATION 
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In this section, we have define the perfect dominating set and strong perfect domination number of 
a neutrosophic soft graph using proper condition. 

Definition 5.1 Let G = (G",J,K,A) be a neutrosophic soft graph. A subset D of V is a perfect 
dominating set (or DP) in G, if for every node v € V —D, there exists a only one node u € D such 
that u dominates v. A set DP is said to be minimal perfect dominating set if for each v € DP,DP —v 
is not a perfect dominating set in G. 


Example 5.2 Consider the neutrosophic soft graph G = (V,E) figure we see that all arcs are strong 










arc. 
a(0.5,0.6,0.7) a(0.6,0.5,0.7) (0.5,0.4,0.6) b(0.6,0.5,0.5) 
(0.4,0.3,0.7) (0.4,0.5,0.7) 
(0.6,0.5,0.7) (0.4,0.3,0.6) (0.5,).5,0.5) 
d(0.4,0.3,0. b(0.4,0.6,0.8) 
(0.4,0.3,0.7) (0.4,0.5,0.7) 





e(0.6,0.5,0.7) (0.4,0.3,0.7)  d(0.4,0.3,0.4) (0.4,0.3,0.6) c(0.5,0.6,0.7) 
c(0.6,0.7,0.4) 
H (€) 
H (e1) 
Figure 6 

Here corresponding to the parameter e,, the perfect dominating sets are 

Di = {a,b}, D2 = {b,c}, Ds = {c,d}, Dy = fa, d} 
Then corresponding to the parameter ez, the perfect dominating sets are 

DF = {a,b}, DE = {d,c}, D} = {a,d,e} 
Proposition 5.3 Any perfect dominating set in neutrosophic soft graph G is a dominating set. 
Remark 5.4 The converse of proposition in not correct in general cases. for this consider the 
neutrosophic soft graph G in figure 6, we see that in D = {a,c} is a domination set in G, but it is not 
aa perfect domination set. Because b and d has two strong neighbors in D. 
Definition 5.5 The strong perfect domination number of a neutrosophic soft graph G is defined as 
the minimum arc weights of perfect dominating sets of G which is denoted by Nédsp(G). 
Example 5.6 Consider the neutrosophic soft graph G = (G",J, K,A) in Figure 6 
Corresponding to the parameter e,, the perfect domination sets are, 
Di = {a,b}, D5 = {b,c}, D§ = {c,d}, D4 = {a,d} in H(e,) we get 
W,(D*) = 1.1,W,(D5) = 1.1,W,.(D§) = 1.0,W.(D*) = 1.0 
Then Ndsp(e,) = 1.0 
Corresponding to the parameter e,, the perfect domination sets are, 
Di = {a,b},D5 = {d,c},D§ = {a,d,e} in H(e,) we get 

W,(D*) = 1.15,W,(D£) = 1.05, W.(D2) = 1.50 

Then Nep(ez) = 1.05, Ndcp(G) = 1.05. 
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Theorem 5.7 A perfect dominating set DP of an NSG, G= (G",J,K,A) is a minimal perfect 
dominating set if and only if for each d € D? one of the following conditions holds. 

(i) N,(v) N DP = {} or 

(ii) There is a vertex u € V — {D} such that N,(u) ND? = {v}. 

Proof. Let D? be a minimal perfect dominating set and v € D’. Suppose that (i) and (ii) are not 
established. Then there exists a node u € D? such that uv is strong and v has no strong neighbors 
in V—D'. Therefore D? — {v} is a perfect dominating set in G, which is contradiction by the 
minimality of D*. 

Conversely, suppose that (i) or (ii) is established and D? is not a minimal perfect 
dominating set in G. Then there exists v € V—D? such that DP — {v} is a perfect dominating set. 
Hence v has a strong neighbor in D? and so (i)is not established. Then there exists is a node u € 
V —D? such that u isa strong neighbor of v and since D? — {v} is a dominating set, then u has a 
strong neighbor in D? — {v}. Therefore u € V — D? has two strong neighbors in D? and so D? is not 
a perfect dominating set, that is a contradiction. Then D? is a minimal perfect dominating set in G. 
Corollary 5.8 A dominating set D in a neutrosophic soft graph G = (V,E) is a minimal dominating 
set if and only if for each node v € D,either 

(i) N,(v) N DP = {@} or. 

(ii) There is a vertex u € V — {D} such that N,(u) ND? = {v}. 

Theorem 5.9 Let G be a neutrosophic soft graph which every its node has at least one strong 
neighbor. If DP is a minimal perfect dominating set in G, then V — D? is a dominating set. 
Proof. Suppose that D? be a minimal perfect dominating set in G and v € V—(V—D?). If there is 
no u€V—D? such that Ns(u) N DP = {v}. Then by above theorem, Ns(v) ND? = {}. Therefore 
there exists a node in G which has no strong neighbors that is contradiction. This implies that V — 
D’ is a dominating set. 
Corollary 5.10 Let G be a neutrosophic soft graph every node of which has at least one strong 
neighbor. If D is a minimal dominating set in G, then V — D is a dominating set in G. 
Theorem 5.11 Let G be a neutrosophic soft graph every node of which has exactly one strong 
neighbor. If DP is a minimal perfect dominating set in G, then V — D? is a perfect dominating set in 
G. 
Proof. Suppose that D? is a minimal perfect dominating set in the neutrosophic soft graph G. Then 
by above theorem V—D? is a dominating set and since every node in G has exactly one strong 
neighbor, V — DP isa perfect dominating set in G. 
6 Conclusion 

In this work, we derived the domination number of neutrosophic soft graphs and elaborate them 
with suitable examples by using strength of path and strength of connectedness. Further, we 
investigate some remarkable properties of independent domination number, strong neighborhood 
domination and strong perfect domination of neutrosophic soft graph and the proposed concepts are 
described with suitable examples. Further we can extend to investigate the isomorphic properties of 
the proposed graph 
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Abstract: In this work, the new concept of neutrosophic vague graphs are introduced form the ideas 
of neutrosophic vague sets. Moreover, some remarkable properties of strong neutrosophic vague 
eraphs, complete neutrosophic vague graphs and self-complementary neutrosophic vague graphs 
are investigated and the proposed concepts are described with suitable examples. 


Keywords: Neutrosophic vague graphs, Complete neutrosophic vague graph, Strong neutrosophic 
vague graph. 


1. Introduction 


Initially, vague set theory was first investigated by Gau and Buehrer [30] which is an 
extension of fuzzy set theory. Vague sets are regarded as a special case of context-dependent fuzzy 
sets. In order to handle the indeterminate and inconsistent information, the neutrosophic set is 
introduced by the author Smarandache and studied extensively about neutrosophic set [14] - [37] and 
it receives applications in many fields. In neutrosophic set, the indeterminacy value is quantified 
explicitly and truth-membership, indeterminacy membership, and false-membership are defined 
completely independent, if the sum of these values lies between 0 and 3. The new developments 
of neutrosophic theory are extensively studied in [1] - [6]. Molodtsov [28] firstly introduced the soft 
set theory as a general mathematical tool to with uncertainty and vagueness. Akram [9] established 
the certain notions including strong neutrosophic soft graphs and complete neutrosophic soft graphs. 
The authors [7] first introduce the concept of neutrosophic vague soft expert set which is a 
combination of neutrosophic vague set and soft expert set to improve the reasonability of decision 
making in reality. Neutrosophic vague set theory are introduced in [8]. The operations on single 
valued neutrosophic graphs are studied in [11]. Further, intuitionistic neutrosophic soft set and 
eraphs are developed in [13]. Now, the domination in vague graphs and its is application are 
discussed in [16]. Intuitionistic neutrosophic soft set are studied in [18]. Interval valued 
neutrosophic graphs are developed by the author Broumi [22,23,25]. Interval neutrosophic vague sets 
are intiated in [31]. Motivation of the aforementioned works, we introduced the concept of 
neutrosophic vague graphs and strong neutrosophic vague graphs. This is a new developed theory 
which is the combination of neutrsophic graphs and vague graphs. Here the sum of Truth, 
Intermediate and False membership value lies between 0 and 2 since the truth and false membership 


are dependent variables. Here the complement of neutrosophic vague graphs is again neutrosophic 


S. Satham Hussain, R. Jahir Hussain and Florentin On Neutrosophic Vague Graphs. 


Neutrosophic Sets and Systems, Vol. 28, 2019 246 


vague graphs. This development theory will be applied in Operation Research, Social network 
problems. Particularly, fake profile is one of the big problems of social networks. Now, it has become 
easier to create a fake profile. People often use fake profile to insult, harass someone, involve in 
unsocial activities, etc. This model can be reformulated in the abstract form to be applied in 
neutrosophic vague graphs. The major contribution of this work as follows: 

e Newly introduced neutrosophic vague graphs, neutrosophic vague subgraphs, 
constant neutrosophic vague graphs with examples. 

e Further we presented some remarkable properties of strong neutrosophic vague 


eraphs with suitable examples. 


2 Preliminaries 
Definition 2.1 [10] A vague set A on anon empty set X is a pair (Ty, F,), where Ta: X > [0,1] and 
F,:X — [0,1]Jare true membership and false membership functions, respectively, such that 
0<Ty(r) + Fa(r) S$ 1 forany rex. 
Let X and Y be two non-empty sets. A vague relation R of X to Y is a vague set R on X XY that 
is R= (Tp, Fr), where Tp: X X Y > [0,1], Fp: X X Y > [0,1] which satisfies the condition: 
0<TR@s) + FrGs) $1 forany rex. 
Let G = (R,S) beagraph. A pair G = (J,K) isnamed as a vague graphon G* ora vague graph where 
J = (7,,F)) is a vague set on R and K = (Tx, Fx) is a vague set on S© RXR such that for each rs € 
5, 
Tk(rs) S (Ty(r) A T)(s))& Fx (rs) = (Ty) V Fj(s)). 
Definition 2.2 [9] A Neutrosophic set AC B, (ie) ASC if Vr € X,Ty(r) S$ Tg(r), IA) = Ip) and 
Fa(r) = Fp(*). 
Definition 2.3 [12, 26, 30] Let X be a space of points (objects), with a generic elements in X known 
by r. A single valued neutrosophic set (SVNS) A in X is characterized by truth-membership 
function T,(r), indeterminacy-membership function I,(r) and falsity-membership-function F,(r). 
For each point r in X, Ta(r), Fa(r), I4(r) € [0,1]. 
A = {r, Ta(r), Fa(r), I4(r)} and 0 < Ta(r) + In(r) + Fa(r) S 3 
Definition 2.4 [19, 20] A neutrosophic graph is represented as a pair G* = (V,E) where 
(i) R= {r,Prz,-.,%,} such that T; = R > [0,1], I, =R- [0,1] and F,; = R- [0,1] denote the 
degree of truth-membership function, indeterminacy function and falsity-membership function, 
respectively and 
0<Ta(r) +I4(r) + Fa(r) S 3 
(ii) S© RXR where T, = S > [0,1], I, =S — [0,1] and F, = S — [0,1] are such that 

T2(ts) S$ th@ ATi(s)}, 

In(rs) 2 th @) V L(8)5, 

F2(rs) 2 Fi) V Fi(s)}, 

and 0 < T,(rs) + I, (rs) + F,(rs) < 3, Vrs ER 

Definition 2.5 [8] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X 


written as 
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Any = (0, Tayy (7), layy (1), Fayy(T)) 8 © X} 
whose truth-membership, indeterminacy membership and falsity-membership function is defined as 
Tay) = [T-@).T8@)L OF OL FOF OO) 
where T*(r) = 1—F(r), F*(r) = 1-—T (Wy), and 0< TW) +I) +F (O) <2. 
Definition 2.6 [8] The complement of NVS Ayy is denoted by Ayy and it is represented by 
QOH LT OST oO) 
Lg =F Ola), 
Pay Ler OF ©) 
Definition 2.7 [8] Let Ayy and Byy be two NVSs of the universe U. If for all r; € U, 
Ten) = Tray (id layy (i) om Ipyy (i), Fa vy (i) = Feuy CD 
then the NVS Ayy are included by Byy, denoted by Ayy © Byy where 1<i<n. 
Definition 2.8 [7] The union of two NVSs Ayy and Byy isaNVSs, Cyy, written as Cyy = Ayy U Byy, 
whose truth membership function, indeterminacy-membership function and false-membership 
function are related to those of Ayy and Byy by 
Teyy(X) = [max(Tayy (1) Tay (1), Max(Tayy (Te yy ))] 
loyy(X) = [min (ayy Magy), min Any My O)] 
Foxy) = [min(Payy @)Fayy ©), min(FAyy OF ayy) 
Definition 2.9 [7] The intersection of two NVSs Ayy and Byy isaNVSs Cyy, written as Cyy = Ayy N 
Byyv, whose truth membership function, indeterminacy-membership function and false-membership 
function are related to those of Ayy and Byy by 
Teyy X) = [min(Tayy (1) Tay (7), min(TAyy Tey ())] 
loyy (x) = [max(layy MIByy (7), Max (Any My] 
Foyy(x) = [max(Fayy ()Fayy (7), max(Fayy Fay ()] 
3 NEUTROSOPHIC VAGUE GRAPH 
Definition 3.1 Let G* = (R,S) bea graph. A pair G = (J, K) is named as a neutrosophic vague graph 
(NVG) on G* or a neutrosophic graph where J = (7j, |), Fj) is a neutrosophic vague set on R and 
K = (Tx, Ix, Fx) is aneutrosophic vague set S © RX R where 
(1) R = {r,,1ro,...,%,} such that 
Ty :R- [0,1], 1;:R - [0,1], F7:R > [0,1] 
which satisfies the condition Fy = [1 — Ty] 
T/":R > [0,1], ":R > [0,1], F:R > [0,1] 
which satisfies the condition F/' = [1 — T;] indicates the degree of truth membership 
function, indeterminacy membership and falsity membership of the element r; € R., and 
0ST G)t+) CG) + Fy Gp) s2. 
0<T'O) +O) + FC) s 2. 
(2) S© RXR where 
Tz:R xR [0,1], lz: R x R > [0,1], Fg:R x R > [0,1] 
T¢:R xR [0,1], It: R x R > [0,1], Ft:R x R > [0,1] 
indicates the degree of truth membership function, indeterminacy membership and _ falsity 


membership of the element rj,r; € S. respectively and such that 
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such that 
Tk 1s) S$ {Ty (AT; (s)$ 
Ik(rs) St @) AT (s)$ 
Fx(rs) < {Fy (r) V Fy (s)}, 
similarly 


Tx (rs) S$ {T/@) A T;"(s)} 
Ix(rs) S$ {I @) AT (S)3 
Fx(rs) < {Fj (r) V Fy (s)}. 
Example 3.2 A neutrosophic vague graph G= /(J,K) such that J = {a,b,c} and K = {ab,bc, ca} 





indicated by 
4 = T[0.5,0.6], I[0.4,0.3], F[0.4,0.5], 6 = T[0.4,0.6], I[0.7,0.3], F[0.4,0.6], 
@ = T[0.4,0.4], I[0.5,0.3], F[0.6,0.6] 
a~ = (0.5,0.4,0.4), b~ = (0.4,0.7,0.4),c~ = (0.4,0.5,0.6) 
at = (0.6,0.3,0.5), bt = (0.6,0.3,0.6),c* = (0.4,0.3,0.6) 
(0.5,0.4.0.4)7 
(0.6,0.3.0.5)* 
(0.4,0.5,0.6) (0.4.0.4.0.5)- regeaueene 
(0.4,0.3,0.6)* (0.4.0.3,0.5)* ae 


Figure 1 
NEUTROSOPHIC VAGUE GRAPH 


Definition 3.3 A neutrosophic vague graph H = (J (r),K(r)) is meant to be a neutrosophic vague 
subgraph of the NVG G = (J,K) if J(r) SJ) and K (rs) © K (rs) in other words, if 

TZ Oo<T@ 

i, Oxi © 
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Fir) =fp@vreR 
and 
T. (rs) < Tc (rs) 
iy (rs) < fz(rs) 
Rr. (rs) > Fx(rs)V(rs) € S. 
Example 3.4 A neutrosophic vague graph G = (Jj,K) in Figure (1) 


(0.5,0.5,0.5)— 
(0.4.0.4,0.5)* 


o 





(0.4.0.5,0.6)— Sapien y” 
(0.3.0.5.0.6)* (0.5,0.3,0.6) 


H, Figure 2 
H, is aneutrosophic vague subgraph of G 
Definition 3.5 The two vertices are said to be adjacent in a neutrosophic vague graph G = (J,K) if 
Tk ts) = tT, MAT, (s)5 
k(rs) = Uy MAT (9) 
Fx (rs) = {Fj (r) V Fy (s)}) and 
Tx (rs) = {Ty (4) AT;*(s)} 
Ix(rs) = {7 @) Alf(s)} 
Fx (rs) = {Fy (x) v Fy (s)} 
In this case, r and s are known to be neighbours and (rs) is incident at r and s also. 
Definition 3.6 A path p ina NVG G = (Jj,K) is a sequence of distinct vertices Irg,r,,...,%, Such that 
Tk Wi-t1) > 0, Iki) > 0, FeCi-vn) > 0, Te@i-1m) > 0, Ik@i-ari) > 0, FeC@i-nri) > 0, 
for 0 <i<1,here n < 1 is called the length of the path p. A single node or single vertex r; may all 
consider as a path. 
Definition 3.7 A neutrosophic vague graph G = (J,K) is said to be connected if every pair of vertices 
has at least on neutrosophic vague path between them otherwise it is disconnected. 
Definition 3.8 A vertex r; € R of neutrosophic vague graph G = (J,K) called as a pendent vertex if 


there is no effective edge incident at ¥j. 
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Definition 3.9 A vertex in a neutrosophic vague graph G = (Jj,K) having exactly one neighbours is 
called a isolated vertex. otherwise,it is called non-isolated vertex. An edge in a neutrosophic vague 
eraph incident with a isolated vertex is called a isolated edge other words it is called non-isolated 
edge. A vertex in a neutrosophic vague graph adjacent to the isolated vertex is called an support of 


the pendent edge. 


Example 3.10 A neutrosophic vague graph G = (Jj,K) in figure (3) 


(0.5,0.4,0.4)~ 
(0.6,0.3,0.5)* 





b 

(0.4.0.5,0.6)~ (0.4.0.7,0.4)— 

(0.4,0.3,0.6)+ (0.6,0.3,0.6)* 
H, Figure 3 


NEUTROSOPHIC VAGUE GRAPH 
In figure (3), the neutrosophic vague vertex b is an pendent vertex. 
Definition 3.11 Let G = (J, K) be a neutrosophic vague graph. Then the degree of a vertex r€G isa 
sum of degree truth membership, sum of indeterminacy membership and sum of falsity membership 
of all those edges which are incident on _ vertex r_ represented by d(r)= 
([d5, (r), df (r)], [dy (1), di (r)], [dg (0), df (rt). where 
dz, (r) = Lres Tx (rs),dt, (7) = res Tx (rs) indicates the degree of truth membership vertex 
di(r) = Lres Ix (rs),di, (©) = Lres Ik(rs) indicates the degree of indeterminacy membership 
vertex 
di, (7) = Lres Fx(rs),dg,(r) = Lres Fx (rs) indicates the degree of falsity membership vertex 
for all r,s € J. 
Example 3.12 A neutrosophic vague graph G = (J,K) in figure (1), we have the degree of 
each vertex as follows 
d7(a) = (0.6,0.7,0.9), dz (b) = (0.7,0.8,1.3), dg (c) = (0.7,0.7,1.0), 
d7(a) = (0.9,0.6,1.0), dg (b) = (0.9,0.6,1.0), dg (c) = (0.8,0.6,1.0) 
Definition 3.13 A neutrosophic vague graph G = (J,K) is called constant if degree of each vertex is 
A = (A,,A2,A3) thatis d(x) = (A;, A2,A3) forall x € V. 
Example 3.14 Consider a neutrosophic vague graph G = (J,K) in figure (4)defined by 
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4 = T[0.5,0.6], I[0.6,0.4], F[0.4,0.5], b = T[0.4,0.4], I[0.4,0.6], F[0.6,0.6], 
@ = T[0.4,0.6], I[0.7,0.3], F[0.4,0.6], d = T[0.6,0.4], I[0.3,0.7], F[0.6,0.4] 
a~ = (0.5,0.6,0.4), b~ = (0.4,0.4,0.6),c~ = (0.4,0.7,0.4), d~ = (0.6,0.3,0.6) 


at = (0.6,0.4,0.5), bt = (0.4,0.6,0.6), c* = (0.6,0.3,0.6), d* = (0.4,0.7,0.4). 


J eo 
= * ne as __ a - _ 
a (0.3,0.3.0_.6) o_ 7a 
= ~ = Sp eT 
wwe (0_3_,0.35,0_.6) fe 
os a b ol, 
a" = a ™ 
= a) * 
— i 


(0.3,0.3.0.6)" 
03.03.06)" 


a c 
(0.6,0.3,0.6)— (0.3_0.3,0.6)— (0.4_0.7,0.4)— 
(0.4.0.7.0.4)+ (0.3.0.3.0.6)+ (0.6.0.3.0.6)7 
Figure 4 


CONSTANT NEUTROSOPHIC VAGUE GRAPH 
Clearly as it is seen in figure(4) G is constant neutrosophic vague graph since the degree of (4, b, ¢,d) 
and d = (0.6,0.6,1.2). 
Definition 3.15 The complement of neutrosophic vague graph G = (J,K) on G* is a neutrosophic 
vague graph G* on G* where 
se 9 ae 9, 
“T O=70,7 O=)M,F =F forall rer. 
oT C=7 01) G)=) OF, O =F Oo) forall. re R: 
° Tx (rs) = {Ty (4) AT; (8)} — Tk (rs) 
Ix (rs) = fy) Aly (8)} — Ik) 
Fx (rs) = {F) (r) VF; (s)} — Fx(s) for all (rs) € S 
Te (rs) = {Ti (4) A Ty (s)} — TRS) 
Ig (rs) = Of (7) AT (s)} — Crs) 
Fi (rs) = {Fy (r) V F/'(s)} — Fe (rs) for all (rs) € S 
4 Strong Neutrosophic Vague Graphs 


Definition 4.1 A neutrosophic vague graph G=(J,K) of G*=(R,S) is named as a strong 
neutrosophic vague graph if 
Tk Gs) = tT, @) AT, (s)5 
k(rs) = th @) AT (s)} 
Fx (rs) = {Fj (r) Vv Fy (s)} and 
Tx (rs) = {T () AT (8)} 
Ix(rs) = {IP @) AT(s)} 
Fx(rs) = {Fj (r) Vv Fy'(s)} for all (rs € S) 
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Example 4.2 A neutrosophic vague graph G=(J,K) such that J = {a,b,c} and K = {ab,be,ca} 
defined by 4 = T[0.3,0.4], I[0.4,0.6], F[0.6,0.7], b = T[0.6,0.4], I[0.6,0.7], F[0.6,0.4], 
@ = T[0.7,0.7], I[0.5,0.6], F[0.3,0.3] 


(0.3.0.4,0.6)— 
(0.4.0.6,0.7)* 





(0.6,0.6,0.6)— 


(0.7,0.5,0.3)~ 0.6,0.5,0.6)~ 
) ( (0.4,0.7,0.4)+ 


(0.7,0.6,0.3)t (0.4,0.6,0.4)* 


Figure 5 


STRONG NEUTROSOPHIC VAGUE GRAPH 


Remark 4.3 If G = (J, K) is a neutrosophic vague graph on G* then from above definition, it follow 
that G° is given by the neutrosophic vague graph G° =J°,K° on G* where 
© J) @) =I@) 
°7 SMT MO) M=FM,F © =F forall rer. 
-(T SM =T OM = O,F © = FC forall re R. 
© (Tk )°(rs) = {Ty (4) AT; (s)} — Te (rs) 
(Ix )°(rs) = {I (x) AT (s)} — Ix (rs) 
(Fz )°(rs) = {F; (r) VF; (s)} — Fx(s) for all (rs) € S 
(TE Crs) = (TW A Ti (s)} — TE Cs) 
(ie (rs) = Of ) AT (S)} - HRs) 
(Ft )°(rs) = {F/(r) v Fy (s)} — Fx(rs) for all (rs) € S 


for any neutrosophic vague graph G,G* is strong neutrosophic graph and G € G* 
Definition 4.4 A strong neutrosophic graph G is called self-complementary if G = G°where G° is 
the complement of neutrosophic vague graph G. 

Example 4.5 A neutrosophic vague graph G = (J,K) such that J = {a,b,c,d} and K = {ab, bc, cd, da} 


defined as follows: consider a neutrosophic vague graph G as in figure(6) 
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~ * i @, ‘ 
= = pete °@, = Qa 
Na (0.3,0.3,0.4)* ?,%0 oS Yo 
a a b % ane “as 
i” Y fF a S en b ‘2. a 
SRG aa oS Ds 
_— 1+ 
CS =i) 
oo oo 
~ om on 
oo oo 
we on + om 
ee ee 
d c ss 
/ = / fb 
(0.4.0.4,0.7)- (0.4.0.4,0.7)- (0.4,0.4,0.2)~ eae aioe: 
(0.3,0.6,0.6)* (0.3.0.4.0.6)* (0.8.0.4,0.6)* is 8.0.4.0. 
G STRONG NVG GS STRONG NVG 
= ~~ Wet a 
~~ (O.6,0.3.0.7)— VF em 
=> = og 
SS (O.3.0.3,0.4)+ Sa ee 
= a Fl b oF 
= - = 
= — a 
See => 
— —, l oe 
i <= > S 
=p oes ee 
=> — => = 
= = oS = 
ch ic 
(O_4_.0_.4.0_.7)— (O_4_0.4.0.7)— (O_4_0.4_.0_2)— 
(O.3,.0.6,0_6)+ CO.3,0.4.0.6)+ (O.8,0.4,0_6)7F 


G° STRONG NVG 
Clearly, as it is seen in figure (6) G = G°. 
Hence G is self complementary. 
Proposition 4.6 Let G = (J,K) be a strong neutrosophic vague graph if 
Tk ts) = tT MAT, (s)5 
k(rs) = Uy MAT (9) 
Fx (ts) = {Fy @) V Fy (s)5 
Tk (rs) = {Ty (4) AT;*(s)} 
Ix(rs) = {7 @) Alf(s)} 
Fx (rs) = {Fj (r) Vv Fy'(s)} for all rs € K 
Then G is self complementary. 


Proof. Let G = Jj, K) be a strong neutrosophic vague graph such that 


—_ 1 —_ —_ 
Tx (rs) = 5 min{T, (r), Ty(s)] 
Aw 1 and Aw 
Ix(rs) = 5 min{[I;(r), I;(s)] 
ze 1 “ Be 
Fy (rs) = 5 max; (r), Fy(s) 
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for all rs EJ then G = G° under the identity map I:J > J. Hence G is self complementary 


Proposition 4.7 Let G be a self complementary neutrosophic vague graph then 


us 1 Bee ce oe 
> Tx(rs) = =) min{T,(r), T(s)} 


z 1 P P 

> Ix(rs) = =) min{I,(r), I(s)} 
a 1 Z P 

» Fy (rs) = =) max{F)(r), F)(s)} 


Proof. If G be an self complementary neutrosophic vague graph then there exist an isomorphism 
f:J, > Jz satisfy 

76 FO) =F,0@) = 4,0 

fa) = 7,0) = 4,0 

FF (FO) =F, @)) =F, 
and 

Tx, (Fr), f(S)) = Tx, FO), f(S)) = Tx, (rs) 

Tk, (f(r), f(s)) = Ix, (©), f(s) = Tk, (rs) 

Fx, (FO), f(S)) = Fx, (fF), f(s) = Fx, (rs) 
we have Tx, (f(r), f(s)) = min(T; (r), Ty (s)) — Ty JE) (S)) e: ee; Te (rs) = min(T; (r), Ty (s)) — 
Tx _ (f(r), f(s)). Te (rs) = min(T;, (r), Ty (s)) — Ty _ (rs). that is 

Dres Tx, (rs) + Lres Tk, (rs) = Yrs min(Tj, (r), Tj, (s)). 
Similarly, )ir+s Ix (0S). Dives Ix (US) = dire min(l, | (s)) 
oe Py, (rs) + > Fy, (rs) = > max(F,, (r), By, (s)) 


r+#s r+#s r#s 


2 > Tx, (rs) = ». min(f, (r), 7, (s)) 


rFS r#S 

2 > ix, (ts) = > min(iy, (r), fy, (s)) 
r#S r+s 

2 > Py, (rs) = ». max(F,, (r), Fy, (s)) 
r#S r#s 


from the equation of the proposition (4.8) holds. 
Proposition 4.8 Let G, and G, be strong neutrosophic vague graph G, ~ G2(isomorphism) 
Proof. Assume that G,; and G, are isomorphic there exist a bijective map f:J, > J, 
satisfying, 
Ty, (r) = T;, (f(r)), 5, @ = I, (f(r)), Fy, (r) = Fy, (f(r)), forallr € J, 
and 
Tx, (rs) = Tx, (Ff), f(s)) 
Ik, (rs) = Ik, (fF), f(s)) 
Fx, (r) = Fx, (f(r), f(s))Vrs € K, 
by definition (4.3) we have 
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Tx, (rs) = min(T,, (7), Ty, (s)) — Tx, Ws) 
= min(Ty, f(r), T, f(s)) — Tx, f(@ f(s) 
= Tx, (f)f(s)) 
Ik, (rs) = min(Iy, (r), I, (s)) — Ik, Os) 
= min(I,, f(r), I, f(s)) — Ix, (f@)f(s)) 
= Ik, E@)F(s)) 
Fx, (rs) = max(Fy, (r), Fy, (S)) — Fx, (rs) 
= max(Fy, f(r), Fy, f(s)) — Fx, (FG f(s)) 
= Fx, f@)£(s)) 
Hence Gj ~ G5 for all (rs) € K, 
Definition 4.9 A neutrosophic vague graph G = (J, K) is complete if 


Tx (rs) = {Ty @) AT; (s)} 
Ik(rs) = Uy (7), Ty (s)} 
Fx (rs) = {Fy (x) V Fy (s)3, 
imilarly, 
a Tk (rs) = {Ty (r) A Ty"(s)3 


Ix(rs) = {1 (r) AT(s)3 


Fx (rs) = {Fj (r) V Fy (s)}forr,s € J. 
Example 4.10 Consider a neutrosophic vague graph G = (J,K) such that J = {a,b,c,d} and K = 
{ab, bc, cd, da} defined by 





7 Os 
= im 7 - 2 
eS (0.6.0.3,0.7)— Cy 
rs (0.3.0.3,0.4)+ 2, 2 
: b “2, > 
= on 


c 


(0.4.0.4.0_.7)7 (0.4.0.4.0.7)7 (0.4.0.4.0.2) 7 
(0.3,.0.6,0.6)T (0.3,0.6,0.6)T (0.8.0.4,0_6)F 


Figure 7 
COMPLETE NEUTROSOPHIC VAGUE GRAPH 


S. Satham Hussain, R. Jahir Hussain and Florentin On Neutrosophic Vague Graphs. 


Neutrosophic Sets and Systems, Vol. 28, 2019 256 


Definition 4.11 The complement of neutrosophic vague graph G=(j,K) of G*=(V,E) is a 
neutrosophic vague complete graph G = (J°,K*) on G* = (R,S*) where 

(1) JG) = JGd 

(2) Ty (ri) = Ty (ri), If ri) = hi), FF (ri) = Fy (rj) for all r; € J 

(3) Tx (1is;) = (T; (r)) A T;(s;)) = Tx (TiS;) 

Ik (1is;) = da) AN I, (s})) - Ik S;) 
Fi (riS;) = (Fr) V Fy(s;)) — Fx (riS;) for all (rjs;) € K 

Proposition 4.12 The complement of complete neutrosophic vague graph with no edge. or if G is 
complete then G* the edge is empty. 


Proof. Let G = JJ, K) be a complete neutrosophic vague graph so 
Tk (Tis;) = (T(r) AN T;(s))) 


Ik (@is)) = (ri) AN T;(s;)) 


Fx(risj) = (Fy) V FS) Vr, sj) € J 
Hence in G*. Now, 


Tx(riS;) = (T; (rj) A T; (s})) - Tk (Tis;) 
= (T(r) A T;(s;)) — (TF) A T;(s))) Vi,j,...)N 
= 0V,1,j,...,n. 
and 
Ik(risj) = CC) A Tj (s;)) — Ix Cris)) 
= (Cr) A 1,(s;)) — (ri) A 1,(s,)V Gilauey ll 
= 0Vi,j,...,n. 
Similarly Fx(r;,5;) = 0. Thus, (T(r, 3;), Ik(rp $)), Fx (rp $)) = (0,0,0) 


Hence, the edge set of G° is empty if G is a complete neutrosophic vague graph. 


Conclusion and futute directions: 


This work dealt with the new concept of neutrosophic vague graphs. Moreover, some 
remarkable properties of strong neutrosophic vague graphs, complete neutrosophic vague graphs 
and self-complementary neutrosophic vague graphs have been investigated and the proposed 
concepts were described with suitable examples. Further we can extend to investigate the regular 
and isomorphic properties of the proposed graph. This can be applied to social network model and 


operations research. 
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Abstract: In this paper, neutrosophic soft cubic G-subalgebra is studied through P-union, P- 
intersection, R-union and R-intersection etc. furthermore we study the notion of homomorphism on 


G-algebra with some results. 


Keywords: G-algebra, Neutrosophic soft cubic set, Neutrosophic soft cubic G-subalgebra, 
Homomorphism of neutrosophic soft cubic subalgebra. 


1 Introduction 

Zadeh was the introducer of the fuzzy set and interval-valued fuzzy theory [2] in 1965. Many 
researchers afterward followed the notions of Zadeh. The cubic set was defined by Jun et al. [9, 10] 
They used the notion of cubic sets in group and initiated the idea of cubic subgroups. The algebraic 
structures like BCK /BCI-algebra was introduced by Imai et al. [1] in 1966. This algebra was a field of 
propositional calculus. Many algebraic structures like G-algebra, BG -algebra, etc. [19, 4] are 
structured as an extension of Q-algebra. Quadratic B-algebra was investigated by Park et al. [22]. 
Molodstov gave the concept of soft sets [14] in 1999. Cubic soft set with application and subalgebra 
in BCK/BCI-algebra were studied by Muhiuddin et al. [15,16]. Senapati et al. [13] generalized the 
concept of cubic set to B-subalgebra with cubic subalgebra and cubic closed ideals. Subalgebra, ideal 
are studied with the help of cubic set by Jun et al. [12]. The intuitionistic fuzzy G-subalgebra is 
studied by Jana et al. [18]. L-fuzzy G-subalgebra was studied by Senapati et al. [7]. As an extension 
of B-algebra, lots of work on BG-algebra have been done by the Senapati et al. [8]. The idea of a 
neutrosophic set which was the extension of intuitionistic fuzzy set theory and neutrosophic 
probability were introduced by Smarandache [20,21]. The notion of neutrosophic cubic set introduced 
truth-internal and truth-external were extended by Jun et al. [11] and related properties were also 
investigated by him. Rosenfeld’s fuzzy subgroup with an interval-valued membership function was 
studied by Biswas [3]. The characteristics of the neutrosophic cubic soft set were studied by Pramanik 
et al. [5]. Cubic G-subalgebra with significent results were investigated by jana et al. [17]. The bipolar 
fuzzy structure of BG-algebra was interrogated by Senapati [6]. Neutrosophic cubic soft expert sets 


were studied for its applications in games by Gulistan M et al. [23]. Neutrosophic cubic graphs and 
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find out the applications of neutrosophic cubic graphs in the industry by defining the model which 
are based on the present time and future predictions was studied by Gulistan M et al. [24]. Complex 
neutrosophic subsemigroups with the Cartesian product, complex neutrosophic (left, right, interior, 
ideal, characteristic function and direct product was observed by Gulistan M et al. [25]. Results 
showed the most preferred and the lowest preferred metrics in order to evaluate the sustainability of 
the supply chain strategy are studied by Abdel-Basset et al. [26]. Hybrid combination between 
analytical hierarchical process (AHP) as an MCDM method and neutrosophic theory to successfully 
detect and handle the uncertainty and inconsistency challenges proposed by Abdel-Basset et al. [27]. 


In this paper, the notion of neutrosophic soft cubic subalgebras (NSCSU) of G-algebras is introduced. 
And some relevant properties are studied. This study also discussed the homomorphism of 
neutrosophic soft cubic subalgebras and several related properties. 


2 Preliminaries 
Definition 2.1 [13] A nonempty set Y with a constant 0 and a binary operation * is said to be G- 
algebra if it fulfills these axioms. 
G1: t, +t, = 0. 
G2: t, * (t, *t,) = ty, forall t,,t, € Y. 
A G-algebra is denoted by (Y,* ,0). 
Definition 2.2 [3] A nonempty subset S of G-algebra Y is called a subalgebra of Y if t; *tz E SV 
t,,t. € S. 
Definition 2.3 [3] Mapping t|Y — X of G-algebras is called homomorphism if T(t, * tz) = T(t) * 
(ts) VW ty to €-Y. 
Note that if t|Y ~ X is a g-homomorphism, then t(0) = 0. 
Definition 2.4 [11] A nonempty set A in Y of the A= {< t,,0,(t,) > |t, © Y}, is called fuzzy set, 
where 0,(t,) is called the existence value of t; in A and O,(t,) € [0,1]. 
For a family Aj = {< t,9,,(t,) > |t,; € Y} of fuzzy sets in Y, where i € h and h is index set, we 
define the join (V) meet (A) operations like this: 
Vv Ai =(¥ 9,,)(tr) = sup{9,,li € hy, 
and 
A A; = (A 54,)(t,) = inf{9,, |i € h} respectively, V t, € Y. 


Definition 2.5 [11] A nonempty set A over Y of the form A = {< t,,9,(t,) > | t, € Y}, is called 
IVFS where 9,|/Y > D[0,1], here D[0,1] is the collection of all subintervals of [0,1]. 
The intervals Sat, = [9x (t,), 94(t,)] V t, € Y denote the degree of existence of the element 
t, to the set A. Also 9§ = [1 — 94 (t,),1 — 9 (t,)] represents the complement of 9,. 
For a family {A;|i © k} of IVFSsin Y where h is an index set, the union G = U 0 a, (ty) and the 


intersection F = f) 9,.(t,) are defined below: 
ich 


G(t,) = (Vien 9a,)(t1) = rsup{9,, (ty) |i € h} 
and 
F(t,) = (Nien 9a,)(t1) = rinf{9,,(t,)|i € k}, respectively, V t, € Y. 


Definition 2.6 [12] Consider two elements K,, K, € D[0,1]. If K, = [f,,f] and K, = [f5,f7], then 
rmax(K,,K,) = [max(f,, f ), max(f7, f7)] which is denoted by K, V’ K, and rmin(K,, K2) = 
[min(f,, fy), min(f}, f)] which is denoted by K, A‘ K3. Thus, if K; = [f, , f°] € K[0,1] for i= 
1,2,3,..., then we define rsup;(K;) = [sup,(f;), sup; (f;")], ie, Vj Ki = [Vi Cf), Vi (77) ]- Similarly we 
define rinf,(K;) = [inf,(f-), inf,(f*)], i.e. A? Kj = [A; Cf), A; (f)]. Now K, => K, <— fp =f; and 
f;* > f3. Similarly the relations K,; < Kz and K, = Ky are defined. 
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Definition 2.7 [13] A fuzzy set A = {< t,, 9q(t,) > [t, © Y} is called a fuzzy subalgebra of Y if 
Da(t, *tz) = min{H,(t,), Oa(tz)} V ty, tz € Y. 


Definition 2.8 [22] A pair P,, = (A, A) iscalled NCS where A = {(t,; Ar(t,), Ay(t,), Ap(t,)) |t, € Y} isan INS in 
Y and A = {(t,;Ap(t,), Ay (tz), Ap (tz ))| t, © Y } isaneutrosophicsetin Y. 


Definition 2.9 [3] Let C = {(t,, A(t,), A(t,))} be a cubic set, where A(t,) isan IVFSin Y, A(t,) isa 
fuzzy setin Y and Y is subalgebra. Then A is cubic subalgebra under binary operation * if it 
fulfills these axioms: 

Cl: A(t, *t,) = rmin{A(t,), A(t, )}, 

C2: A(t, * tz) < max{A(t,),A(t,)} V t,t, € Y. 


Definition 3.0 [14] Let U be an universe set. Let NC(U) represents the set of all neutrosophic cubic 
sets and E be the collection of parameters. Let K C E then Py = {(ty, Ae, (ti), Ae, (t1))|t1 © U, e; © K}, 
where Ag,(t,) = {(Ag, (ti), (Ae, (t1), (Ae, (t1)) Iti € U}, is an interval neutrosophic soft set, Ag,(t,) = 
{(Ag, (tr), (A)é, (tr) (tr), (ADE, (t1))|t, € U} is a neutrosophic soft set. P, is named as the neutrosophic 
soft cubic set over U where P is a mapping given by P|K > NC(U). The sets of all neutrosophic soft 
cubic sets over U will be denoted by Cj. 


3 Neutrosophic Soft Cubic Subalgebras of G-Algebra 


Definition 3.1 Let P, = (Ag,, Ae,) be a neutrosophic soft cubic set, where Y is subalgebra. Then Py. 
is NSCSU under binary operation * if it holds the following conditions: 
N1: 
Aa, (t; *t,) 2 rmin{Ag, (ty), Ae, (t2)} 
Ab, (t; *t,) 2 rmin{Ag, (ty), Ae, (t2)} 
Aa, (t; *t,) 2 rmin{Ag, (ty), Ag, (tz )}, 
N2: 
Ne (t; *t,) < max{Ag, (GAs (t2)} 
Ne, (t; *t,) < max{Ag, (ty), Ae, (t2)} 
Ne, (t; *t,) < max{Ag, (ty), AG, (tz )}. 
For simplicity we introduced new notation for neutrosophic soft cubic set as 
Pr = (Aer Ae") = (Aay Aa) = L(t Ae, (tr), Ae, (t1))} 
and for conditions N1, N2 as 
N1: A, (t, *t2) = rmin{Ag, (t1), Ac, (tz )}, 
N2: Ke (t, *t2) < max{A¢. (ty), As, (tz )}. 
Example 3.2 Let Y = {0,c,,C2,C3,C4,cs} be a G-algebra with the following Cayley table. 
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ANSCS Ff, = (AG,,A¢,) of Y is defined by 


ej 


pe fe fate fs fiw |e 
As, [0.6,0.8] | [0.5,0.7] | [0.6,0.8] | [0.5,0.7] | [0.6,0.8] | [0.5,0.7 





(0.5,0.4] | [0.4,0.3] | [0.5,0.4] | [0.4,0.3] | [0.5,0.4] | [0.4,0.3 
[0.5,0.7] | [0.3,0.6] | [0.5,0.7] | [0.3,0.6] | [0.5,0.7] | [0.3,0.6], 


and 


a [or [on [om [om [ar [om 


Definition 3.1 is satisfied by the set P,. Thus Py = (Ag,,Ag,) is a NSCSU of Y. 

Proposition 3.3 Let P, = {(ty, Ag, Care (t,))} isa NSCSU of Y, then V t, EY, Ae, (t;) = Ag, (0) 
and Ae, (0) < Ke, (t,). Thus, Ag, (0) and Ae, (0) are the upper bounds and lower bounds of AG, (t,) 
and ye (t,) respectively. 





Proof. For all t; €Y, we have Ag,(0) = Ag,(t; * ty) = rmin{Ag (ty), Ag, (t1)} = Ag.(t1) > Ag,(0) = 
Ag, (ti) and Ag. (0) = Ag, (tr * t1) S max{Ag, (ti), Ae, (t1)} = Ae, (tr) > Ae, (0) S Ae, (tr). 


Theorem 3.4 Let P, = {(ty, AG, (t,), re, (t,))} be a NSCSU of Y. If there exists a sequence {(t,),} of Y 
such that limp sce, ((t1)n) = [1,1] and linigsesNe (CCA) = 0. Then Ag, (0) = [1,1] and Ae, (0) = 0. 
Proof. Using Proposition 3.3, Ag, (0) = Ag.(t:) Vt, EY, ~ Ag.(0) = Ag. ((ti)n) for n € Z*. Consider, 
[1,1] = Ag, (0) = lim, .A6, (tin) = [1,1]. Hence, Ag,(0) = [1,1]. Again, using Proposition 3.3, 
Ae (0) SAG (1) Vi t€Y, *- AC(O)SAZ((ti)n) for ne€Z* . Consider, 0<A;(0) < 
limy+sooAg, ((ti)n) = 0. Hence, Ag, (0) = 0. 
Theorem 3.5 The R-intersection of any set of NSCSU of Y is alsoa NSCSU of Y. 
Proof. Let ?, = {(ty, Ag. Ag, Its € Y} where i € k, be set of NSCSU of Y and t,,t, € Y. Then 

(MAG, (th * tz) = rinfAG, (ty * ty) 

> rinf{rmin{Ag, (t,), AG, (t.)}} 

= rmin{rinfAg, (t,), rinfA,, (t,)} 

= rmin{(M A8,)(t.), (NAS, (t2)} 

> (M AG)(tr * te) = rmin{(N A8,)(ts), (N A8,)(t2)} 
and 

(VAG, (ty *t2) = SUPAG, (t, * tz) 

< sup{max{Ag, (t1), Ae, (ta) } 

= max{supAg, (ti), supe, (t2)} 

= max{(VA¢,)(ti), (Vag, )(t2)} 

=> (VAG, )(ti * tz) S max{(VAg,)(t1), (VAe,)(ta)}, 
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which show that R-intersection of P, isa NSCSU of Y. 


Remark 3.6 This is not compulsary that R-union, P-intersection and P-union of NSCSU are also 
the NSCSU. 
Example 3.7 Let Y = {0, C1, C2,C3,C4,C;} be a G-algebra with the following Cayley table. 


ee 
Par [oa [os [om [a3 [om | oe 





and 


a 
a 





Then A,, and A,, are neutrosophic soft cubic subalgebras of Y but R-union, P-union and P- 
intersection of A,, and A,, are not neutrosophic soft cubic subalgebras of Y. (U AG, ) (C3 *C4) = 
({0.2,0.5], [0.2,0.3], [0.3,0.4]), = rmin{(U Ag. )(cs),(U Ag, )(c4)} and (AAs. )(cz * C4) = (0.7,0.6,0.8), £ 
(0.1,0.2,0,3), = max{(AAg, )(c3), (Are, ) (Ca) F. 
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We give the conditions that R-union, P-union and P-intersection of NSCSU are also NSCSU. Which 
are at Theorem 3.8, 3.9, 3.10. 


Theorem 3.8 Let P, = {(ty,Ag., Ag, Ita € Y} where i€k be set of NSCSU of Y, where ick. If 
inf{max{Ag,(t,), Ae, (t2)}} = maxfinfA, (t,), infAy (t2)} V t; © Y. Then the P-intersection of P, is also 
a NSCSU of Y. 


Proof. Suppose that P, = {(ty,Ag., Ag, It € Y} where i€k be set of NSCSU of Y such that 
inf{max{Ag, (ty), Ag, (t,)}} = max{infAg. (ty); infag. (t.)} WV t,t, €Y. Then for t,,t, €Y. Then 
nN Ag, (ty *t,) = rinfA,, (t, *t,) = rinf{rmin{Ag, (t,), Ag, (t2)}} = rmin{rinfAg, (t,), rinfA,, (t,)} = 
rmin{(M AS,)(t), (A AS,)(ta)} > (A AS I(t * ta) = rmin{(N AB,)(tr),(N AS )(ta) and 
(AXE, )(tr * ta) = infAG, (ty * ty) < imffmaxf{AG, (ty), Ag, (tz)}} = max{infAZ, (ty), imfAE, (ta)} = 
max{(AAg,)(t1), (AAG, )(t2)} = (Arg, )(t *to)< max{(AAg,)(t1), (Arg, )(t2)}, which show that P - 
intersection of P, isa NSCSU of Y. 


Theorem 3.9 Let PF, = {(ty,Ag., Ag, Ita €Y} where i€k be set of NSCSU of Y. If 
sup{rmin{Ag (t,), Ag, (tz) } = rmin{supAg,(t,), supA,. (t2)} V t,,t. €Y. Then the P-union of P, is 
also a NSCSU of Y. 


Proof. Let f, = {(ty, Ag. Ag, Its €Y} where i€k be set of NSCSU of Y_ such that 
sup{rmin{Ag (t,), Ag, (tz)}} = rmin{supA,,(t,), supAg (t.)} V t, €Y. Then for t,t, € Y,(U Ag.)(t + 
t,) = rsupAS,(t, * ty) > rsupfrmin{Ag, (t,), AS, (t2)}} = rminfrsupAg,(t,), rsupA8, (t2)} = 

rmin{(U Ag.)(ti), (U Ae, )(t2)} > (U Ae, (tr * tz) = rmin{(U Ag,)(t1), (U Ag.) (t2)} 


an (VAG. ) (ty *t,) = SUpA,, (t, *t,) < sup {max{A’ (ty), Ag, (t,)}} = max{supAg. (t,), SUpA,, (t.)} = 


max{(VAg,)(t1), (VAG. )(t2)} > (VAG, (ty *t,) < max{(VAg,)(t1), (VAG, )(t2)}, which show that P-union 
of P, isa NSCSU of Y. 


Theorem 3.10 Let P, = {(t, Ag. Ag, Its € Y} where i € k be set of NSCSU of Y. If 
inf{maxfA€, (ts), Ag, (t2)}} = max{infAS,(t,), infAS,(t)} and sup{rmin{AS,(t,),A8, (ta) = 
rmin{supAg,(t,), supA,,(tz)} V t,,t, € Y. Then the R-union of P, is also a NSCSU of Y. 

Proof. Let ?, = {(ty, Ag. Ag, Ita €Y} where i€k be set of NSCSU of Y_ such that 
inf{max{Aé,(t,),A8,(te) = —-- maxfinfA,(t,),infAZ,(t.)} and —sup{rmin{A8,(t,),A8 (tH = 
rmin{supAg, (t,), supAg, (t,)} Vt, €Y. Then for t,,t, €Y, (U Ag, (ts *t,) = rsupAg, (t, *t,)= 
rsup{rmin{Ag, (ty), Ag, (tz)}} = rmin{rsupAg, (t,), rsupAS,(ty)} = rmin{(U AS,)(t,), CU A8,)(t2)} > 

(U Ag, (tr *t2) 2 rmin{(U Ag,)(t1), (U Ag,)(t2)} and (Arg, ) (t *t2) = infrg, (ty *t2) S 
inf{max{AS,(t,),A8, (ta)}} = maxfiniAS, (t,), imfAG, (tz)} = max{(AAE,)(ty), (AAS,)(t2)} > (AAR, (ts * te) S 
max{(AAg,)(t1), (Arg, )(t2)}, which show that R-union of Pf, isa NSCSU of Y. 


Proposition 3.11 If a neutrosophic soft cubic set P, = (AG, he.) of Y isa subalgebra. Then V t, € Y, 
Ae, (0*t,) = Ag, (t1) and Ae, (0 *ti) < Re (t,). 


mohsin khalid, rakib iqbal and said Broumi, Neutrosophic soft cubic Subalgebras of G-algebras 


Neutrosophic Sets and Systems, Vol. 28, 2019 265 


Proof. For all t,€Y, Ag(O*t,) Zrminf{AZ (0),Ag(t)} =rmin{Ag(t, *t),Ag(t)} = 
rmin{rmin{Ag, (t,), Ag, (t1)}, Ae, (t1)} = Ag. (t:) and similarly A, (O*t,)  < max{Ag.(0),Ag,(t1)} = 
ae. (t,). 


Lemma 3.12 If a netrosophic soft cubic set P, = (Ag, Ae) of Y is a subalgebra. Then P,(t, * tz) = 
P(t, * (0 * (0 *tz))) V tyt, EY. 


Proof. Let Y bea G-algebra and t,,tz € Y. Then tz =0* (0 *t,) by ([9], Lemma 3.1). Hence AG, (t, * 
tr) = Ag. (ty *(O* (0 *t2))) and Ag.(t, * tz) = Ag, (ty * (0 * (0 *t,))). Therefore, A, (t, * tz) = A, (t, * 
(0 « (0 * t,))) 


Proposition 3.13 If a NSCS P, = (Ag.,Ae,) of Y is NSCSU. Then V t,,t, EY, Ag.(t; *(0*tz)) = 
rmin{Ag (t,),Ag,(t2)} and Ag (t, * (0 * tz)) < max{Ag (1), Ag, (tz)}. 


Proof. Let t,,t,€Y. Then we have Aj (t, *(0*t,)) = rmin{Ag,(t,), Ag, (0 * t2)} = 
rmin{Ag, (t,), Ag, (t2)} and de, (t, *(0*t,)) < max{Ag, (t1), Ag, (0 * t2)} < max {Ae, (t,), Ag, (t2)} by 


Definition 3.1 and Proposition 3.11. Hence proof is completed. 


Theorem 3.14 If a NSCS F, = (Ag, Ae.) of Y satisfies the following conditions. Then f, refers to a 
NSCSU of Y. 


1. AQ.(O*t,) > Ag. (t,) and AQ (O* ty) SAg(x) Vt EY. 

2. Ag (t, *(O*t2)) = rmin{Ag (t,), Ag. (tz)} and Ag (ty * (0 *tz)) < maxfAg.(ti),Ae, (ta) } V 

t,,t. EY. 

Proof. Assume that the neutrosophic soft cubic set P, = (Ag, Ae) of Y satisfies the above conditions. Then by 
Lemma 3.12, AS, (ty *tz) = AS (ty + (0 + (0 +t) = rmin{AS, (t,), Ag, (0 + t2)} = rmin{AS, (t,), AS, (to)} 
and Ae, (ty * tz) = Ag, (tr * (0 * (0 * ty))) < maxfAg, (t), Ae, (0 * ta)} < max{Ag, (ty), Ae, (t2)} V tit, EY. 
Hence P, is NSCSU of Y. 


Theorem 3.15 A neutrosophic soft cubic set Py = (Ag,,As,) of Y is NSCSU of Y iff (Ag,)~, (Ag,)* 


and Ae, are fuzzy subalgebras of Y. 


Proof. Let (Ag) Gey: and. Ae, are fuzzy subalgebra of Y and t,,tz €Y then (Ag) (ts *t,)2= 
min{(Ag,)~ (t1), (Az,) (t2)} / (Ag,)* (ty *t2) 2 min{(Ag,)*(t1), (Ag, )* (t2)} and. re, (t, *t,) < 
max{Ag. (ty), Ag, (tz)} Now, a (t, *t,) = [(Ae,) (tr * tz), (Ag,)* (ty * tz) | = 
[min{(Ag,)~ (ti), (Ae,)” (ta) }, min{(Ag,)* (tr), (Ae,)* (ta)}] = rmin{[(Ag,)” (tr), (Ae,)* (t,)] 
, [(Ag,)” (tz), (Ae, )* (tz) ]} = rmin{Ag, (t,), Ag, (tz)}. Therefore, A, is NSCSU of Y. 

Conversely, assume that P, isa NSCSU of Y.Forany t,,t, € Y, [(Ae,)” (tr * t>), (As)? *t>)|] = Ae, (t, * 
3) 2 rmin{Ag, (ti), Ae, (t2)} = rmin{[(Ag,)” (ti), (Ae) * (ta), 
[(Ae,)” (ta), (Ae,)* (ta) |} = [min{(Ae,)~ (tr), (Ae,)” (t2)}, min{(AG,)* (tr), (Ae,) *(t2)}]. Thus, (AG, (th * 
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tz) 2 min{(Ag,)~ (ti), (Ae,) (tz)} y (Ag) (ty *t2) 2 min{(Ag.)*(t1), (Ag,)* (t2)} and Ae, (ty *t2) Ss 
max{Ag. (t,), es (t.)}. Hence (Ag) (Aa,)* and 8 are fuzzy subalgebras of Y. 


Theorem 3.16 Let Py = (Ag,,Ae,) be a NSCSU of Y and let n € Z*. Then 

i) Ag, (Int; *t,) = Ag. (t1) for ne O. 

ii) Ag, (Int, *t,) < Ag (t,) for ne O. 

iii) Ag (Int, *t,) =Ag.(t,) for ne€ E. 

iv) Ae, (Int, *t,) = Ag, (t1) for ne E. 
Proof. Let t; € Y and suppose that n is odd. Then n= 2p—1 for some p €Z*. We prove the 
theorem by induction. 
Now AG, (t,; *t,) = Ag, (0) > AG, (t,;) and Re: (t, *t,) = Ae, (0) < ey (t,) . Suppose _ that 
Ag, ((L2p-1) (t, *t,)) 2 Ac, (t,) and Ae, ((L2p-1) (t, *t))< Ne, (t;) . Then by assumption, 
AG, (Uem+n-1( 1 *ty)) = Ag, ((L2p+1) (t, *t,)) = Ag, (Lep-1 t, * (t, * (t, *t,))) = Ae, (CLzp-1) (t, * 
t,)) 2 Ag, (t1) and Ae, ((CLecp41)-1 (t, *t,)) = Ae, (CLep+1 (t, *t,)) = re, (Lop-1 ty * (G4 * (ty, *t,))) = 
re, (Llap-1 t1 *t1) S re, (t,), which proves (1) and (2). Similarly, cases (3) and (4) has the same proofs. 


These sets denoted by | ag and hg are subalgebras of Y. Which were defined as 

Ige ={tr € YIAG (tr) = AE, O)}, Ihe aft € YIAG, (tr) = As, (O)} 
Theorem 3.17 Let FP, = (Ag, Ae.) be a NSCSU of Y. Then the sets | ag and he are subalgebras of Y. 
Proof. Let t,,t, € | ag Then Ag, (t1) = Ag, (0) = Ag, (t2) and so, AG, (tr ets) = rmin{Ag (t,), Ag, (t2)} 
= AG, (0). By using Proposition 3.3, we know that AG, (t, *t,) = Ag, (0) or equivalently t, *t, € I Ag - 


Again suppose tj,,t, E IQ. Then Ae, (t1) = Az, (0) = de, (tz) and _ so, Ae, (ts kt) < 


max{Ag. (ty), Ag, (t,)} =e, (0). Again by using Proposition 3.3, we know that re, (t,; *t,) = Ae, (0) or 


equivalently t; *t, € I,e. Hence thesets I,e and A,e are subalgebras of Y. 
ej | ej 


Theorem 3.18 Assume B is anonempty subset of Y and P, = (Ag, Ae.) be a neutrosophic soft cubic 


[Srir > Stir) ift, EB Maye Yo ift, EB 
[Brir, Brip,], otherwise, *is*’ — [&,, 


V lSrirp Srir.)(Brir, Brie] € D[0,1] and Yor So € [0,1] with [Erie STLFo = [Brir, Brir] and 
Yo < 5. Then P, is a nuetrosophic soft cubic subalgebra of Y = B is a subalgebra of Y. Moreover, 


set of Y defined by AG, (t,) = 


otherwise, 


xe = B= Ig . 


Proof. Let P, be a NSCSU of Y. Let t,,tz © Y such that t,,t, € B. Then AG, (ta * t>) 


rmin{A, (t,), Ae, (t2)} =rmin{[érpe, Stirpl (Stir, Sriej} |= (éraur,Srir,] and he (ty *t.) << 
max{Ag. (ty), Ag, (t2)} = max{Vg, Yo}= Yo. Therefore t, *t, € B. Hence, B isa subalgebra of Y. 


IV 


Conversely, assume that B is a subalgebra of Y. Let t,,t, € Y. Now take two cases. 
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Case 1: If t,,t, © B, then t, *t, € B, thus AG, (ty *t2) = [Srir, Stir] = rmin{Ag, (t,), Ag, (t,)} and 
163 (ty - tp) = Yo = max{Ag. (t,), Ae (t, )}. 


Case 2: If t; € B or t, € B, then Ag, (t *t.) 2 [Brir, Brir,] = rmin{Ag (t,), Ag, (t2)} and Ae, (ty * 
tz) $6, = max{Ag. (tip Ae, (t.)}. Hence FP, isa NSCSU of Y. 


Now, Ing ={ty EY, Lye (t,) = Ag, (0)}= {t, € Y, As, (t1) = [Stir Srirp]} = B and Le =tty EY, Ke (t,) = 


E,(O)}=ftr € Y,AS,(t.) = Yo}=B. 


Definition 3.19 Let P,= (AG, Ae) be a neutrosophic soft cubic set of Y . For 
[Wr Wr,], [Wi Wi], [We We, | E D[O,1] and ty,,ty,, tp, E [0,1] , the set 
U(Ae,|([wr,, Wr, |, [Wi Wi], [We We,})) = {tr © YIAG, (ti) = [wr,, wr], Ae, (t1) = [wi,, wi], Ae, (ti) = 
[Wr,, Wr, ]} is called upper ([Wr,, Wr,],[wW1,,W1,], [We,, We, ]) -level of P, and L(Ag, I(t, ty, tr, )) 
={ty € Y|Ag,(t1) < tr, Ae, (ti) < ty, Ab, (ti) < te,} is called lower (tr, ty,, tp, )-level of Px. 

For convenience, we introduced the new notions for upper level and lower level of P, as, 
U(Ag, [Wor Weir ]={ts E Y|Ag, (t,) = [WriF,,WryF]} is called upper ([WriF,,Wryr,])-level of Pi, 


and L(Ag. |trrp, ={t, © YAS (t,) < tryp.} is called lower typ, -level of Px. 
ejlthny ej oe. mer 


Theorem 3.20 If P, = (Ag, Ae) is neutrosophic soft cubic subalgebra of Y, then the upper 


ej 


[Wrir, WriF,|-level and lower ty;,p,-level of f, are subalgebras of Y. 


Proof. Let t,,t. E U(Ag, I[Wrir,, Wri ]) . Then AG, (t,) = [WriFp WriF, | and AG, (t2) = 
[Weir WriF]- It follows that Ag, (ti * t2) = rmin{A, (t,), Ag, (t2)} = [Wrirpy Weir] => t, * T> = 
U(Ag, | [WriFp Wr Fl): Hence, U(Ag, | [Wri Wr LF, isa subalgebra of Y; 

Let t,,t, € LAG, ItruF,) - Then Ae, (t1) <tryp, and Ag, (te) <tryp,- It follows that Ag, (ty * t>) 
max{Ag. (t,), Ag, (t2)} Strip, > ti *t, € LAG ltr _): Hence LAG ltr _) isasubalgebra of Y. 


lA 


Corollary 3.21 Let P,. = (Ag, Xe) is NSCSU of Y . Then A((wrirp Wr LF], triF,) 
U(Ag, [Wor WriF]) a LAG ltr ir, =fts E Y|Ag, (t,) 2 [Weir Wri, Ae, (t,) <trrp,} is a subalgebra 
of Y. 


Proof. We can prove it by using Theorem 3.20. 
This example shows that the converse of Corollary 3.21 is not true 
Example 3.22 Let Y = {0,c,,C2,C3,C4,C5} be a G-algebra in Remark 3.6 and P= (Ag, Ae) isa 


neutrosophic soft cubic set defined by 


| * | & | & | & | & | 4 
0.3,0.5] | [0.3,0.4] | [0.30.4] | [0.30.4] | [0.1,0.2] | [0.1,0.2] 
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and 


[T° yayeye [ays 
Cae for foe Po Poe Fo om 


[oa [om [om [om [oe [os 


We take [Wryp,,Wrye,] = ([0-41,0.48], [0.30,0.36],[0.13,0.17]) and tryp, = (0.3,0.4,0.5). Then 
A([wrpe, Weir} trir,) = U(Ae [Wrir, Wryr,ALAg, Itrrr,) 7 {t, € Y|Ag,(t1) = 
[WriFy Wor], Ae, (ty) Strrp,} = (0,1, C2, c3}M{0, Cy, Co, C4} = {0, C1, C2} is a subalgebra of Y, but P= 
(Ag,,Ae,) is not a NSCSU, since Af. (c; * cz) = [0.2,0.3] & [0.4,0.5] = rmin{AG, (c,), Ae, (c3)} and Aé.(c2 * 
C4) = 0.4 £ 0.3 = max{Ag, (C2), Ae, (C4)}- 





Theorem 3.23 Let P, = (AG, Ae) be a neutrosophic soft cubic set of Y, such that the sets 
U(Ag, l[Wrir,,Wrir,]) and L(A, |trrp,) are subalgebras of Y for every [wrjr,,Wrzr,] € D[0,1] and 
trip, € [0,1]. Then P= (Ag, Ae) is NSCSU of Y. 


ej 


Proof. Let U(Ag, l[Wrir » Wr iF, ])and L(Ag, |tr,7,) aresubalgebrasot Y forevery [Wri r,,Wr1iF,| € D[O,1] and 
trir, € [0,1] . On the contrary, let (ty)o,(tz)o €Y be such _ that Aa, ((t1)o * (to)o) < 
rmin{A,. ((t1)o), Ae, ((t2)o)}. Let Ag, ((t1)o) = [1,2], Ag, ((t2)o) = [3,4] and Ae, ((t1))o * (t2)o) = 
[WriFy Wor]: Then [Wriry Wor] < rmin{[$, 02], [O3, P4]} = [min{,, b3}, min{dz,o4}]. So, 


WTLF, < rmin{@,,@3} and WTLF, < min{oz,,4. Let us consider, [f1,p2] = ~ [AS (tro * (tz)o) + 
rmin{A,.((t1)o), Ae, ((tz)o)}] = ~[[Wriry Wri, | + [min{d,, p3}, min{d2, 4 }]] 5 [- (WoiF, + 
min{q,, 3}), > (Wrap, + min{2, 63})]. Therefore, min{o,,3} > py = ~(WriF, + min{$;,03}) > wryip, 


and = min{d2,4} > pz = ~(WriF, + min{2z, 4}) > WrypF,- Hence, [min{d,, 3}, min{d2z, b4}] > 


[P1,P2] > [Wrir,Wrip,] so that (t1)o * (t2)o € U(Ag, l[Wrir,, Wor, ]) which is a contradiction since 
Ag, ((ti)o) = [1,2] = [min{,, 3}, min{dz, b4}] > [P1, P2] and Ag, ((t2)o) = [3,4] 2 
[min{,,p3},min{p2,o4}] > [P1,P2]. This umplies (t,)o * (tz)o € U(Ag, [Wor WriF,])- Thus Ag, (ts * 
t,) = rmin{Ag,(t,), Ag, (tz)} V ty t, € Y. 

Again, let (ty )o, (tz)o € Y besuch that Ae, ((tr Jo * (t2)o) > max{Ag. ((t1)o), Ae, (0)}. Let Ae, ((t1)o) = 


Q _ Q _ 
NrFy Ae, ((t2)o) = NF, and Ae. ((ty)o * (t2)o) = trip, Then trip, > max{Sr1F,-Srif,}- Let us consider 


1 7 1 
UphF, FG [Ae, (to * Vo) + max{Ag.((ti)o), Ae, (0)}]. We get that trip, = = (trip, + max{Crir,, Sri}: 


1 1 
Therefore, Crip, < trip, = . (trop, + Max{Grir, Sripj.j) <trir, and Grip, <trip, = 5 (try + 


_ 40 
max{Cr pF, StiF.3) < trip, Hence, max{¢rrr,,Srir.} < trip, < trip, = Ae, ((tio (t2)o), so that (t;)o * 
Q ° ° ° ° ° Q _ 
(tz)o € LA |trrr,) which is a contradiction since Ag. ((ti)o) = Sraur, S Max{Sr ir, Srir.$ < trip, and 


Ae, ((t2)o) = Crip, S max{Grir, Srir,} <triz,. This implies (t,)o, (tz)o € LAG, Itrr,)- Thus re; (ty * 
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t,) < max{Ag (ty), Ag, (tz)} V ty, tz © Y. Therefore, U(AG,|[WriF,Wrir,]) and L(g, |trir,) are subalgebras of 
Y. Hence, P, = (Ag,,Ag,) isNSCSUof Y. 


Theorem 3.24 Any subalgebra of Y can be consider as both the upper [Wy;f,,Wryzr,]- level and 


lower tr, f,-level of some NSCSU of Y. 


Proof. Let N,, be a NSCSU of Y, and #, be aneutrosophic soft cubic set on Y defined by 
AO [Eriry Stir.) if ty € M Oe {Pra if ty € Me 
= [0,0] otherwise. “! 0 otherwise . 


V [€rir, Stir] € D[O,1] and Bry, € [0,1]. We consider the following cases. 


Case1: If V t,,tz, € N, then AG, (t1) = [frirp Stir!» re, (t;) = Bri, and AG (t2) = [Stir Sarl, 
re, (t,) = Bri: Thus AG, (t, *t,) = [Sue ET LES | = rmin{[€rpF,> ET LFo |, [Er uep ET LES I} = 
rmin{Ag, (t,), Ag, (tz )} and re, (t, * tz) = Brir, = max{Brir, Brir,} = max{As, (ty), Ag, (tz )}. 


Case2: If t, EM, and t, ¢ M, then As, (tr) = [Stary SrirI, Ae. (t,) = Brrr, and AS (tz) = [0,0], 
es (t,) = 1. Thus Ag, (t, * tz) = [0,0] = rmin{[§rir,, érir,1,[0,0]} = rmin{Ag, (t,), Ac, (t2)} and 1s (t, * 
tz) $1 = max{BryF,, 1} = max{A¢, (ty), Ag, (tz )}. 


Case3: If t, €M and t,E MN, then Ag (ty) = [0,0], Ag(t:)=1 and AQ (tz) = [Erpe, SrpF], 
re, (t2) = Brir,. Thus Ag, (ty *t2) 2 [0,0] =rmin{[0,0], [errr érir,j} = rmin{A,, (t,), Ag, (tz)} and 
es (t, = tz) < 1= max{1, Bri 3 = max{Ag. (t,), be (t2)}. 


Case4: If t, € NM, and t, €M, then Aj.(t,) = [0,0], Ag. (t,) =1 and Ag,(tz) = [0,0], Ag,(t2) = 1. 
Thus AG, (t, * tz) = [0,0] = rmin{[0,0], [0,0]} = rmin{A, (t,), Ae, (t,)} and os (t, *t,)<1= 
max{1,1} = max{Ag. (ty), Ag, (t.)}. Therefore, P, isa NSCSU of Y. 


Theorem 3.25 Let N, be asubset of Y and #, be aneutrosophic soft cubic set on Y which is given 
in the proof of Theorem 3.24. If P, is realized as lower level subalgebra and upper level subalgebra 


of some NSCSU of Y, then Ne is a neutrosophic soft cubic one of Y. 


Proof. Let P, be a NSCSU of Y, and t,,t, € NM. Then Ag (t;) = Ag (tz) = [Erir, -Sryp,] and 
Ne (t,) = ne (tz) = Brir,: Thus AG, (ty - tz) > rmin{Aé, (t,), AG, (t.)} = 
rmin{[&r pp, EPR, |) leriE, Erie, |t = leriE, Err, | and re, (t, *t2) < max{A,. (ty), Ag, (t,) = 


max{Brir, Brip,} = Brir, > ti * tz € N,. Hence NM, is aneutrosophic soft cubic one of Y. 


4 Homomorphism of Neutrosophic Soft Cubic Subalgebras 

Suppose t be a mapping from a set Y into a set Y and P,= (Ag, Ae.) be a neurosophic soft cubic set in Y. 
Then the inverseimage of P, is defined as t*(Py) = {(t1, tT 1(AG,), T (AG, )) It. € Y} and t7*(AG,)(t1) = 
Ag, (T(t) and t* (Ag, )(ty)=Ag, (<(t,)). Itis dear that t~1(P,) isaneutrosophic soft cubic set. 

Theorem 4.1 Let t| Y > X is ahomomorphic mapping of G-algebra. If P, = (AG, Ae) is a NSCSU 


of X. Then the pre-image 1 1(Py)={(t,T *(Ag,),T *(Ae,)) Iti € X} of AF, under t isa NSCSU of Y. 
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Proof. Assume that ?, = (Ag) Ae) is a NSCSU of Y and t,,t, EY. Then t 1 (Ag, (ty *t,) = 
AG (e(ty * ty)) = AS, (e(ty) * t(ta)) = rmin{A8, (x(t), AS, (t(ta))} = rmin{e-* (AS, )(t,), 77 (A8,)(ta)} 
and T*(AS,)(ty * te) = AB, (e(ty * te) = AS, (a(t) * Tt) < max{A8,(t(t,)), 28, (t(ta))} = 
max{t™*(Ag,) (ti), T *(Ag, )(tz)}. Hence t*(A,) = {(ty, tT * (AG), T (Ag, ))It1 € Y} is NSCSU of Y. 


Theorem 4.2 Let t| Y > X isa homomorphic mapping of G-algebra and P, = (Ag, AS. ,) isa NSCSU 
of X where jEk. If inf{max{Ag, (t2), Az (ay) = = max{inf Ag, (t2), inf AG. (t2J3 V t,€Y. Then 


t +(Np Py) isa NSCSU of Y. 
jek 
Proof. Let a Ao. yea . be a  NSCSU' of Y where jek satisfying 


inf {max {ag (tz), Ag, (t,)}} = max{inf Ag, (t2), inf Ag. ,(tz)} V t, €Y. Then by Theorem 3.8, Ar P. isa 


NSCSU of Y. Hence t74(Np P,) is also a NSCSU of Y. 
jek 


Definition 4.3 A neutrosophic soft cubic set P, = (Ag, he .) in Y is said to have sup-property and inf- 


property if for any subset S of Y, 4 sy € T such that Az, (So) = rsupAg, (Sy) and re, (So) = int Ae (ty) 
SgES 0 


respectively. 

Definition 4.4 Let t be the mapping from the set Y to the set X. If A, = (Ag, AG. .) is neutrosphic 
cubic set of Y, then the image of A under t denoted by t(PA,) and is defined as 
1(P,)=C(ty Troup (AS, Tine(AS,))Its € Y}, where 


AS (ty) if Tt) #O 
Trsup (Ae, )(t2) = 4 tet Mtz) 
[0,0], otherwise , 


and 


A (ti) if T(t) #o 
Tint(Ag, )(t2) = = termt¢t,) 
1, otherwise. 


Theorem 4.5 Assume t | Y > X is a homomorphic mapping of G—algebraand A, = (Ag, ea ) isa 
NSCSU of Y, where ick. If inf {max{Ag, (Gas. (t,)}} = max{inf Ae (t,), inf re, (t,)} VW t, EY. 
Then t(Np Pi.) isaNSCSU of Y. 

ick 


Proof. Let P, = (Ag, Ae.) be NSCSU of Y where i€ kK satisfying inf{max{Ag, (t1), Ae, (t1) } = 


max{inf A. (t,), inf Ag, (t,)} V t, € Y. Then by Theorem 38, Mp PF, is a NSCSU of Y. Hence t(Ap Pi) isa 


ick 


NSCSU of Y. 


Theorem 4.6 Suppose t| Y—> X is a homomorphic mapping of G-algebra. Let A, = (Ag) Ae.) be 
NSCSU of Y where i € k. If rsup{rmin{Ag, (t,), Ag, (t2)}}= rmin{rsupAg, (t,), rsupAg, (tz)} V t,,t. EX. 


Then t(Up Px) isa NSCSU of X. 
ick 
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Proof. Let P= Cae be NSCSU of Y where i€ék satisfying 


rsup{rmin{Ag, (t,), Ag, (t2)}}ormin{rsupAg, (t,), rsupAg, (t,)} V t,, tz € Y. Then by Theorem 3.8, Up Py 


ie¢k 


is a NSCSU of Y. Hence t(Up P,) isa NSCSU of X. 
ick 


Corollary 4.7 Fora homomorphism t|Y — X of G-algebras, these results hold: 


1. If V ie€k, A, are NSCSU of Y, then t(Np (P,)) is NSCSU of X 
ick 


2. If V iek, N. are NSCSU of X, then t (Np (N;,)) is NSCSU of Y. 
iek 


Proof. Straigtforward. 


Theorem 4.8 Let t be an isomorphic mapping from a G-algebra Y toa G-algebra X. If Py isa 
NSCSU of Y. Then t71(t(P,.)) = Pr. 


Proof. For any t, € Y, let t(t,) =t,. Since t is anisomorphism, t*(t,) = {t,}. Thus t(P,)(t(t,)) = 


(Py) (tz) = “ Pct) = f,(t,). For any tz € Y, since t is an isomorphism, t~*(t,) = {t,} so 
1 2 


that t(t,) =t,. Thus t7(P,)(t,) =P, (t(t,)) = P, (tz). Hence, t4(t(P,.)) = TP.) = Py. 


5. Conclusions 


In this paper, the concept of neutrosophic soft cubic subalgebra of G-algebra was investigated 
through several useful results. Homomorhic properties of NSCSU were also investigated. For future 


work this study will provide base for t-soft cubic subalgebra, t-neutrosophic soft cubic subalgebra. 
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Abstract: The aim of this paper is to introduce the notion of neutrosophic & —ideals in semigroups 
and investigate their properties. Conditions for neutrosophic & —structure to be a neutrosophic 
X —ideal are provided. We also discuss the concept of characteristic neutrosophic X —structure of 
semigroups and its related properties. 
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1. Introduction 


Throughout this paper, S denotes a semigroup and for any subsets A and B of S, the 
multiplication of A and B is defined as AB = {ab|a € Aand b € B}. A nonempty subset A of S is 
called a subsemigroup of S if A* © A. A subsemigroup A of S is called a left (resp., right) ideal of S 
if AX CA (resp., XA © A). A subset A of S is called two-sided ideal or ideal of S if itis both a left and 
right ideal of S. 

L.A. Zadeh introduced the concept of fuzzy subsets of a well-defined set in his paper [17] for 
modeling the vague concepts in the real world. K. T. Atanassov [1] introduced the notion of an 
Intuitionistic fuzzy set as a generalization of a fuzzy set. In fact from his point of view for each element 
of the universe there are two degrees, one a degree of membership to a vague subset and the other is 
a degree of non-membership to that given subset. Many researchers have been working on the theory 
of this subject and developed it in interesting different branches. 

As a more general platform which extends the notions of the classic set and fuzzy set, 
intuitionistic fuzzy set and interval valued (intuitionistic) fuzzy set, Smarandache introduced the 
notion of neutrosophic sets (see [15, 16]), which is useful mathematical tool for dealing with 
incomplete, inconsistent and indeterminate information. This concept has been extensively studied 
and investigated by several authors in different fields (see [2 — 8] and [10 — 14] ). 

For further particulars on neutrosophic set theory, we refer the readers to the site 
http://fs.gallup.unm.edu/FlorentinSmarandache.htm 

In [9], M. Khan et al. introduced the notion of neutrosophic & —subsemigroup in semigroup and 
investigated several properties. It motivates us to define the notion of neutrosophic X —ideal in 
semigroup. In this paper, the notion of neutrosophic X —ideals in semigroups is introduced and 
several properties are investigated. Conditions for neutrosophic X —structure to be neutrosophic 
X —ideal are provided. We also discuss the concept of characteristic neutrosophic X —structure of 
semigroups and its related properties. 
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2. Neutrosophic & - structures 


This section explains some basic definitions of neutrosophic X — structures of a semigroup S 
that have been used in the sequel and introduce the notion of neutrosophic & — ideals in semigroups. 
The collection of function from a set S to [-1,0] is denoted by 3(S,[-1,0]). An element of 
3(S,[—1,0]) is called a negative-valued function from S to [—-1,0] (briefly, 8 — function on S). By a 
X —structure, we mean an ordered pair (S,g) of Sanda & —function g on S. 
For any family {xi | 1 € A} of real numbers, we define: 
max (x;|t € As Uf Als finite 
Ve etn bares E A} Pyos nian 
and 
min (x; |t € As Uf Als finite 
\& Pea ae ae E Peis moan 
For any real numbers x and y, we also use x V y and x A y instead of V{x,y} and A{x, y} 
respectively. 


Definition 2.1. [9] A neutrosophic & — structure over S defined to be the structure: 
Sy:= ——— = {___*____ |x es}, 
(Ty, In, Fw) Ty (x), In(x), Fu(x) 

where Ty, Iy and Fy are &— functions on S which are called the negative truth membership 
function, the negative indeterminacy membership function and the negative falsity membership 
function, respectively, on S. It is clear that for any neutrosophic X — structure Sy over S, we have 
—-3 < TyQy) + In) + FunQy) < 0 forallyeS. 

S 


Definition 2.2. [9] Let Sy: = (Ty, Im. Fu) 
M tM, ©M 


S. Then 

(i) Syis called a neutrosophic X — substructure of Sy over S, denote by Sy © Sy, if Ty(s) = 
Ty (s), Iy(s) < Iy(s), Fy(s) = Fy(s) forallseS. 

If Sy © Sy and Sy © Sy, then we say that Sy = Sy. 

(ii) The neutrosophic X% — product of Sy and Sy is defined to be a neutrosophic & —structure 


and Sy:= be neutrosophic X —structures over 


(Ty, Iv, Fn) 


over S 
S Ss 
Su O Sm i= (Tvem, INom, FNom) aay Iyom(S), Fnom(s) foe s}, 
where 
/[\ twa vTy(v)} ifiuv €Ssuchthat s = uv 
Tyom(S) = 4 fan, 
0 otherwise, 
\/ Uva AIy(v)} ifiuv €Ssuchthat s = uv 
Tyom(S) = wae 
0 otherwise, 
/\ va vFy(v)} ifiuv €Ssuchthat s = uv 
Fyom(s) = oes 
0 otherwise. 
For s €S, the element ————— iis simply denoted by (Sy OSy)(S) = 


(Thom, INom, FNom) 
(Tyom(S), Inom(S), Fuem(S)) for the sake of convenience. 
(iii) The union of Sy and Sy is defined to be a neutrosophic X —structure over S 
Syum = (S; Tum, num, Fyum); 
where 


Tyum(@) = Ty(@) ATy(Q), 
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Iyum(@) = Iy(@) v Iy(Q), 
Fyym(a@) = Fy(a) a Fy(a) forallae S. 
(iv) The intersection of Sy and Sy is defined to be a neutrosophic X —structure over S 
Suam = (S; Tuam, Ino, Fyom); 
where 
Tyom(@) = Ty(@) vTy(Q), 
Inam(@) = Iy(@) Ty (Q@), 
Fyjm(a) = Fy(a)v Fy(a) forall ae S. 
Definition 2.3. [9] A neutrosophic N-— structure Sy over S is called a neutrosophic 
X —subsemigroup of S if it satisfies: 
Ty(ab) < Ty(a)v Ty(b) 
(Va,b €S)| Iy(ab) = Iy(a)vIy(b) 
Fy(ab) < Fy(a)v Fy(b) 
Definition 2.4. A neutrosophic & —structure Sy over S is called aneutrosophic & —left (resp., right) 
ideal of S if it satisfies: 
Ty(ab) < Ty(a@) (resp.,Ty(ab) < Ty(b)) 
(Va,b €S)| Iy(ab) = Iy(a) (resp., Iy(ab) = Iy(b)) 
Fy(ab) < Fy(a) (resp., Fy(ab) < Fy(b)) 
If Sy is both a neutrosophic X — left and neutrosophic & —right ideal of S, then it called a 
neutrosophic X —ideal of S. 


It is clear that every neutrosophic & —left and neutrosophic & —right ideal of S is a neutrosophic 
X —subsemigroup of S, but neutrosophic %—subsemigroup of S is need not to be either a 
neutrosophic X —left or a neutrosophic X —right ideal of S as can be seen by the following example. 


Example 2.5. Let S= {0,1,2,3,4,5 } be a semigroup with the following multiplication table: 





0 1 2 3 4 5 
Then Sy = (coscerces’ ees a =e 
neutrosophic % —subsemigroup of 5, but not a neutrosophic X —left ideal of S as Ty(3.5) ¢ 


O 


Example 2.6. Let S = {a,b,c, d}be a semigroup with the following multiplication table: 





a b c 4 
Then Sy = (cos cera’ (-0.5, -0.2, -0.6)’ (-0.3, —-0.3, -0.4)’ (-04, —0.2, —0.5) 
N —ideal of S. = 


} is a neutrosophic 
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Definition 2.7. For a subset A of S, consider the neutrosophic X —structure 


S 


Low = te 
eT Xa )n, XaAC Dn, XalF)y) 
where 
-1ifseA 
T)y: —1 
Hat): 5> [-1,0], s> a otherwise 
OifsEA 
Dy: —1 
Xan S> 1-10) 5 > bt otherwise 
-1ifseA 


Xa(F)n: S> [-1,0], s> lo otherwise 


which is called the characteristic neutrosophic & —structure of S. 


Definition 2.8. [9] Let Sy be aneutrosophic & — structure over S and let a, B,y € [—1,0] be such 
that -3 < a+ B+ y <0. Consider the following sets: 

T% ={s €S:Ty(s) < a}, 

= {s €S:1y(s) = B, 

FY = {s € S: Fy(s) < y}. 
The set Sy(@,B,y) :={s €S|Ty(s) < a, Iy(s) = B, Fy(s) < y} is called a (a, B, y)-level set of Sw. 
Note that Sy(@,B,y) =T% 0 Ih 0 FY. 


3. Neutrosophic X — ideals 


Theorem 3.1 Let Sy be a neutrosophic & — structure over S and let a, f,y € [—1,0] be such that 
—3< a+ pP+y <0. If Sy isaneutrosophic X — left (resp., right) ideal of S, then (a, B, y) — level 
set of Sy is aneutrosophic left (resp., right) ideal of S whenever it is non-empty. 


Proof: Assume that Sy(a,B,y) # @ for a,B,y €[-1,0] with -3< a+ Bt+y <0. Let Sy 
be aneutrosophic X — left ideal of S and let x,y € Sy(a,B,y). Then Ty(xy) $ Ty(x) S a; Iy(xy) = 
Iy(x) = B and Fy(xy) S Fy(x) Sy which imply xy € Sy(a,B,y). Therefore Sy(a,B,y) is a 
neutrosophic X — left ideal of S. o 


Theorem 3.2. Let Sy be a neutrosophic & — structure over S and let a, f,y € [—1,0] be such that 
—3<s a+ BPt+y <0. IfTh; i. and Fi, are left (resp., right) ideals of S, then Sy is a neutrosophic 
NX —left (resp., right) ideal of S whenever it is non-empty. 


Proof: If there are a, b € S such that Ty(ab) > Ty(a). Then Ty(ab) >t, =>Ty(a) for some 
t, © [-1,0). Thus aé€ T ,“(a), but ab ¢ T “(a), a contradiction. So Ty(ab) < Ty(a). Similar way 
we can get Ty(ab) < Ty(b). 

If there are a,b €S such that Iy(ab) < Iy(a). Then Iy(ab) < tg < Iy(a) for some tg € 


(—1, 0]. Thus ae re (a), but ab ¢€ re (a), acontradiction. So Iy(ab) = Iy(a). Similar way we can 
get Iy(ab) = Iy(b). 

If there are a,b €S such that Fy(ab) > Fy(a). Then Fy(ab) >t, = Fy(a) for some t, € 
[-—1,0). Thus ae€ F(a), but ab ¢ F(a), a contradiction. So Fy(ab) < Fy(a). Similar way we 
can get Fy(ab) < Fy(b). 

Hence Sy is aneutrosophic X —left ideal of S. o 


Theorem 3.3. Let S be a semigroup. Then the intersection of two neutrosophic X —left (resp., right) 
ideals of S is also aneutrosophic X —left (resp., right) ideal of S. 


S 


Proof: Let Sy: = Cah ticED: 
M, 4M, © M 


—_°___ and § mM: = be neutrosophic & —left ideals of S. Then for 
(Ty, In, Fw) 


any x,y € S, we have 
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Tuom(xy) = Ty(xy) v Ty (xy) S Ty(y) V Tu) = Tuam), 
Inam (xy) = Iy(xy) A Iu (ry) 2 InQ) A Iu) = IvomQ), 
Fuam(xy) = Fy(xy) v Fy (xy) S Fy(y) v Fu) = Fram). 
Therefore Xyqy is aneutrosophic & —left ideal of S. 
L 


Corollary 3.4. Let S be a semigroup. Then {Xy,|i € N} is a family of neutrosophic X —left (resp., 
right) ideals of S, then so is Xq y,. 


Theorem 3.5. For any non-empty subset A of S, the following conditions are equivalent: 

(i) Ais aneutrosophic & —left (resp., right) ideal of S, 

(ii) The characteristic neutrosophic & —structure 7,(Xy) over S is aneutrosophic & —left (resp., 
right) ideal of S. 


Proof: Assume that A is a neutrosophic & —left ideal of S. For any x,y € A. 

If YEA, then Xa) y(xy) <0 = 74M) wn); XA (xy) 2-1 =X4AWnO) and 
XA(F)n(xy) <0 =y7,(F)y(y). Otherwise yEA. Then xyEA, so ya(T)n(xy) =-1= 
XAT) wy); XaC (xy) = 0 = XaWC ny) and Y4(P)n (xy) = -1 = X4(F)nQ). Therefore x,4(Sy) is a 
neutrosophic X —left ideal of S. 

Conversely, assume that 7,4(Sy) isaneutrosophic X —leftideal of S. Let a€ A and x € S. Then 
XaT)n(xa) < XAT) w@ = -1, Xana) = Xa) n(@) =O and Ya(P)n(ra) < Xa(F)n(@ = -1. 
Thus 7,(T)y(xa) = -1, x,(Dn(xa) = 0 and Y,(F)y(xa) = —1andhence xa € A. Therefore Aisa 
neutrosophic X —left ideal of S. o 


Theorem 3.6. Let ¥4(Sy) and 7p(Sy) be characteristic neutrosophic & —structure over S for subsets 
A and B of S. Then 

(i) Xa(Sw) 9 XB(Sw) = Xane(Sw). 

(ii) Xa(Sw) O XB(Sw) = Xap (Sw). 


Proof: (i) Lets € S. 
Ifs € ANB, then 
XYaT)n XBT) nS) = Xa) n(S) Vv HBC) (8) = -1 = Hans) n(S), 
Xan XBW w)(S) = Xa (8S) A XBW n(S) = 0 = Hans nS), 
alF)n 1 XB(F)w)(S) = Xa(Pn(S) Vv XB) w(S) = -1 = Xans(P)n(s). 
Hence ¥4(Sw) 9 XB(Sw) = Xans(Sw)- 
Ifs€ ANB, thens€A ors €B. Thus 
XaT) vn XBT) w)(S) = XAT) n(S) Vv XBT) (S) = 0 = Hans (Mn (C(s)), 
(Xan 1 XBWDw)(S) = Xa n(S) A XBW n(S) = -1 = XansWn(), 
XalF)n 1 XB(P)w)(S) = Xa nS) Vv XB) w(S) = 0 = ans (FP) n(S). 
Hence 74(Sw) 9 XB(Sw) = Xanz(Sw). 


(ii) Let x € S. If x € AB, then x = ab forsome a€A and DEB. 
Now 

(Xa) n° XB) nw) = Axest{XaC nS) Vv Xs) (O} 
< Xa(T)n(@) v CXB(T)n (BD) 
= —1 = Xap(T)y(X), 

(YaWD n° XpWn)(%) = \/ Gra@w(s) Vv Xa) vO} 
> X4(Dw(@) v Xe(Dy(b) 
= 0 = Xap(Dn(), 

(XalP)n ee XB(PF)w)(X) = |\ Gans) V XB(F)y(O)} 


x=st 
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< Xa(F)n(@ v (XB )n (BD) 
= —-1 = Xap(P)n@). 
Therefore 74(Sy) O Xp(Sw) = XaB(Sw)- O 
Note 3.7. Let Sy: = —_*____ and § u.= —— 7 neutrosophic & —structures over S. Then for 
(Ty, In, Fn) (Tm, Im, Fm) 


any subsets A and B of S, we have 
(i) XanB(Sw 1 Su) = (S:XaneM) nam XanwpC)wam XanB)wam): 
where 
Xans(T)wom(S) = XansM)w(S) Vv Xanv() mu (S), 
XanbU) wam(S) = XansWOw(S) A XansW a(S), 
XanB FY wam(S) = XansF)w(S) Vv Xans(F)m(s) for ses. 
(ii) XauB(Sw O Sy) = (S:XausC) num XavsC)num Xaus) wm): 
where 
XavB(T)num(S) = XavsM)w(S) A Haus) m(S), 
Xavs)wum(S) = XaveW)n(S) v XavsWD a(S), 
XauB(F)wum(S) = Xaus(F)w(S) A Kaus) m(S) for ses. 


Theorem 3.8. Let Sy be a neutrosophic & — structure over S. Then Sy is a neutrosophic X — left 
ideal of Sif and only if Sy OSy S Sy for any neutrosophic & — structure Sy over S. 


Proof: Assume that Sy is aneutrosophic X — left ideal of S and let s,t,uw ES. If s= tu, then 

Ty(s) = Ty(tu) < Ty(u) S$ Ty(t) VTy(u) which impliesTy(s) < Ty.y(s). Otherwise s¥ tu. 
Then Ty(s) < 0 = Ty.m(s). 

Iy(s) = Iy(tu) = Iy(u) = Ty (©) ATy(t) which implies Iy(s) = Iy.y(s). Otherwise s # tu. 
Then Iy(s) = —-1 = Iy.m(s). 

Fy(s) = Fy(tu) S Fy) S Fy() v Fy(u) which implies Fy(s) < Fy.y(s). Otherwise s# tu. 
Then Fy(s) < 0 = Fy.m(S). 

Conversely, assume that Sy is a neutrosophic X% — structure over S such that SyOSy& Sy 
for any neutrosophic % — structure Sy over S. Let x,yES. If a= xy, then 


Ty (xy) = Ty(@) S Xx()n © Tu) (@) = /\GMn (s) vTu(®)} S XxM)w(®) v Tu) = Tu), 


a=st 


Ty (xy) = Iy(a) 2 (Xx © Iu)(@) = \/ xn (s) AIu(@©)} 2 Xx ()v Im) = Iu), 


a=st 


Fy (xy) = Fu(@) S x(n ° Fu)(@) = /\Ga®n (s) v Fu()} S Xx(F)w(®) v Fu) = Fury). 


a=st 
Therefore Sy is aneutrosophic & — left ideal of S. Oo 


Similarly, we have the following. 


Theorem 3.9. Let Sy be a neutrosophic % — structure over S. Then Sy is a neutrosophic X — left 
ideal of Sif and only if Sy OSy S& Sy for any neutrosophic & — structure Sy over S. 


Theorem 3.10. Let Sy and Sy be neutrosophic X — structures over S. If Sy is a neutrosophic & — 
left ideal of S, then so is the Sy © Sy. 


Proof: Assume that Sy is a neutrosophic X — left ideal of S and let x,y €S. If there exist 
a,b €S suchthat y = ab, then xy = x(ab) = (xa)b. 
Now, 


(Tyo Tu)0) = [\ Ty @v Tuy} 


y=ab 
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< |\ tty (a) v TH) 
xy=(xa)b 


= /\\ {Ty (c) v Ty (b)} = (Ty o Tm (xy), 
xy=cb 


(In Lm) = \f nb) 0 In (b)3 


y=ab 


IV 


(Iy (xa) a Iy(b)} 
xy=(xa)b 


s VV (Im (c)a Ty (b)} = Un ° I (xy), 
xy=cb 


(Fy °F) = /\ (Py @v Fu(b)} 
y=ab 


< |\ (Fy(a)v Fu) 
xy=(xa)b 


7 /\\ {Fy (c) v Fy(b)} = (Fy ° Fu (xy). 
xy=cb 


Therefore Sy © Sy is aneutrosophic & — left ideal of S. Oo 


Similarly, we have the following. 


Theorem 3.11. Let Sy and Sy be neutrosophic % — structures over S. If Sy is a neutrosophic & — 
right ideal of S, then so is the Sy © Sy. 


Conclusions 

In this paper, we have introduced the notion of neutrosophic & —ideals in semigroups and 
investigated their properties, and discussed characterizations of neutrosophic X —ideals by using the 
notion of neutrosophic & — product, also provided conditions for neutrosophic & —structure to be a 
neutrosophic — ideal in semigroup. We have also discussed the concept of characteristic 
neutrosophic X —structure of semigroups and its related properties. Using this notions and results in 
this paper, we will define the concept of neutrosophic & —bi-ideals in semigroups and study their 
properties in future. 


Acknowledgments: The authors express their sincere thanks to the referees for valuable comments 
and suggestions which improve the paper a lot. 


Reference 


1. Atanassov, K. T. Intuitionistic fuzzy sets. Fuzzy Sets and Systems 1986, 20, 87-96. 


2. Abdel-Baset, M.; Chang, V.; Gamal, A. Evaluation of the green supply chain management practices: A 
novel neutrosophic approach. Computers in Industry 2019, 108, 210-220. 

3. Abdel-Baset, M.; Chang, V.; Gamal, A.; Smarandache, F. An integrated neutrosophic ANP and VIKOR 
method for achieving sustainable supplier selection: A case study in importing field. Computers in 
Industry 2019, 106, 94-110. 

4. Abdel-Basset, M.; Manogaran, G.; Gamal, A.; Smarandache, F. A group decision making framework 
based on neutrosophic TOPSIS approach for smart medical device selection. Journal of medical systems 


2019, 43(2), 38. 


B. Elavarasan et al., Neutrosophic & —ideals in semigroups 


Neutrosophic Sets and Systems, Vol. SS, 20SS 280 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Abdel-Basset, M.; Mohamed, R.; Zaied, A. E. N. H. Smarandache, F. A Hybrid Plithogenic Decision- 
Making Approach with Quality Function Deployment for Selecting Supply Chain Sustainability 
Metrics. Symmetry 2019, 11(7), 903. 

Abdel-Basset, M.; Nabeeh, N. A.; El-Ghareeb, H. A.; Aboelfetouh, A. Utilising neutrosophic theory to 
solve transition difficulties of loT-based enterprises. Enterprise Information Systems 2019, 1-21. 
Abdel-Basset, M.; Saleh, M.; Gamal, A.; Smarandache, F. An approach of TOPSIS technique for 
developing supplier selection with group decision making under type-2 neutrosophic number. Applied 
Soft Computing 2019, 77, 438-452. 

Jun, Y. B.; Lee, K. J.; Song, S. Z. & —Ideals of BCK/BCI-algebras. J. Chungcheong Math. Soc. 2009, 22, 417- 
437. 

Khan, M. S.; Anis; Smarandache, F.; Jun,Y. B. Neutrosophic & —structures and their applications in 
semigroups. Annals of Fuzzy Mathematics and Informatics, reprint. 

Muhiuddin, G.; Ahmad, N.; Al-Kenani; Roh, E. H.; Jun, Y. B. Implicative neutrosophic quadruple BCK- 
algebras and ideals, Symmetry 2019, 11, 277. 


Muhiuddin, G.; Bordbar, H.; Smarandache, F.; Jun, Y. B. Further results on (2; 2)-neutrosophic 
subalgebras and ideals in BCK/BCI- algebras, Neutrosophic Sets and Systems 2018, Vol. 20, 36-43. 
Muhiuddin, G.; Kim, S. J.; Jun, Y. B. Implicative N-ideals of BCK-algebras based on neutrosophic N- 


structures, Discrete Mathematics, Algorithms and Applications 2019, Vol. 11, No. 01, 1950011. 
Muhiuddin, G.; Smarandache, F.; Jun, Y. B. Neutrosophic quadruple ideals in neutrosophic quadruple 


BCI-algebras, Neutrosophic Sets and Systems 2019, 25, 161-173 (2019). 

Nabeeh, N. A.; Abdel-Basset, M.; El-Ghareeb, H. A.; Aboelfetouh, A. Neutrosophic multi-criteria 
decision making approach for iot-based enterprises. IEEE Access 2019, 7, 59559 - 59574. 

Smarandache, F. A. Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set, 
Neutrosophic Probability. American Research Press 1999, Rehoboth, NM. 

Smarandache, F. Neutrosophic set-a generalization of the intuitionistic fuzzy set. Int. J. Pure Appl. 
Math. 2005, 24(3), 287-297. 

Zadeh, L. A. Fuzzy sets. Information and Control 1965, 8, 338 - 353. 


Received: 3 April, 2019; Accepted: 26 August, 2019 


B. Elavarasan et al., Neutrosophic & —ideals in semigroups 


Neutrosophic Sets and Systems, Vol. 28, 2019 


University of New Mexico — 








Fuzzy Multi Item Inventory Model with Deterioration and 
Demand Dependent Production Cost Under Space Constraint: 
Neutrosophic Hesitant Fuzzy Programming Approach 


Satya Kumar Das" and Sahidul Islam 


‘Department of Mathematics, Govt. General Degree College at Gopiballavpur-I, Beliaberah, Jhargram, 721517, India, E-mail: 
satyakrdasmath75@gmail.com; satyakumardas@gegdcgopi2.ac.in 
*Department of Mathematics, University of Kalyani, Kalyani, Nadia, 714235, India, 
E-mail: sahidul.math@gmail.com; sahidulmath18@klyuniv.ac.in 


*Correspondence: Satya Kumar Das; Satyakrdasmath75@gmail.com 


Abstract. In this paper, we have developed a multi-objective inventory model with constant demand rate, 
under the limitation on storage of space. Production cost is considered in demand dependent and the deteri- 
oration cost is considered in average inventory level dependent. Also inventory holding cost is dependent on 
time. Due to uncertainty, all cost parameters are taken as generalized trapezoidal fuzzy number. Our proposed 
model is solved by both neutrosophic hesitant fuzzy programing approach and fuzzy non-linear program- 
ming technique. Numerical example has been given to illustrate the model. Finally sensitivity analysis has 
been presented graphically. 


Keywords: Inventory, Deterioration, Multi-item, Generalized trapezoidal fuzzy number, Neutrosophic Hesi- 
tant fuzzy programming approach. 


1. Introduction 


An inventory model deal with decision that minimum the total average cost or maximum the total av- 
erage profit. In that way to construct a real life mathematical inventory model on base on various as- 
sumptions and notations and approximation. 

In ordinary inventory system inventory cost i.e set-up cost, holding cost, deterioration cost, etc. are 
taken fixed amount but in real life inventory system these cost not always fixed. So consideration of 
fuzzy variable is more realistic and interesting. 

Inventory problem for deteriorating items have been widely studied, deterioration is defined as 
the spoilage, damage, dryness, vaporization etc., this result in decrease of usefulness of the commodity. 
Economic order quantity model was first introduced in February 1913 by Harris [1], afterwards many 
researchers developed EOQ model in inventory systems like as Singh, T., Mishra, P.J. and Pattanayak, 
H. [4], Jong Wuu Wu & Wen Chuan Lee [5] etc. 

Deterioration of an item is the most important factor in the inventory systems. Ghare and Schrader 
[15], developed the inventory model by considering the constant demand rate and constant deteriora- 
tion rate. Jong-Wuu Wu, Chinho Lin, Bertram Tan & Wen-Chuan Lee [6] developed an EOQ inventory 
model with time-varying demand and Weibull deterioration with shortages. Mishra, U. [13] presented 
a paper on an inventory model for Weibull deterioration with stock and price dependent demand. Jong 
Wuu Wu & Wen Chuan Lee [5] discussed an EOQ inventory model for items with Weibull deterioration, 
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shortages and time varying demand. Singh, T., Mishra, P.J. and Pattanayak, H. [4] studied an EOQ in- 
ventory model for deteriorating items with time-dependent deterioration rate, ramp-type demand rate 
and shortages. Roy, T. K. & Maity, M, N. K. Mondal [14] discussedc inventory model of deteriorating 
items with a constraint: A geometric programming approach. 

The concept of fuzzy set theory was first introduced by Zadeh, L.A. [16]. Afterward Zimmermann, 
H.J [17], [18] applied the fuzzy set theory concept with some useful membership functions to solve the 
linear programming problem with some objective functions. Then the various ordinary inventory model 
transformed to fuzzy versions model by various authors such as Roy, T. K. & Maity, M [2] presented on 
a fuzzy inventory model with constraints. 

Also Smarandache, F. introduced the nutrosophic set. Smarandache, F [19] presented 
Neutrosophic Set, a generalization of the intuitionistic fuzzy set also discussed a geometric 
interpretation of the NS set a generalization of the intuitionistic fuzzy set. Multi-item and limitations of 
spaces is the important in the business world. Ye, J. [7] studied on multiple-attribute decision-making 
method under a single-valued neutrosophic hesitant fuzzy environment. Firoz Ahmad, Ahmad Yusuf 
Adhami, F. Smarandache [12] established single valued Neutrosophic Hesitant Fuzzy Computational 
Algorithm for multi objective nonlinear optimization problem. Islam, S. and Mandal, W. A. [10] 
considered a fuzzy inventory model with unit production cost, time depended holding cost, with-out 
shortages under a space constraint: a parametric geometric programming approach. B. Mondal, C. Kar, 
A. Garai, T. Kr. Roy [8, 25] studied on optimization of EOQ Model with Limited Storage Capacity by 
neutrosophic geometric programming. Mullai, M. and Surya, R. [22] developed neutrosophic EOQ 
model with price break. Mohana, K., Christy, V. and Smarandache, F. [24] discussed on multi-criteria 
decision making problem via bipolar single-valued neutrosophic. Nabeeh, N. A.; Abdel-Basset, M.; El- 
Ghareeb, H. A.; Aboelfetouh, A. Discussed neutrosophic multi-criteria decision making approach for 
iot-based enterprises. Biswas, P., Pramanik, S., Giri, B. C. [11] presented multi-attribute group decision 
making based on expected value of neutrosophic trapezoidal numbers. Pramanik, 5., Mallick, R., Das- 
eupta, [9] discussed a Contributions of selected Indian researchers to multi attribute decision making 
in neutrosophic environment: an over view. 

In this paper, we have considered the constant demand rate, under the restriction on storage area. 
Production cost is considered in demand dependent and the deterioration cost is considered in average 
inventory and also holding cost is time dependent. Due to uncertainty, all the required parameters are 
considered generalized trapezoidal fuzzy number. The formulated inventory problem has been solved 
by using FNLP and crisp and neutrosophic hesitant fuzzy programing approach. Finally numerical ex- 
ample has been given to illustrate the model. 


2. Preliminaries 


2.1 Definition of Fuzzy Set 

Let X be a collection of objects called the universe of discourse. A fuzzy set is a subset of X denoted by 
A and is defined by a set of ordered pairs A = {(x, ug(x)):x € X}. Here ug: X > [0,1] is a function which 
is called the membership function of the fuzzy set A and u(x) is called the grade of membership of 


x € X in the fuzzy set A. 


2.2 Union of two fuzzy sets 

The union of A and B is fuzzy set in X, denoted by A U B, and defined by the membership function 
Mave (x) = Max) V Ma (x) = max {u4(X), Ug (X)} for each x € X. 

2.3 Intersection of two fuzzy sets 


The intersection of two fuzzy sets A and B in X, denoted by An B, and defined by the membership 
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function Ling (Xx) = Ua(X)A Lg (X) = min {uz(X), Ug(x)} for each x € X. 


2.4 Generalized Trapezoidal Fuzzy Number (GTrFN) 


A generalized trapezoidal fuzzy number (GTrFN) A =(a,b,c,d; w) is a fuzzy set of the real line R whose 
membership function pq (x) : R > [0,w] is defined as 
Us (x) = wo) fora <x <b 


Tree Ww forb<x <c 
A 7 S 

Waa (x) = w() forc <x <d 

0 for otherwise 


where a<b<c<dand w € (0, 1]. If w=1, the generalized fuzzy number A is called a trapezoidal fuzzy 
number (TrFN) denoted A =(a, b, c, d). 


2.5 Definition of Neutrosophic Set (NS) 


Let X be a collection of objects called the universe of discourse. A neutrosophic set A in X is defined by 
A= {(x, T,(x), 1,(x), F,4(x))|x E x} 
Here T,(%),[,4(«) and F,(x) are called truth, indeterminacy and falsity membership function 
respectively. This membership functions are defined by 
T,(x):X > ]0-,17*[, I(x): X > J07, 17, Fy(x%): X > ]07,1*[ so we have 
O- < supT,(x) + supl,(x) + supF,(x) < 3t 


2.6 Definition of Single valued Neutrosophic Set (SVNS) 


Let X be a collection of objects called the universe of discourse. A single valued neutrosophic set A in X 
is defined by A= {(%, T(x), I4(x), Fax) ) |x E x} . Here T,(x):X > [0,1], I,(x):X > [0,1], Fy(x):X > 
[0,1] and 0 < T,(x) + ,(«) + F,(«) < 3 forallx € X. 


2.7 Hesitant Fuzzy Set (HFS) 


Let X be a non-empty reference set, a hesitant fuzzy set A on X is defined in terms of a function h,(x) 
which is applied to X returns a finite subset of [0,1]. It’s mathematical representation is 


A = {(x,ha(x))|x € X} 
Where h,(x) is a set of some different values in [0,1], representing the possible membership degree of 
the element x € X to A. the set h,(x) is called the hesitant fuzzy element (HFE). 
Example 1: Let X = {x1,X2,x3} be a reference set, h,(x,) = {0.4,0.7,0.8}, h4(x2) = {0.7,0.5,0.6}, hy(x3) = 
{0.3,0.8,0.9,0.7} be hesitant fuzzy element of x1, x2,x3 respectively to a set A. Then hesitant fuzzy set A is 
A = {(x1, {0.4,0.7,0.8}), (x5, {0.7,0.5,0.6}), (x3, {0.3,0.8,0.9,0.7})}. 


2.8 Definition of Single valued Neutrosophic Hesitant Fuzzy Set (SVNHES) 
It is based on the combination of SVNS and HES. Concept of SVNHES is proposed by Ye [7]. 


Let X be anon-empty reference set, an single valued neutrosophic hesitant fuzzy set A on X is defined 
as 
A = {(x,T,(), fy), Fa) |x € X} 

Where T(x) = fala € T,(x)}, (x) = {BIB € ,x)} and Fy(x) = {yly € Fy(x)} are three sets of some 
different values in [0,1], denoting the possible truth membership hesitant, indeterminacy membership 
hesitant and falsity membership hesitant degree of x € X to the set A respectively. This are satisfied the 
following conditions 

a,B,y S [0,1] and 0 < sup a* + supB* + supy* < 3 
Where @* =Upger(x) mMax{a}, BY =Upgerx) max{P} and a* =VUyer xy) max{y} for x € X. 


2.9 Union of two SVNS sets 


Satva Kumar Das, Sahidul Islam, Fuzzy Multi-item Inventory Model With Deterioration and Demand dependent Production 
cost Under Space Constraint: Neutrosophic Hesitant Fuzzy Programming Approach. 


Neutrosophic Sets and Systems, Vol. 28, 2019 284 


Let X be a collection of objects called the universe of discourse and A and B are any two subsets of X. 
Here T,(x):X > [0,1], I(x): X > [0,1], Fy(x):X > [0,1] are called truth, indeterminacy and falsity 
membership function of A respectively. The union of A and B denoted by A U B and define by 


AUB= {(x, max( T,(x), Tp (x)),max(I,(x), Ip (x)), min( F,(x), F,(x)))| xe x} 


2.10 Intersection of two SVNS sets 


Let X be a collection of objects called the universe of discourse and A and B are any two subsets of X. 
Here T,(x):X > [0,1], I,(x):X > [0,1], Fy(x):X > [0,1] are called truth, indeterminacy and falsity 
membership function of A respectively. The intersection of A and B denoted by AN B and define by 


ANB= { (x, min( T, (x), Tp (x)), min( I,(x), Ip (x)), max( Fy(x), F,(x)))| xe x} 
3. Mathematical model formulation for i item 


3.1 Notations 


c;: Ordering cost per order for i'* item. 

H;(= h,t): Holding cost per unit per unit time for i item. 

0;: Constant deterioration rate for the i’ item. 

6,: Deterioration cost depend average inventory level. 

T;: The length of cycle time for i'titem, T; > 0. 

D; : Demand rate per unit time for the i item. 

I;(t): Inventory level of the it*item at time f. 

Q;: The order quantity for the duration of a cycle of length T; for i'*item. 
TAC,(T;, D;): Total average profit per unit for the i’ item. 

w;: Storage space per unit time for the i'* item. 

W: Total area of space. 

c,: Fuzzy ordering cost per order for the i item. 

6,: Fuzzy deterioration rate for the it item. 

w,: Fuzzy storage space per unit time for the i'* item. 

H,(= h,t): Fuzzy holding cost per unit per unit time for the i item. 
TAC,(T;,D;): Fuzzy total average cost per unit for the i item. 

¢;: Defuzzyfication of the fuzzy ordering cost per order for the i item. 

6,: Defuzzyfication of the fuzzy deterioration rate for the i item. 

w,: Defuzzyfication of the fuzzy storage space per unit time for the i'* item. 
H,(= h,t): Defuzzyfication of the fuzzy holding cost per unit per unit time for the it item. 
TAC, (T;,D;): Defuzzyfication of the fuzzy total average cost per unit for the i item. 


3.2 Assumptions 

1. The inventory system involves multi-item. 

2. The replenishment occurs instantaneously at infinite rate. 

3. The lead time is negligible. 

4. Shortages are not allowed. 

5. The unit production cost Cj of it item is inversely related to the demand rate D;. So we take the 
following form Cr D;) = a,D;-*:, where a; > 0 and B; > 1 are constant real number. 


6. The deterioration cost is proportionality related to the average inventory level. So we take the form 
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\ 6 
6.°(Q) = 7; (<:) where 0 < y; and 0 < 6; « 1 are constant real number. 


3.3 Model formation in scrip model 


The inventory level for i*item is illustrated in Figure-1. During the period [0, 7;| the inventory level 
reduces due to demand rate and deterioration rate for i item. In this time period, the inventory level is 
described by the differential equation- 

dlj(t) 
dt 


With boundary condition,/;(0) = Q;, 1,7) = 0. 


Solving (1) we have, 
I(t) = 2 [e%-) — 1] (2) 


QO; = pe —1) (3) 


Inventory Level 


O T; time 
Figure-1 (Inventory level for the i item.) 


Now calculating various cost for i item 
; ‘Ch (Dj 
i) Production cost (PC;) = oitete 


_ Dit Fda; 0;T; 
7 0;Tj (e 1) 


ii) Inventory holding cost (HC;) = - f i h,tl,(t)dt 





| Ti 1 @;T; Tj? 
= ——+—,(erlri— 1 wee es 
0;T; 6; 0," ( ) 2 


0; 


iv) Deterioration cost (DC;) = 6,7; (<:) 


6; 
= 07; (2: (ei = 1) 


Ci 


v) Ordering cost (OC;) = 


Total average cost per unit time for it item 


TAC,(T,, D;) = (PC; + HC; + DC; + OC;) 
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0; 
(1-Bi) 4. She : : 
=a ee ee TN + Oy, (2 c= 1) t © 


O;Tj O;T; 


A multi-item inventory model (MIIM) can be written as: 





Min 
0; 
D,O-Pva D:h; (_T, . YG 
TACT. D:) = — (ea) ee tii 1) = 6.yv,{ —(e%i —1 es 
Subject to, Mit Wi 7 — 1) =—.W fort S12 scene (5) 


4. Fuzzy Model 


Generally the parameters for holding cost, unit production cost, and storage spaces, deterioration 
are not particularly known to us. Due to uncertainty, we assume all the parameters (q@;, Bj, 9;, hi, Vis Oi, Ci) 
and storage space w; as generalized trapezoidal fuzzy number (GTrFN)(@,, B,, 6, h, %., O, GW). Let us 


assume, 


QAO a ti 1Oz,), 0 Oy, = 0 =(0-,0;5,07 0; pag.) 0 = We 1 

B.= (BiB: Br Br we, ), 0 < Wg, <1; hp = (hy hy by he Wn, )» 0 <p, SL 

R= (Vive vi, visi @y,),0 < wy, <1; 0H = (w;',w;7,w3,w;4s @y,),0 < @y, <1; 

6, = (6,7, 6;°, 6;°, 6)"; w5,),0 < ws, <1; G = (ci, c)7, 73, 1": Dy.) 0° = 1d stood ke ,N). 


Then the above crisp inventory model (5) becomes the fuzzy model as 
oe eee -_ p,a-Bua, 6,7; D; ihy dG 6, .T; Dj 6,T; : C 
Min TAC,(T;, Dj) = a (e = 1) Gea T, =z (e% = 1) - + 6,7, og (e = 1) a 


Subject to, Yi: We oO — d) < W, fori =1,2,. ae (6) 


In defuzzification of fuzzy number technique, if we consider a GTrFN A = (a,b,c, d; w), then the total 
A- integer value of A= (a, b,c,d;w) is 


c+d atb 


I (A) = Aw + (1-A)w 


“) 
Fi ' 


Taking = 0.5 , therefore we get approximated value of a GTrFN A =(a,b,c,d;w) isw ( 


So using approximated value of GTrFN, we have the approximated values (@,, B,, 9, h,, ¥,, 6, G, W,) of 
the GTrEN parameters (@,, B,, 6, h,, 7, 5, G, W,). So the above model (6) reduces to 





5, 
Min TAC,(T,, D;) = 2 8 (¢ Ori — 1) 4 2st . no 1) - i} + 8, (4 (e871) +8 


Subject to, Mit iW ae Ti—1) < W, fori = 1,2,.........7. (7) 


5. Neutrosophic hesitant fuzzy programming technique to solve multi item inventory model 
(MIIM). (That is NHFNP method) 

Solve the MIIM (7) as a single objective NLP using only one objective at a time and we ignoring the 

others. So we get the ideal solutions. 

From the above results, we find out the corresponding values of every objective function at each 
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solution obtained. With these values the pay-off matrix can be prepared as follows: 


TAGAT ED) TAC D5) stints TAC, (Ts Dn) 
ae 2a ie or We Og ies 21 OY ae 5, gl ener ener ener TAC,,(T,*, Dt) 
(PDs) TAG Ds EAC IG De) ecards el TAC, 5D) 
(ES DC TAG KE Do): TAC D”) a eechlatiee ons “TAC, (hE, uD) 


Let Umax TAC, (7D) t= 12g n lor k= 1,2, nn 
anid: = AC, (7. De), ea 12 care: 
There L* 2TAPAT, -D;) =U" fori = 1,2).ugn ek = 12, an5m (8) 
Now we define the different hesitant membership function more elaborately under neutrosophic 
hesitant fuzzy environment as follows 
The truth hesitant- membership function: 
1 if TAG (Ti De) 
t 
(UN)! = (TACK (Tr Ded) 
(UF)t — (LEE 
0 if US 2 TAC, TDi) 


E 
Ty2 (TAC, (Ty, Dy) = 4 a, if LY < TAC,(T,,D,) < U* 


1 if TAC Cae es 
(UK) — (TAC, (Ts De) 
(U*)* — (L*) 

0 if U® < TAC, (T,, Dy) 


E 
T,2 (TAC, (Ty, De) = 4 65 if L® = TAC, CD, ) SU" 


1 if TAC,(T;,, Dy) < L* 
(U*)t - (TAG GD.) 
(US )e ad): 

0 if U® < TAC, (T,, Dy) 


En 
Ty? (TACK (Te Di) = 4 a, if LF < TAC,(T,, D,) < U* 


The indeterminacy hesitant- membership function: 


1 if TAC,(T,, Dy) <1" —s* 
LA(PAG Dd) =p: (UPN = PAC Ti Pied) ne if UK — s* < TAC, (Ty, Dy) < U* 

0 if UX < TAC, (T,, Dy) 

1 if TAC,(T;,, Dx) < Lk — s* 
1n2(TAC; (Tx, Dy)) = | 0» een, if UK — s* < TAC, (Ty, Dy) < U¥ 

0 if U® < TAC, (T,, Dy) 
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1 if TAC, (T;,, Dx) < Lk — s* 
i UK)* — (TAC (Tes Dy) 
I? (TACK (Ty Di.) = ee if UE — s* < TACy(T,, Dy) < UF 
0 if U® < TAC, (Ty, Dy) 


The falsity hesitant- membership function: 


: if TAC,(T,, Dk) < LE + vk 
(Uk)* — (LE)t — (vk )E 
. if U2 TACT Dy) 


E 
F,7 (TAC, (Tx, Di) = 4 7, if LX + v® < TAC, (T;, Dy) < U* 


: if TAC; (Ty, Dy) < LE + vk 
(Uk)* — (LE)t — (ve )E 
' if U® < TAC,(T,, Dy) 


E 
F,? (TAC, (Tk, De) = 4 7, if LF + v* < TAC,(T;, Dy) < U* 


: if TAC, (Ty, Dy) < LE + v¥ 
(UX)& — (LE)E — (we) E 
. if UK < TAC, (Th, Dx) 


Ex ; 
EF," (TAC, (Ty, De) = 4 7, if LF + v* < TAC,(T;, D,) < U* 


Where parameter t > 0 and s* v*e(0,1) V k = 1,2,3,......,n are indeterminacy and falsity tolerance 
values, which are assigned by decision making and h™ represent the minimization type hesitant objec- 
tive function. 


T 2 (TAC (Te, Di), Tp? (TACK (Tx, Dy)), Fy 2 (TAC; (Ty, Dy) are truth, indeterminacy and falsity hesi- 
tant membership degrees assigned by 1* expert. 


T 2 (TAC (Te, Di), Tp? (TACK (Te, Dy), Fy 2 (TAC; (Th, Dy) are truth, indeterminacy and falsity hesi- 
tant membership degrees assigned by 2"4 expert. 


(a (TA Cy (Ty, Dy)); I He (TA C, (Ty, Dx)), is (TA Cy (Ty, Dx)) are truth, indeterminacy and falsity hesi- 
tant membership degrees assigned by n'* expert. 
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Using the above membership function, the multi-item nonlinear inventory problem formulated as 
follows 


re 


Max 
n 
Min 24% 
n 
Subject to 
Tht (TACK (Tie, Dg) 2 Oi, Tye (TACK (Tre, Dy) = Pir Fy (TACK (Tre Du) ST 
ye wi st (et = 1) < W, Oj + Pi + Tj < oy Oj = Pir % = Ti, VU = 1:2,3, ning de (9) 


Using above linear membership function, we can written as 


014+02+ aveens +On P1itp2t akewneavaea +Pn T1+T2+ axaeneana +Ty 


Max + 


n n n 


Subject to 
Tyi(TACK (Tes D)) = Oi Ty (TAC (Ties De) = Pir Fy-i(TAC (Th Ded) S Ti 
Te Wig (07 = 1) < W, 0; aa On et =.3, 0; = Pi, Fj = Ti, VU = 1753, ee | ae 


OS Gi. Oop ries Oy = 1 US Dip Pope nice, & 1, OT ijad tee »T, © 1,7, 2 0,D, = 0 (10) 


Above gives the solution D;* , T;" and then TAC;” for i = 1,2,3,....,n. 


6. Algorithm to solve MIIM in Neutrosophic hesitant fuzzy programming technique 

Following steps have been used to solve MIIM in neutrosophic hesitant fuzzy programming 

Technique. 

Step-1: Solve only one objective at time and ignoring the others and using the all restrictions. These 
solutions are known as ideal solution. 

Step-2: Form pay-off matrix using the step-1. 

Step-3: Determine U* and L*. (U* and L* are the upper and lower bounds of the k-th item respectively) 

Step-4: Using U* and L* define all hesitant membership function, i.e truth hesitant membership 
function fie (TAC,,), Indeterminacy hesitant membership function | re (TAC,,), Falsity hesitant 
membership function FACAG,); PSI 2 3 vet hk H17 san 

Step-5: Ask for the truth hesitant, Indeterminacy hesitant and falsity hesitant membership degrees 
from different experts E;,i = 1,2,3,...,n. 

Step-6: Formulate multi-objective non-linear programming problem under neutrosophic hesitant 
fuzzy system. 

Step-7: Solve multi-objective non-linear programming problem using suitable technique or 


optimization software package. 


7. Fuzzy programming technique (Multi-Objective on max-min operators) to solve MIIM. ( That is 
FNLP method) 


Firstly derive (8) and then we use following way for solving the problem (7) 
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Now objective functions of the problem (7) are considered as fuzzy constraints. Therefore fuzzy 
linear membership function Lac, (TAC (Ty, Dx)) for the kt objective function TAC, (T;,, D;,) is defined 
as follows: 


1 for TAC CED) a 


U* — TAC,(T;, D 
wie for LK < TAC, (Ty, Dy) < U¥ 


0 for TAC, (T,,D,) > U* 


fOr K= 152. sn, 
Using the above membership function, fuzzy non-linear programming problem is formulated as 


ET AC, (TAC, (Th, Dx)) = 


follows: 


Max a 
Subject to 


a (UX — L‘) + TAC, (T;, D,) < U* 
O0<a<1,T,>0,D,>0 fork =1,2,....,n (11) 


And same constraints and restrictions of the problem (7). 
This problem (11) can be solved easily and we shall get the optimal solution of (7). 


8. Numerical Example 


Let us consider an inventory model which consist two items with following parameter values in proper 
units. Total storage area W = 900m?. 


Table-1 


Input imprecise data for shape parameters 


Parameters I I 


( 20000,22000,25000,30000; 0.8) 

sales taeda 
b 

7, (10000,13000,15000,18000; 0.9) 


6, ys ys ,U. yVu yVu 
C, (100,150,200,210; 0.7) (150,180,190,200; 0.9) 
Ww, (10,11,12,13; 0.9) (20,21,24,23; 0.8) 





The problem (7) reduces to the following: 





; D,~ 38050 D1.0.63 1p 1 Ty 
Mini D a are ed ee pe eee et 


115.50 
Ty 





D 0.05 
393.75 (72 (e095-T1 — ») n 





Dz~©*:2519400 D20.46 ‘E 1 1? 
Min TAC, (T>, Dz) = 72——""*8 (69.05.72 — 4) + M2028 f_ Ta 4, (900572 _ 1) — 2} 4 
0.05.T> 0.05.T> 0.05 0.052 2 


0.05 
630 (72 (e905T — ») +—— 
0.1 i 
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Subject to, 210(e° °°" — 1)D, + 352(e° "2 — 1)D, < 900, T,, D,, T2, Dz are positive. (12) 
Table —2 


Optimal solutions of MIIM (12) using different methods 


CRISP 446.51 1.18 4.07 703.52 
| 07 


* 
1 


FNLP 4.07 446.52 703.52 
NHENP 446.52 703.52 

















_ m CRISP 
ane m FNLP 
> 7 NHENP 
if ENLP NHFNP 
/ CRISP 




















Figure 2. Minimizing cost of 1%t and 2" item using different methods 
From the above Figure 2 shows that CRISP, FNLP and NHFNP method gives the almost same result 
of MIIM. 


9. Sensitivity Analysis 


The optimal solutions of the MIIM (7) by CRISP, FNLP and NHENP techniques for different values of 
0,h are given in Tables-3 and 4 respectively. 


Table -—3 


Optimal solutions of MIIM (7) by CRISP, FNLP and NHENP for different values of 6 


Methods [8] Tm TAG TO Te TA 


aaa 


Nee 
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m= CRISP 4d m= CRISP 


m= FNLP | m= FNLP 
NHFNP | NHFNP 


0.05 94 Ais 6 





Figure 3. total average cost (TAC,) of 1° item using Figure 4. total average cost (TAC) of 2"¢ item using 


different methods for different values of 0. different methods for different values of 0. 


From the above Figure 3 and Figure 4 shows that for all different methods when @ is increased then 
minimum cost of both items are increased 
Table -4 
re solution of MIIM (7) by CRISP, FNLP and NHENP for different values of h, and hy. 


aes 
CRISP 


Pos [ase [rae [aa [ana fe fa [70s 


213 | 1.96 


Bien Pus [ase | rae | sar | aas26 [ts [380085 
ined 


m CRISP 


m CRISP 
m FNLP | | m FNLP 


NHFNP 





Figure 5. total average cost (TAC,) of 1°t item using Figure-6. total average cost (TAC) of 2™¢ item using 
different methods for different values of h, and hz different methods for different values of h, and h, 


From the above Figure 5 and Figure 6 shows that all different methods, when h, and h, are 
continuously increasing then minimum cost of both items are continuously increasing. 
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10. Conclusions 


Here we have considered the constant demand rate, under the restriction on storage area. 
Production cost is considered in demand dependent and the deterioration cost is considered in average 
inventory also holding cost is time dependent. The model have been formulated using multi-items. Due 
to uncertainty all the required parameters are taken as generalized trapezoidal fuzzy number. Multi- 
objective inventory model is solved by using neutrosophic hesitant fuzzy programing approach and 
fuzzy non-linear programming technique. 


In the future study, it is hoped to further incorporate the proposed model into more realistic 
assumptions, such as probabilistic demand, ramp type demand, power demand, shortages, under two- 
level credit period strategy etc. Also inflation can be used to develope the model. Other type of fuzzy 
numbers like as triangular fuzzy number, Parabolic Flat Fuzzy Number (PfFN), Pentagonal Fuzzy 
Number etc. may be used for all cost parameters of the model to form the fuzzy model. Generalised 
single valued neutrosophic Number and its application can be used in this model. 
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